AK 


~ 











THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





SECOND Serigs, Vor. 107, No. 6 SEPTEMBER 15, 1957 





Stopping Power of a Medium for Heavy, Charged Particles 


MIcHAL GRYZINSKI 
Institute of Experimental Physics, Warsaw University, Hoza, Warsaw, Poland 


(Received March 21, 1957 


It is shown that the orbital motion of electrons in the molecules of a medium is important for the stopping 
power of slow charged particles. This is due to the strong dependence of the momentum transfer in a Coulomb 
field on the relative velocity. Equations for determining the absolute stopping power of an arbitrary medium 
are derived on the basis of classical mechanics for the entire nonrelativistic energy range. For the high-energy 
range this equation corresponds to Bethe’s formula, and for low energies, to the Fermi-Teller formula. It is 
concluded, from this equation and from the experimental data, that electron capture is not important in the 
slowing down of protons. It starts being important for @ particles and is decisive for particles of higher 
charge. The stopping power of H, Ho, and A for protons and of Hy» for a particles is calculated, Good agree 


ment with the experimental data is obtained. 


I, INTRODUCTION process of stopping charged particles, Since the cross 
section for the momentum transfer in a Coulomb field 
decreases with the fourth power of the relative velocity, 
the orbital velocity of electrons in the atom should be 
most important at low energies (where the existing 
theory breaks down). In taking this effect into account, 
we shall derive the equations for the stopping power of 
the medium on the basis of classical mechanics. The 


HE theoretical formulation of the ionization loss 

of slow heavy particles is a very difficult problem. 
Theories of the stopping power for charged particles 
have been worked out by Bohr,' Bethe,’ and others. 
These theories give quite good agreement with experi 
ment at high energies, but in the low-energy region they 
break down completely. The capture and the loss of 
electrons was interpreted by Rutherford*® and Kapitza‘ 
as the main reason for this lack of agreement. These 
explanations were only qualitative. There were some 


validity of the classical arguments is shown by Bell’ 
who worked out a similar problem- the capture and 


loss of electrons by fission fragments 


semiempirical attempts to estimate this effect,’ but no 
good quantitative theory has yet been presented.® In 
OAC le — nite , » di —_ r he ; 

1949 Warshaw’ pointed out that the discrepancy be Consider the slowing down of a particle of charge q, 
tween the calculated and the observed curves for mass m4, and velocity v4 with respect to an assembly 


Il. THEORY 


beryllium cannot be explained by the electron capture 6 other particles of charge gu, mass mg, and velocity vy 

effe ~ P nt (the velocity distribution being isotropic, with N (vg)doy 
srefore see sasonable to analvze ; » pre- : 

It therefore seems reasonable to analyze all the pre denoting the number of particles/cc having velocity v, 


, 


viously neglected factors which might influence the tovp-+dvg). This problem was solved by Chandrasekhar 
for bodies interacting through gravitation. Because of 
a Sethe An Pav 8325 (ion) (1915) the same radial dependence of both fields (Coulomb 
3—. Rutherford, Phil. Mag. 47, 277 (1924). 
‘P. Kapitza, Proc. Roy. Soc. (London) 106, 602 (1924) readily be rewritten for electrically charged particles 
5K. L. Kaila, Indian J. Phys. 38, 479 (1955) 7 ; 
6A. Dalgarno and G. W. Griffing, Proc. Roy. Soc. (London) 
A232, 423 (1955). *G. I. Bell, Phys. Rev. 90, 549 (1953 
7S. D. Warshaw, Phys. Rev. 76, 1759 (1949) *S. Chandrasekhar, Astrophys. J. 93, 285 (1941) 
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and gravitational), Chandrasekhar’s equation may 
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m(gagp)*{ 1 leBtVAl ey ?—y 4?) maz—MepB 
N (vg) ; F f - —— | ncaa. 
wr? | 20g Y\op—val v mat+mp 


The variable of integration, v, is the relative velocity of particles A and B, and 


g= Droaxtt/ 9B; 


uw is the reduced mass, D,,.x is the maximum impact parameter. After integration, we obtain 


(dE 4/dx)op = 


v2 |r| 
) are tan( = )} 
i-# 


where 


G{.d,d | 


1 \ sr v2s 
an tan( 
4d\ v2 1—s? 


+4(r+-bs) In(1+-5*) -4(- 


In the last expression we have introduced the symbols, 


r= givy(1—v,4/v,) =d(1—d), 


5 gon (1 { V4/Up) d(i + A), 


b= (m,—my)/(ma+mya), 
where d= g'vg and }\=0,4/vy. Equation (3) represents 
the energy loss of particle A per unit path length as a 
result of scattering by particles B of velocity vg. On 
carrying out the integration over the energy distribu- 
tion of particles B, one obtains the total stopping power 


of the medium: 


(dk { dx) 


i} 0 


1;1—sr v2s v2 |r| 
| ar tan( ) ~ are tan( 
4d\ v2 1-—s* 1-r 


and now 


G{d,) | 


This function is plotted in Fig. 1 for various values of d. 

Since the electrons in a medium are bound in atoms 
(molecules), the minimum value of energy that may be 
transferred to electrons is the excitation energy of the 
first excitation state (U,). This condition determines 


the maximum value of the impact parameter”; 


Diez = Za€/U y= 2Z 42 /U;, (9) 


where U, is the ionization energy of the ground state. 


© In a more exact theory we would have to determine the maxi 
mum impact parameter more prec isely 


- N (vp) 


4rre’ 
Zar 
mv 4" 


4(qaqe)? _ 
G{d,d |, 
po, 


b al ‘eae ) (- +v2\r| +1 
n —In 
v2 (1454) ) (1+14)! ) 


rs 
~tHirl) In(1+r') -20(5~ |r|). 
\7 

4n(q, q r 
(dE 4/dx) = -——— 
wos? 


x f N (vg)GLd (1 B) ; A(vp) |dvp. (6) 
0 


Equation (6) contains implicitly the undetermined 
maximum impact parameter D,ax. In general, this 
impact parameter is a function of v4, 0g, Ma, Mp, Ja, YB 
as well as the external fields. In each problem this 
parameter must be determined separately. 

For the special case of the slowing down of heavy 
particles by electrons, m4>mz=m, p=m, b=1, qa=e, 
ga=Zae. Substituting these into Eq. (6), we have 


N (v,)G{d(v,); A(v-) |dv., 


+sr s°+v2s+1 r’+v2 |r| +1 
in )=in( )| 
v2 L (1+s*)! (1+ r')! 


VA> V6 


- if 
+a nc +s*)+In(1 +1 | : é 

-4y) if vac<y, 
Substituting (9) into (2) and taking into account the 
fact that U;= Eyin*', we obtain 


g=4/v? and d=2. (10) 
Using Eqs. (7), (8), and the above criterion for de- 
termining Diax, We May Compute the stopping power 
of an arbitrary medium. If the momentum distribution 
is not known directly, it can be computed from the 
radial density D(r) of electrons in the atom (molecule), 
which may, in turn, be computed by the Hartree-Fock 
method. Equation (7) may also be written in terms of 


D(r) as 
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Fic. 1. Plot of the universal stopping power function G as a 
function of A for different values of d 


4rre! 


(dE 4 dx) —_ 


4 


zen f D(r)G{2, X(r) \dr, (11) 


mv," 0 


where N is the number of atoms/cc, and \ depends on r 
in the following way: 


h=0,4/0,(7) = (Egm/E in®'ma)! . 
~[2Egm/ Evo (rms \|b=(2mE,/mag(rye |). (12) 


The potential g(r) is given by 


Ze (Z—l1)e{1 4 * Dir’) | 
| J D(r')dr'4 f dr’ }. 
rAd r Jy ‘ F 


(13) 


g(r) 


III. COMPARISON WITH PREVIOUS THEORIES 


If we take the asymptotic value of G[.d,\ | and sub- 
stitute it into Eq. (7), we obtain 
(a) for v4>>», (i.e., A>>1) 
(14) 


G{.d,r |=In(d*A?*), 


frre’ vA" . 
- Lae in( yf N (v,)d0,. 
mv 4” (ve) w7 %o 


Since fo? N(v,)dv.= NZ, the number of electrons per 
unit volume, and m(v7),/2=T (J is the mean value of 
the ionization potential of an atom), we obtain Bethe’s 


and 


(dk 4 dx ) 


PARTICLES 
equation, 


(d] { dx) 


frre’ 2mv 4" 
ZANZ nf ) 
mv 4" I 


(b) for vs, (i.e., AK), 
G{.d,d | 


23, (15) 


Since the momentum distribution for a completely 
degenerate electron gas is 


we have 


(dk 4 ‘dx) 
Umin~e/h, we obtain 


4 {2em’ Umaxtt 
( ze ‘ nf ) (18) 
sr \ hh! e 


This equation is identical with that of Fermi and Teller" 
except for the factor of 4. 


observing that 


(dl-,/dx) 


IV. COMPARISON WITH EXPERIMENT 
To test the theory, we shall calculate the stopping 
power of some gases for protons and a particles, 
(a) Stopping Power of Hydrogen for Protons 
The velocity distribution of electrons in hydrogen is; 
N 5 (0,— V9") 


Vin,6(%, velit), 


Vy (0,) . 


for atomic hydrogen, 


for molecular hydrogen, Ny,(2,) 


where JN is the electron density and vo" (vo'"*) is the 
velocity in the ground states of atoms (molecules) 
Using these expressions in Eq. (7) we obtain the atomic 


1 


stopping cross section in ev-atom™! cm?: 


i sdE, 
( ) 2.39 10° "G2; A(L,) |/E,(ev), (19) 
N\ dx 


where E, is the proton energy, 


An = 0,/v94 =[ E,(kev)/24.8 |! (20) 
and 


AHg=0,/v9"?=[ £, (kev) /28.3 |}. (21) 


Computing the values of the function G[.2,A |, we ob 
tain the slowing down curves for protons in atomic and 
molecular hydrogen (Fig. 2). The theoretical results for 
molecular hydrogen are in good agreement with the 
experimerital data of Reynolds,’ Philips,” and Wey!."* 

"FE. Fermi and E. Teller, Phys. Rev. 72, 399 (1947 

2 Re Dunbar, Wenzel, and Whaling, Ph Rev. 92, 742 
(1953) 

J. A. Philips, Phys. Rev. 90, 532 

4P. K. Weyl, Phys. Rev. 91, 289 


nolds, 


1953 
19534 
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both for protons and neutral atomic hydrogen is the 
same to a first approximation. 

For a particles Z4=2 and Dyax = 8ao. Since the effec- 
tive radius of the nuclear field of a neutral He atom is 


Ab 7 mBSeeee concentrated in the region 1.549, we obtain a consider- 
able difference between the stopping power of helium 
ions and neutral atoms. For nuclei of larger Z4 this 
difference will increase quickly and the process of slow- 
ing down has to be considered simultaneously with 
electron capture. By way of illustration, we shall con- 
sider the stopping process of @ particles in molecular 


| sTOmic wYOROGEW 


io ooaeres i 
Lb? 
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ERPERIMENTAL DATA 
OOS etal 


| moecvi am wrpaoute | hydrogen. 

When a monoenergetic beam of a particles penetrates 
into gaseous molecular hydrogen, the a particles cap- 
ture electrons to form neutral atoms and singly charged 


helium ions. Denoting by on.°, cnet, and onet* the 


‘ 
THEORETICAL RESULTS: 
Mmuo cuRve 
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hic, 2, Comparison of the theoretical calculations of the stopping 
power of some gases for protons with experimental data 


(b) Stopping Power of Argon for Protons 


in Argon 


The stopping power of argon is computed with the 
help of Eqs. (11), (12), (13) and the radial density of 
electrons taken from Hartree and Hartree.'® Here we 
cannot take the velocity distribution in direct form as 


power 


“ 
c 
° 
- 
- 
¥ 
a 
a 
_ 
° 


stopping 


in the case of hydrogen, because in A there are eliptical 
orbits, and therefore the velocity of each electron is not 


Ss 
M-electrons 


constant. Throughout the energy region, the theoretical] 


relatwe 


curve is in agreement with the experimental data to an 
accuracy of ~15% (see Fig. 2). A slight hump is ob 
served both in the experimental data and in the theo 
retical curve at a proton energy of 300-600 kev. This 


is due to the increase in the relative contribution of the 


w 


Radial density (0-) 
lectrons 


and their 
e 
L-electrons 


K- 


L electrons in the slowing-down process. The contribu- 
tion of the particular shells in the process is shown in 
Vig. 3. It is seen that 2-3 outer electrons are most im- 
~50 kev. The absolute 
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leus ina 
portant in the energy range sieenteniadle teneianatatnlie . 


values of the stopping power and its dependence on Fic, 3. The radial density of electrons in an argon atom, and 


. their relative bution to the s ing +r for protons in the 
energy are very sensitive to the shape of D(r) especially heir re lative contribution to the stopping power for proto 

’ : s : low- and high-energy ranges 
in the external region [ e.g., the stopping power of argon 
as computed from D(r) without exchange is too high by 


1 atomic stopping cross section of the respective com- 
A 


0] ponents, and by Pue®, Pro’, and pue** the fractional 
content of the constituents of the beam, the actual 


V. ROLE OF ELECTRON CAPTURE IN THE . ae eee 
stopping power is given by 


SLOWING-DOWN PROCESS 


O= Puc Het PuetOHe? + Piet OHe**, 


From Eq. (9), taking into account U;~e*/2ao, we 
obtain Duy 4aoZ4. If the effective field is screened 
by captured electrons, Dy,ax is smaller than 4aoZ 4. on 

For protons we have Za=1 and Dryax=4ao. If the ware 38.2X10-"G[2; \]/Ee(ev), 
dipole character of the hydrogen atom (i.e., weak 
screening of the field of the nucleus) and its dimensions — @ne* = one’ + 9.6K 10°" 

x {G[0,7; | 


where 
(23a) 
(23b) 


38.2 10° "G[0,7; \ ]/ Ea(ev), 


(the distance from the nucleus to the electron being G[2,])/E.(ev). (23c) 
) . > : ‘ as ner , 

~ 2a) is taken into account, the amount of energy loss : : 

, BY In the last expression we take into account the fact that, 


for He, Dmax iS 1.5 ao [ Dmax may be determined very 


London A166, : . 
easily from the plot of ¢(r) for the helium atom J, and 


' D. R. Hartree and W. Hartree, Proc, Phys. So« 
$50 (1938 
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Fic. 4. Ratios He’/He* and He®/He** for a helium beam 
in a molecular hydrogen 


the fact that, for Het in the region 0-1.5 ao, the effective 
charge is 2e; outside this region, the effective charge is e. 

No exact theory of the capture process has yet been 
presented. Schiff'® has made theoretical studies of the 
capture cross section for helium ions traversing gaseous 
hydrogen, but there is lack of agreement between the 
theoretical curve and the experimental results obtained 
by Alleson, Cuevas, and Murphy.'’ Therefore we must 
take the fractional contents from empirical data. 
Snitzer'® and afterwards Stier, Barnett, and Evans!® 
have measured the ratio He+/He*+ and He®/Het*, If 
we denote these ratios by riz and roo, respectively, we 
obtain 


Fo2/ (1+ 9712+ 702), (1+ 9712+ 102), 


Pues Puet=M12 


pue**=1 


The energy loss (per atom of the medium) of helium 
atoms and helium ions was calculated from (23) and the 
over-all stopping power was calculated from (22). The 
values of 7,2 and ro. are experimental and are taken from 
the graph in Fig. 4. The absolute value as well as the 
shape of the curve is in the good agreement with experi- 
mental data (Vig. 5). 


(1 +1 i2+702). (24) 


16H. Schiff, Can. J. Phys. 32, 393 (1954 

17 Allison, Cuevas, and Murphy, Phys. Rev. 102, 1041 (1956) 
16 FE. Snitzer, Phys. Rev. 89, 1237 (1953) 

" Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954) 


OPPING 


a 


“To 


ATOMIC 





$< 


| ue 
HM, 


l 


“ | 


ee 


ier B68 a 
# Weyl exp. data 


~ Theoretical results 





Resultant ¢ 


——— 
— 
¢ ’ 


aa 


a | 


urve | 
+ 
| 
| 
t 
} 


t 
| 
| 
+ t 








200 


300 


LU 
“0 = 0 


Kinetic Energy in kev 


helium atoms and helium 
of a helium beam in molecular 
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VI. CONCLUSIONS 


The stopping power of a medium depends on the 
density and the momentum distribution of electrons in 
the atoms of the medium. Those electrons whose veloci 
ties are near the velocity of the slowed-down particle 
play the decisive role. 

In the low-energy region the valence electrons are the 
most effective in the stopping process. Their energy is 
strongly dependent on chemical bonds. Bragg’s law is 
therefore not valid (especially below 100 kev). Changes 
in the state of a medium (density, temperature, etc.) 
have some influence on the stopping power, if they are 
accompanied by changes in the configuration of energy 
levels or momentum distribution of electrons. 

On the basis of this theory we can explain at once, 
such “anomalies” as the very low stopping power of 
water, and the excessive stopping power of Li and C 
when compared to the stopping power of Be 

The mean ionization energy of an atom is a good 
characteristic of the stopping power of a medium only 
for particles with velocity much greater than the 
velocity of electrons in the medium. Otherwise, the 
relative contribution of the electrons to the stopping 
power varies with the energy, and consequently Bloch’s 
“constant” also varies with the energy. As a result 
various investigators have obtained different results for 
Bloch’s constant. 
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Penetration of Electron Beams into Water below the Critical Energy* 


I. Avawit 
Engineering Physics Department, Cornell University, Ithaca, New York 
(Received April 23, 1957) 


The “moments technique” has been applied to the calculation of the spatial distribution of the energy 
dissipation in water by electron beams of energies 10-25 Mev. A continuous energy loss is assumed and the 
energy-range relationships are obtained taking into account the ionization and radiation losses. These 


relationships are introduced in the proper Boltzmann transport equation to approximate the scattering 
term by a simple function of residual range. The stopping power is approximated by a sum of powers of 
residual range. This leads to expressing the spatial moments of the energy dissipation as a combination of 
triple moments of the electron distribution function. These triple moments are the angular, spatial, and 
residual range moments, which are connected by a recursion system. The first three moments are calculated 
together with the boundary condition and the asymptotic trend. With this information, the distribution is 


constructed by using a simple analytical function. The agreement with experimental results is satisfactory. 


I, INTRODUCTION 


HIS work concerns the following problem: A 

planar monodirectional and monoenergetic source 

of electrons is embedded in water. We wish to determine 

the energy dissipated by this electron beam at different 
depths in the medium. 

Spencer’ (hereafter referred to as SP) has recently 
succeeded in calculating the distribution of energy 
dissipation with depth in different media for source 
energies ranging from a fraction of a Mev to a few 
Mev. number of the 
spatial moments of the distribution in question and 
then the distribution by the “function 
fitting” technique’ already developed in x-ray problems. 
The functions the same 
asymptotic trend as that of the energy dissipation, 
which has been analyzed (SP). The knowledge of the 
asymptotic trend of the distribution makes it unneces 
sary to calculate the higher moments and hence guaran- 
tees the reliability of the method. 

The basic assumption made by Spencer! and earlier 


The scheme is to calculate a 


construct 


used are selected to have 


by Lewis* is the continuous-energy-loss approximation 
This implies that the energy lost by an electron in a 
collision, on the average, is much smaller than the 
electron energy before the collision. Such an assumption 
is valid when hard collisions are infrequent as in 
ionization losses by electrons of energies, say, above 
0.2 Mev in general. In this case there is a fairly definite 
energy-range relationship which gives the track length 
of'an electron for a given energy. When the distribution 
of, electrons, of a given energy, with track length is 
narrow, we say that range straggling is small. But 
when the bremsstrahlung losses are important, strag- 
gling becomes the rule. The reason is that photons of 
energies comparable to that of the radiating electrons 


* Based on a Ph.D. thesis presented to the Faculty of the 
Graduate School of Cornell University, January, 1957 

t Sigma Xi Fellow (1955. 1956). Present address: RCA Labora 
tories, Princeton, New Jersey 

1L. V. Spencer, Phys. Rev. 98, 1597 (1955) 

?L. V. Spencer, Phys. Rev. 88, 801 (1952), 

*H. W. Lewis, Phys. Rev. 78, 526 (1950) 


Appendix B 


are frequently emitted. The energy-range relationship 
will have no meaning, then, except in an average sense. 

Here we assume the continuous-energy-loss approxi- 
mation to hold and set as our task the “modification” 
of Spencer’s method to cover higher energies. Since the 
critical energy for water‘ is about 100 Mev, we are 
limited to considering energies of the order of 25 Mev 
where the radiation losses are about } of the ionization 
losses. 

In the following sections we shall develop this 
“modified” method and apply it to calculate the energy 
dissipation by electron beams of 10-25 Mev in water. 
The results are compared with the measurements of 
Skaggs® and the agreement is satisfactory. 


II, SCATTERING 


We adopt the notation of SP and start from his 
Eq. (6): 


OT 1n/ OAS (1) Tn (1) = (214-1) OL + Digs, ni OD) 


+10 1-1, n-1(1) J4+6n0(t—1). (1) 


For the scattering cross section we use the McKinley- 
Feshbach® formula: 


2na (BO) = ye¢0Z(Z +1) (1 —f*) 8-4 (sin? 40) +9")? 
X[1+2aBZ sin (40) — (8°+maBZ) sin? (46) |, 


a= 1/137. (2) 


The scattering potential is assumed to be of the Yukawa 
form (Ze*/r) exp(—r/a), where a is the screening radius 
for the Coulomb field of the nucleus. This gives rise to 
the screening angle 2n given by A/a, where \(= 2z7A) is 
the de Broglie wavelength of the scattered electron. 
Dalitz’ has derived Eq. (2) by using the relativistic 
Born approximation to second order. This approxima- 


*W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, pp. 367-377. 

*L. S. Skaggs, Radiology 53, 868 (1949) 

®*W. A. McKinley, Jr., and H. Feshbach, Phys. Rev. 74, 1759 
(1948) 

7R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
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PENETRATION OF 
tion is valid’ for Ze?/hv«1 which is well satisfied here, 
since Z for water is less than 8 and e?/hv~a for electrons 
of a few Mev. 

The expression for the collision term, S;, which is 
derived from (2) for nl<1, is 


S(T) =3o0Z(Z+1)Nro(T+1)2T-2(T +2) 


l 
| Cy+2napZl—(p°+na8Z)D. i 
i=1 (3) 


l 
C,=U4+1) Ing 4 -¥ 


This form of C; is due to Goudsmit and Saunderson.’ 
A proof, which is essentially a slight improvement on 
Bethe’s” proof, is given in Appendix A. Integrals 
leading to the remaining terms in (3) are discussed by 
SP. 

In (3), 7 remains to be specified. This depends 
intimately on the model used for the electronic structure 
around the nucleus, and the resulting effect on shielding 
the nucleus in small-angle collisions. The simplest model 
is to take a, the screening radius, equal to the Thomas- 
Fermi radius, namely, 0.885a9Z~! where do is the first 
Bohr radius in the hydrogen atom. Commonly 7 is 
taken from the Moliére a 
Thomas-Fermi potential. However, for low-Z media, 


calculations” based on a 
Moliére’s results seem to give smaller screening angles 
dy 2 
while for oxygen a is of the same order of magnitude. 
lor water, therefore, one can take a=bay/2, where b 
can be obtained by comparing (6) with experimental 
data (if available). In our calculations we have set 
a=do/2 for both H and O, 

To evaluate a function Nof(Z,) for a compound 


than observed.” For the hydrogen atom,!' a 
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Fic. 1. The stopping power of electrons in water vs energy 


SE J Williams, Pro« Roy. Soc London) A169 537 (1938 
1939) 
9S. A. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 
1H. A. Bethe, Phys. Rev. 89, 1256 (1953) 
MN. F. Mott and H. S. W. Massey, The Theory of Alomic 


Collisions (Clarendon Press, Oxford, 1949), second edition, p. 144 


1940 


ELECTRON 


BEAMS INTO WATER 











a a 


Kinet ENERGY ff 


lic. 2. The range of electrons in water vs energy 


(such as .S; for water) we use the rule: 


Nof(Z,n) =>. 


sume * 


Ni f(Zani), (4) 


where Ny is the number of molecules/g of the compound, 
N; is the number of atoms of type ¢ per gram of com 
pound, and Z; and n; are the values of Z and » for this 
type of atom. 


III]. ENERGY-RANGE RELATIONS 


Since the electron energy is dissipated by collision 
and radiation, we write for the stopping power} 


dT /dr=(dT/dr) oot (dT /dr) eua (5) 


In cal ulating the collision loss, we made use of the 
extensive data given by Sternheimer’:'* which includes 
the correction for the “density effect.”’ For water, this 
effect should be included for electron energies, roughly, 
above 1 Mev. 

The radiation loss is included for electron energies 
above 5 Mev. ‘The method of calculation is described 
by Heitler.4"4 

Once d7‘/dr is calculated, a simple numerical integral 
will give the range. ‘The results are presented graphi 
cally. Figure 1 shows the stopping power, d7'/dr, versus 
kinetic energy T on a semilogarithmic scale. In Fig. 2, 
the residual range is plotted against 7. It is almost a 
straight line except for small energies where it is nearly 
In Fig. 
against residual range. 


parabolic, 3, the stopping power is plotted 


IV. ANALYTIC APPROXIMATIONS 


‘The results of the last section will now be applied to 
express S,(7') of Eq. (3) explicitly in terms of residual! 
range, r or t, First we express n in terms of 7’, and we 


{ In this paper, as in SP, 7 is the kinetic energy in mc? units, 
r the residual range in g/cm’, and fis the fraction r/ro, 
the initial residual range or simply range. In addition we 
duce in Sec. IV r=t+-a, where a is an adjustable parameter, and 
use it much as SP uses ¢ 

Kk. M. Sternheimer, Phys. Rev. 88, 851 (1952 

4 After the completion of this work, a more recent and slightly 
modified set of parameters for the density effect ha 
by R. M. Sternheimer, Phys. Rev. 103, 511 (1956 

4 Reference 4, pp 252-253 
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hic. 3. The stopping power of electrons in water vs range 


obtain 


n=h/ag=al T(T+2) | '~a(T+1)" for large T. (6) 


Using (6) in (3), we observe that the dependence of 
S, on T is essentially inverse square multiplied by a 
slowly varying logarithmic of T. For 
we mentioned that 7 is parabolic 


function low 
energies, below 1 mc? 
in 7, 
simple argument suggests that S,; might reduce to d)/t 
for low energies and to d,/(@+ fl+-g) for high energies 
(where f and g are constants independent of / while d, 


’ 


while for high energies it is linear in 7. This 


depends on /). Indeed, SP finds that for energies up to 
a few Mev 


S(t) ¢ ad, [ t(t+-a@) |, (7) 
and that for low energies a is so large that 


Si(b) d; g. (8) 


Spencer’s calculations are based on these two approxi 
mations, The second approximation leads to a simple 
theory and allows the calculation of a large number of 
spatial moments of the energy dissipation, while the 
first leads to a rather complex theory and limits the 
calculations to a few moments. In fact, for energies 
above a few Mev, a is so small that the theory does not 
work at all in practice. The situation is still worse for 
energies of the order of 20 Mev such as we are con 
sidering. ‘This points to a need for a third approximation 
valid and useful for our range of energies. 

Upon tabulating S,, S2/S,, and S3/5S, for 1<7<S0, 
we have found that S» and S; bear a constant ratio to 
S; to an accuracy of one percent. It was possible to 
represent 5S; as d,/(t+a)* to an accuracy of a few 
percent, We conclude that 


S,~d,/(t+a)’, (9) 


which forms the basis of our calculations. In Table I, 
we give the first three parameters, d,, together with a 
for three different energies. In this table dy)=2.8789d, 
and ds=5.5368d, while a happens to be 0.27/ro. 

We substitute (9) in (1), then multiply by r?* 


where r=/+-a, and integrate over 7 to obtain 


(pr 1)Jin” + dil ty,” 1=§9(1+a)?t! 
+n( 21+ 1) 1 (L+-1) lig n Pr + lI 1, n- Pt}, 


lta 
f Tin(1) 1dr Des?, 


a 


(10) 


where 


The system (10) is the fundamental recursion system 
which we shall often use. It can be looked upon as a 
partial difference equation of the first order in n and 
second order in / and p. This is in contrast to systems 
(19) and (25) of SP which are of first order in p. 

The energy dissipation distribution, J(«), is given by 


l+a 
J (x) f I(7,x)(dT/dr)dr, 


a 


(11) 


where d7T/dr can be approximated by 


dT dr Aor! +A \+Aor i 


0.7 2r,}, A, 2.3419, A» 


(12) 


(Ao 0).626r,') 


to an accuracy of a few percent for ranges greater than 
} cm. For ranges below 1 millimeter the approximation 
is not good because r—a as /—>0 and a finite value for 
dT/dr results when it should, in fact, become infinite. 
This difficulty could be avoided by adding a delta 
function to the right-hand side of (12) of proper strength 
and located, say, at ‘=0.1/r». However, we shall see 
later that this is unnecessary and the difficulty is 
removed in a natural way without altering the form of 
Eq. (12). 

Using (12) in (11) and taking the mth spatial moment 
of J(x), we obtain 


Je Aol o,3 } A lon? + Aol on i (13) 


V. CALCULATION OF THE MOMENTS 


The moments of interest are to be evaluated in 
increasing order of m as suggested by (10). Having 
evaluated the right-hand side of the system (10), we 
still have to determine one /,,,” in order to know J;,,?*! 
where & is an integer. This is achieved only by quadra- 
tures. From Eq. (18) of SP and our approximation (9), 
we obtain 


lt+e 
I,,(7) f dr'F i,(1’) exp{di(1/r'—1/r)}, (14) 


T 


TABLE I. Scattering parameters 


a dj da di 


0.04615 0.1847 1.02289 
0.03506 0.1404 0.7771 
0.02869 0.1149 0.6359 


0.5319 
0.4041 
0.3306 
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where 
F (7) =n(2l+1) '{ (1+ L)ligun (7) +1], Ln i(7)} 


+6,0(7—1—a). 


Multiply (14) by 7? and integrate over 7, then invert 
the order of integration to obtain the equation, 


l+a 
Tin? f dr'F ,,(7’) exp(d)/r’) 
xf drr” exp d,;/t). (15) 


a 


Integrate the inner integral in (15) once by parts. A 
recursion system results which is identical to (10) if 
the lower limit is stretched to zero, i.e., 


l+a r’ 
Tin? f ar. f - + dr, 


a 0 


This explains why we do not have to modify (12). 


First Moment 


The zeroth moment is simply the total energy loss 7. 
To evaluate J;, we need to know Jo,” for p=0, +}. 
From (10) and (16) we have: 

(p+ 1)lor” 


I 0?*"', (17) 


l+a 
To”! =exp{d,(1+<a) af drr?*! exp(—d,/r). (18) 


The integral (18) is elementary. It reduces to the error 
function for half-integral values of p and to the expo- 
nential integral for integral values of p. The result of 
these calculations is: 


Tor ¥=${(1+a)!—2d)(1+a)! 


+ 2nd, exp[di(1 ta) '} erfe [d, (1+ a) }h}, (19) 


) 


To} =—(2(1+a)!—dylor), (20) 
15 


Io)" ‘(1 +a)?—d,(1+a) 
+d,’ exp[.d, (1+) \FLd, ta)" |}, (21) 
where 


L 


erfex=1—erfx= lr 'f exp(—.x*)dx, 


k(x) Ki(—.x) fa exp r). 


The moments given by (19)--(21) are combined accord- 
ing to (13) and J, is thus obtained. 


ELECTRON 


BEAMS INTO WATER 


Second Moment 


To calculate Jz we have to know Jo” for p=0, +4. 


From (10), it follows that 


(pt 1) J 02” 217 \,?*', (22) 


and the problem reduces to calculating /,,” for integral 
and half-integral value of p. For convenience we select 


p 1 and 


l+a 
Ky f drF\\(1r) exp(di/r) E(d\/r), 


a 


3. Using (16), we derive: 


lia 


Ty '=n'd; f drF \\(r) exp(dy r) erfe(d,/r)}, 


« 
where 


§(2 exp[dol (1a)! 1/7) +1) 


F'yy(7) 


These integrals are evaluated as discussed in Appendix 
B. The system (10) is then used to give Jo: and J.*? 
from which J» is obtained. 

All the desk 


calculator. No moments higher than the second have 


calculations were carried out on a 


been attempted because of their increasing complexity 


VI. DISTRIBUTION 


In constructing the distribution J(x), we include 
the boundary condition and the asymptotic trend, in 
addition to the first three moments we have just 
calculated. 


According to SP, the asymptotic trend is given by 


I(x)~ (1—«x)! exp{—A/(1—2)}. 


(25) 


However, we shall here assume this trend to have the 
conjectured empirical form, 


I(x)~ (1—2)7 expf v)}, (26) 


of which (25) is a special case 
We shall assume / (x) =0 for «« 
is highly in the forward direction for these energies 


() since the scattering 


The boundary condition is 


J(O)=dT/dt, t=1., (27) 
The distribution is constructed by using the simple 


function, g(x), given by 


J(0)\A—«)7 exp{a*i1—(1—«)']). (28) 


The function g(x) satisfies the boundary condition (27) 
and behaves asymptotically as J(x) in (26). The 
parameters y and a’ are varied so that the first two 


&(%) 


moments of g(x), namely, go and g;, agree with Jo and 


J\, respectively. The second moment J, is compared 


with gy to check on the accuracy of this particular form 


of representation. It was found that y is close to —4 


On taking J(0) to be unity, we obtain 


I (x) = g(x)=(1—x) Sexp{a’i1—(1 


~)~* jj. 





ADAWI 


























x~ Ray 
BACKGROUND 





























0 0 
0 04 OB 10 0 ‘ Of 1.0 
(a) (b) 


Fic. 4. (a) The function g(x) for different values of a*. (b) The 
function J(x) for 16.4 Mev. The measurements of Skaggs are 


shown in circles 


The moments of g(x) are elementary. The first three 
are 

go= 21 

gi=go(l+ 4a”) —4, 

£2 gol 1 { ta’+ (4 15)a* | 


am’ exp(a’) erfca}, 


(14/15)—(4/15)a’. 


The moments g, satisfy the recursion system, 


O= ngn—1— (2n4+-$+-0*) gat (n+ 9) ent. 


lor large n, 


gn~ (/n)' exp(a*—2an'). (32) 
Now we discuss the behavior of g(x) in the interval, 
0<a<1. In Fig. 4(a), g(x) is plotted for a?=0, yo, 4, 
and 1 to illustrate all the possible shapes which g(x) 
can assume within the range of interest; g(x) assumes 
a peak at x=1—2a’, For small a, the peak is sharp 
and lies close to x= 1. As a increases, the peak broadens, 
decreases in height, and moves to the left. For a’>4 
the peak does not appear in the range of interest and 
g(x) decreases monotonically as illustrated by the curve 
221. 
From this discussion, it is evident that by selecting 
the form (28) as a possible representation of J(x), we 
have not made any restrictions on the shape of the 
approximating function. We have not demanded from 
g(x) to be always of a transition character (unimodal), 
i.e., rising to a peak and then dropping off. It is a 


r 


which determines the shape of the curve; that can 
only be determined by fitting moments. 


VII. RESULTS 


Our calculations gave a?=0.22, 0.24, and 0.26 for the 
energies 12.2, 16.4, and 20.4 Mev, respectively. The 
energy-dissipation curves for all these energies are 
unimodal with a broad peak. Figure 4(b) shows g(x) 
for 16.4 Mev as calculated from this theory. The 
measurements of Skaggs® are shown in circles for com- 
parison. The agreement is satisfactory when we con- 
sider the semiempirical nature of these calculations and 
the experimental difficulties encountered in the meas- 
urements. In Skaggs’ arrangement, the beam is only 
uniform to within 10% and travels a distance equivalent 
to about 0.6 cm of water before it enters the water 
phantom. We have corrected for this fact by extrapo- 
lating Skaggs’ curve to the left by 0.6 cm. 

It is of interest to know the depth at which the 
maximum energy dissipation occurs and also the ratio 
of this maximum to the initial value, /(0). In Fig. 5 
we present the available data on the position of this 
peak and its ratio to J(0). The points shown fall in 
three categories: (a) the results of this theory for 12.2, 
16.4, and 20.4 Mev, (b) the dose-depth measurements 
of Skaggs for 12.2, 14.3, and 16.4 Mev, (c) the measure- 
ments of Trump!® and his colleagues for low energies 
up to 1.5 Mev (can be calculated as in SP). 

In concluding, we point out that this theory can be 
applied for electron energies of the order of 75 to } of 
the critical energy for the medium considered. Water 
has been selected for illustration. 

The limitations of this theory are similar to that of 
SP for “intermediate energies” [based on approxi- 
mation (7) |, in that one can calculate in practice only 
a few moments of the distribution. 
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APPENDIX A. THE GOUDSMIT-SAUNDERSON 
(GS) FORMULA 

From the definition given by GS*® and Bethe’s'® 

scheme (Eq. 81), C; is given by 


le 
C; J dx(1—x)*[1— p,(x) }. 
1 


Bethe performs a partial integration to obtain 


(A.1) 


C, k{1(1+1)—1 — Py 1)} 
le 
+f dx(1—x)"P/'(x). 
1 
It follows from (A.2) that 
Cit+C; :=P-1 


1 


tf dx{ pi (x) + prs’ (x))(A—x) 
1 


Inserting in (A.3) the recursion formula, 


v) "{pri(x)— pi(x)}, 
and using (A.1), we obtain the recursion system, 


F, FF, 1 1 i s>1 


pi’ (x) + pra’ (x) =14 


where 
F, C; {/(/+1)}. 
This immediately yields the GS formula, 


l 
C, 1+1) }4c, >! (A.5) 


By a simple integration, C 
potential. 


2 Inn~'—1 for the Yukawa 


APPENDIX B. INTEGRALS OF THE 
SECOND MOMENT 


hi 
In (23) let 


d,/a V2, d\(1+a)"! Yi, 
1.8789 Table I, Sec. IV), 


d, iT y; 
dy—d\=cd,_ (¢ 
and it follows that 


I ls 4d\{2A exp[d2(1 +-«) '}+ B}, 


v2 
A f dyy*E(y) exp(—cy), 
B f dyy *I(y) expy. 

v 


(B.1) 


where 


(B.2) 


OF ELECTRON 


BEAMS INTO WATER 


Integrate (B.2) by parts twice to obtain 


-y 'E(y) exp(—cy)+y"' expl— (c+1)y ] 


(e+ EL(c4 ry) 


I 


v2 
cf dyy 'E(y) exp(—cy). (B.4) 
vi 


B can be reduced similarly, but it is better to set ¢ I 
in (B.4) to obtain B, since B is equal to A for « 1. 
Thus, 


v2 


B y 'E(y) expy+y | 


yi 


2 
“f dyy 'E(y) expy. (B.5) 


vi 


From Table I of Sec. IV, we see that y, is of the 
order of 75 and yy» is about 4. The integrands in (B.4) 
and (B.5) vary rapidly near the lower limit and are 
unsuitable, in this form, for numerical quadrature. We 
split the range of integration into two parts at y=1. 
Calling the integrals in (B.4) and (B.5) A’ and B’, 


1 v2 
A’ if +f yy 'K(y) exp(—cy),  (B.6) 
| vi 1 
l v2 
” iS tf yy 'E(y) expy. 
vi 1 


The last integrals on the right of (B.6) and (B.7) 


we have 


(1.7) 


are simple to handle numerically. As for the first 
integrals, the rapid variation near the lower limit is 
removed by the artifice of adding and subtracting the 
leading terms in the expansions of the exponential and 
the exponential integral functions. The added terms are 
integrated terms and the subtracted terms are retained 
under the integral sign to smooth the integrand. ‘Thus 


fo» 'E(y) exp(—cy) 
yi 


l 
fu '{ E(y) exp(—cy) — (—y—Iny)(1—cy+4ey’)} 
vi 


{ ¥ Inyt+evy— }yc*y’— 4} (Iny)? 


tcy(Iny—1)—4ey (Iny— 4) (1.8) 


where y= Euler constant =0.577216: - 


are the leading terms in the expansion of E(y). The 


and —y—Iny 


’ 


integral in (B.8) is now simple to evaluate numerically 
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to four figures by Simpson’s or Weddle’s rule using 
intervals of width 0.1 for example. 

Setting ¢ 1 in (B.8), we reduce the first integral 
in B’ to a suitable form. Once A’ and BP’ are evaluated, 
it is an easy matter to collect terms and compute A 
and B from which /,,~! follows. 


I, i 
In (24), let 


d,/r=x*, (d,/a)! 2, d'(1+a) $=; 
dy cd, 
and we obtain 


$ (md)! exp dy(1+a)" |C4 4(md,)'D, (B.9) 


f dxx~* erfcx exp(—cx’*), 
ri 
r2 
dD J dxx* erfcx expx’. 
vi 


C and D are now reduced by applying two partial 
integrations. The result is: 


Iyy 
where 


(B.10) 


(B.11) 


(c+1)2x* | 


|” 


+ (ct 1)! erf{ (c+1)'*x |4+ nels 


12 
f dxx™' exp(—cx*) erfx, (B.12) 
ri 


* exp(x*) erfe(x) +4 'w h+-4 Fil | 
ri 


[aw 'expx’ erfx, (B.13) 


2 exp(—cx?) erfext+-ax-'9 exp 


G | bx 


D | hy 


ADAWI 


where 


Ei(x) f dxx' expx. 


t 


The integral of (B.12) is now simple to evaluate 
numerically ; that of (B.13) will be expressed as a power 
series. 

By definition, 


erfx=2n if dx exp(—x*). 
0 


Integrate (B.14) once by parts to obtain 


erfx=2n (sex s)+ ff daast exp *)). 


Repeating this process of partial integrations, we derive 
the formula 

- (2x*)” 
x)x > 


n= 3-5-7---(2n+1) 


erfx= 2m! exp( (B.15) 


Substituting (B.15) in (B.13) and integrating term by 
term, we obtain 


42 
dxx™ erfx exp(x*) 
Jan 


, (2x2) r 
art > (B.16) 
ne 3-5-7--+(2n+1)(2n+1) Je; 
This series is convergent for all finite values of x. The 
error committed by summing a reasonable finite number 
of terms is of the order of the first term neglected (as 
can be seen by ratio tests for example). For x=0.6 the 
sum of five terms differs from that of the series by about 
10°". For x=2, the sum of about twenty terms is 
needed to give the same accuracy. 

Once C and D are evaluated, as sketched above, 
they are combined according to (B.9) to give /,,74. 
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An expression is derived for the noise figure for a quantum-mechanical amplifier in terms of the physical 


quantities describing the electromagnetic structure and the paramagnetic salts 


and salt molecular weight and volume 


NALYSIS of the noise figure for 
mechanical amplifiers has demonstrated that 
amplification can be achieved with low inherent noise.’ 
Experimental work has demonstrated that solid-state 
quantum-mechanical amplifiers can be made. The task 
remains of relating the theoretical results to the 
parameters conventionally used to describe the amplifier 
such as the gain and circuit (’s—and the parameters 
of the paramagnetic salt—such as molecular weight 
and volume. 


quantum- 


THEORY 


We note that the paramagnetic-crystal quality factor, 
Q,, can be defined in terms of the intrinsic spin suscepti 
bility and the filling factor y.? 

1 Sar? | hij |’ TMs 


4ary!"n = 
0, h 


f H do / f Hdv, (1) 


where met =ni—n; (n; being the number of 7 states per 


unit volume), 72=spin-spin relaxation time=(mAv)"', 
wij=spin dipole-moment matrix element, and /;; 

component of the rf magnetic field that induces the 
resonant transition. We also note that the thermal 
radiation from the quantum-mechanical amplifier is 
defined in terms of a parameter temperature, 7°,, so that 


hy; 
tanh ) (2) 
yt 


Equation (1) defines (n;—n,) through Q,, which, in 
turn, is defined by the gain as! 


ni—N; 


ny +n; 


(3) 


We need only establish a relationship for (n;+mn,) to 
compute the parameter 7’, for any physical solid-state 
quantum-mechanical amplifier. The state populations 
S. Army (Signal 
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1M. W. P. Strandberg, Phys. Rev. 106, 617 (1957 

2M. W. P. Strandberg, Microwave Spectroscopy (Methuen and 
Company, Ltd., London, 1954), p. 70 


such as gain, circuit Q’s, 


are given only approximately by thermal-equilibrium 
calculations, but this is sufficient, since (m;+-n,;) varies 
slowly with thermal-nonequilibrium saturation, Suth 
cient accuracy is obtained by replacing individual 
populations by the mean population of the participating 
states at thermal equilibrium, 


2ppr.\ 0 
(exp( 


ke/kT)), (4) 


nen; 


Mz 


concentration of the 


Avo 


density, p=fraction 
number of ions per molecule, No 


where p 
active ions, r 
gadro’s number, M=molecular weight of the crystal, 
7o= lattice temperature, (exp(—/kT») 
mean population of amplifier levels, and 


normalized 


x 


Y=partition sum= >° 
kewl 


Ey /RT 0). 


exp 


The form for the dipole-moment matrix element in 
terms of the Bohr magneton, and the total spin and 
the lower state z-projection quantum numbers, S and 


m;, 1S 


By? (S—m,)(S+m,+1) (5) 


Mij| a = |Misly” 


(If m, is not a good quantum number, a summation of 
Eq. (5) over possible gw, values must be made with 
proper weighing factors defined by the particular spin 
Hamiltonian.) We are led to the following expression 
for the temperature parameter : 


h 
fo 
16°87 No £4 


MxX(exp( 


h | 
i yij4 tanh"! 
2k | 


4 


L)/kT) 
rrmpp(S | 


| 


Equation (6) may be put into words by saying that for 


m)(S+m,+1) 


a particular circuit configuration, as small a paramag 
netic crystal as possible should be used, i.e., np small, 
to obtain the lowest effective magnitude of crystal tem 
perature for a given gain. Alternatively, for a fixed 
crystal configuration, the external QV, should be as 
small as possible to achieve the desired gain with the 
smallest magnitude of crystal temperature. Equation 


(6), together with Eq. (9) of reference 1, which we 
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repeat below as Eq. (7), thus completely determines 
the noise figure in terms of physically measurable 
quantities. 

. 1 
Noise figure = 14 


G p(T) 


tp,(7,) 
(g-+ 1" ( 


), 
pAT.)+ (p(T) — p(T) | 
ge | Vo 


si 
( ora} tg ‘p(T (7) 
gti 


EXAMPLE 


+ 


A solid-state oscillator has been described by Scovil, 
Feher, and Seidel.* Its optimum noise figure, i.e., the 
minimum noise figure for a directionally sensitive 
amplifier version of this oscillator, may be computed 
from our analysis 

The necessary quantities previously given’ for this 


calculation are’: 

10°° sec s 
— / 

1/2, 


3/2 Lo good approx- 


OomO.= 16% 10°, 
p=0.005, 


n= 0.08, 
imation 

To=1.2°K, 9.06 kMc/sec. 

Other necessary data are; 

E/kTo))' = 2.25, 


M =676 g/mole, (exp( 


r=1 ion/mole, p=1.92 g/cm’, 
2= 2.85. 


Introducing these quantities in Eq. (6), we obtain 


g 
iP 0.216| tanh 1( ) xo.48x10 ‘|| 
g+l 
gt+l 
or 
f 


Since 7, is so much greater in magnitude than Av;;/k 
0.43°K, the noise densities can be described by their 


Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957 
‘ There is a possibility that Scovil et al. define 7 in some other 
way than we do. For example, if Hj, is taken as the total field 
at the crystal rather than as the effective component, the 7, 
computed here will be half as large 


STRANDBERG 


parametric temperatures, and we are led to writing 
Eq. (7) as 
1 


T 


gt+1\? WA, 
H(~-) [tr (— Jiri feen|. 
g gt 


Conventionally, we assume that the source temperature 
is very small compared with 7,. T, is only 1.2°K and 
can be ignored. The noise figure then reduces to 


noise figure= 1+ 


la—pr, 


1 


noise figure = 1+4+-—-} (1—1)T, 


gt+1\* 
-90/ ) ad ‘Th (9) 
g 


It is apparent that a large gain is required to suppress 
the noise contribution of the following amplifiers, here 
symbolized by 7. The limiting noise figure is, therefore, 
the noise figure with large gain and no transmission 


loss, = 1. Therefore,*® 


90°K 


noise figurejjmit= 1-4 
T, 

This is a noise figure of 1.2 db at T,=290°K, and 
should be compared with 6 or 7 db for traveling-wave 
amplifiers. The capabilities of a quantum-mechanical 
amplifier are better displayed by saying that the 
quantum-mechanical amplifier has a thermal threshold 
13 to 16 times, or 11 to 12 db, lower than available 
traveling-wave tubes. 


CONCLUSIONS 


It has been shown that the noise figure for quantum- 
mechanical amplifiers can be computed from conven- 
tional parameters of these amplifiers. 

Published design parameters for solid-state devices do 
not give promise of especially low noise figures. The 
factors which must be varied to achieve the low noise 
figures, such as Q,, are given explicitly in Eq. (6). 


* Preliminary presentation of this result was given at the 
American Physical Society meeting in New York City, January 
31, 1957 [M. W. P. Strandberg, Bull. Am. Phys, Soc. Ser. II, 2, 
36 (1957) ] 
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An investigation is made of the hypothesis that the fourth-order moments of the two-time velocity 
amplitude distribution in stationary, isotropic, incompressible turbulence are related to second-order 
moments as in a normal distribution. It is concluded that this hypothesis is inconsistent with the equations 


of motion, and the inconsistency is exhibited as a gross violation of energy conservation in the inertial 
range. The origin of the inconsistency is discussed. The arguments developed are used to demonstrate 
inconsistencies in Chandrasekhar’s recent theory of turbulence. Qualitative considerations are presented 
with regard to the consistency of the hypothesis that fourth-order moments of the simultaneous amplitude 


distribution are related to second-order moments as in a normal distribution 


restricted hypothesis is questioned also 


1. INTRODUCTION 


W* shall use the term quasi-normal to describe 
statistical distributions in which second- and 
fourth-order moments are related as in a normal 
distribution. Millionshtchikov! introduced the 
hypothesis that the two-point distribution of simul- 
taneous velocity amplitudes in a turbulent fluid is 
quasi-normal. Later, this hypothesis was used by 
Heisenberg,? Obukhov,’ Batchelor,‘ Chandrasekhar,° 
Proudman,® and others in order to estimate pressure 
fluctuations in turbulent flows. Heisenberg? extended 
the quasi-normality hypothesis to the two-time distri- 
bution of the Fourier coefficients of the velocity field 
in an attempt to develop equations determining the 
spectrum of high Reynolds number turbulence, and, 
more recently, a theory of turbulence dynamics based 
on the extended hypothesis has been formulated by 
Chandrasekhar’ and extended to hydromagnetic turbu- 
lence.6 Proudman and Reid® have assumed quasi- 
normality of the three-point simultaneous velocity 
distribution in a treatment of the decay of homogeneous 
turbulence. Some experimental evidence with regard 
to the original Millionshtchikov hypothesis is discussed 
by Uberoi!® and Batchelor.” 

In the present paper it is concluded that quasi- 


has 
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part at the 1956 Thanksgiving Meeting of the American Physical 
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The general validity of this 


normality of the two-time velocity amplitude distri 
bution in stationary, isotropic, incompressible turbu- 
lence is inconsistent with the equations of motion, and 
that the assumption of quasi-normality can lead to 
grave error in the description of the equilibrium range 
of high Reynolds number turbulence. The inconsistency 
is exhibited as a gross violation of energy conservation. 
Doubt is cast also on the general validity of the quasi 
normality hypothesis for the simultaneous velocity 
distribution. 

The analysis presented here has been given previously 
in terms of a different formalism for the more general 
case of stationary, homogeneous, hydromagnetic turbu 
lence, without restriction to isotropy.” 


2. EQUATIONS OF MOTION AND ENERGY 
CONSERVATION 
The equations of motion of a uniform incompressible 
fluid may be written 


ti (kt) + vk?u, (kt) 
ikiP,(k)>> w(k—k’, thuj(k’0), 


r 


(2.5) 


where vy is the kinematic viscosity, u(k,/) is a Fourier 
coefficient of the velocity field, and P;;(k) = 6,;—k *kky. 
Incompressibility requires 


kius(k,t) = 0, (2.2) 
and the reality of the velocity field is expressed by 
k,/). 

The total kinetic energy per unit mass is 


B=} > y ud (kOu(k,d). 


(k,l) = uy*( 
(2.4) 


From the above equations we may readily obtain the 
energy equation! 


( 0 
al 
4”. H. Kraichnan, Report MH-6, Division of Electromagnetic 


Research, Institute of Mathematical Sciences York Uni 
versity, 1957 (unpublished) 


jek? Eh) > O(k,k’), (2.5) 
~ 


4 
Vey 
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where 

O(k,k’) Imag { ku,*(k’ pt)" (k—k’, t)u(k,t)}. (2.6) 

The conservation of energy by the Reynolds stresses 

and pressure forces is expressed by the identity 
O(k,k’) +0(k’,k) = 0, 

which holds if (2.2) holds. 


3. DESCRIPTION OF STATIONARY ISOTROPIC 
TURBULENCE 
Let us consider a very large region of idealized 
stationary, homogeneous, isotropic turbulence with 
QO}. if ¢ 


ensemble average, the conditions of statistical station 


(2.7) 


zero mean flow velocity [u(0,/) ) denotes 


arity, homogeneity, and isotropy require 
(ac(K, t+) u,*(k"1)) = fby, ee Po (kK) U(R,7), 


where U(k,r) is a real even function of 7 with non 
negative Fourier transform with respect to r, according 


(3.1) 


to Cramér’s theorem. 

The rigorous isotropy and homogeneity implied by 
(3.1) are exactly realizable only if the linear dimensions 
of the configuration volume are taken indefinitely large 
compared to k-'. According to assumptions usually 
made, (3.1) often may be taken as a good approxi- 
mation, particularly in the equilibrium wave-number 
region of high Reynolds number turbulence. 

External forces of some sort are required to maintain 
the stationarity of the turbulence against the energy 
dissipation due to viscosity ; these should be represented 
by forcing terms on the right side of (2.1). We shall 
assume, however, that the driving forces are confined 
higher 
wave numbers the forcing terms vanish. Then it is 


to some low wave-number range so that at 


easily seen that the driving forces do not enter at all 
into the expressions developed in the next section for 
Q(k,k’), provided k is in the upper range so that there 
is no forcing term in (2.1) for this wave vector. In 
order that isotropy be maintained, the driving forces 
must Physically, such forces are an 
idealization; they may be visualized as produced by a 


be isotropic : 


random volume distribution of stirring devices. 


4. INVALIDITY OF THE TWO-TIME QUASI- 
NORMALITY HYPOTHESIS 


the two-time distribution of 
velocity amplitudes implies corresponding relations 
between and fourth order moments of the 
distribution of the Fourier coefficients u;(k,/), since 
these coeflicients are linear functions of the amplitudes 
in the space representation. Thus, quasi-normality of 
the two-time, four-point velocity distribution implies 


that 


(Quasi-normality of 


second 


(uy (kay (hk! ak 1a, (kU) 
a(t) (kL) ak a, kt’) 
+ (14, (et) er (et) (10 (kt), (ke t’) 


+ (14, (Met) at, (Rt) 1a ak’ )), (4.1) 
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while the more restricted property of quasi-normality 
of the two-time, two-point velocity distribution implies 
that 


Y (u(k—k’, Cuj(h’ turk” tu, (k’ —k’”’, t’)) 
., 


> Cludk—k’, 0) j(k’t)) (kt), (ke — kk”, 1’) 
ke’ ke’? 

+ (us (k—k’, tar ( ke” 1’) (0, (k’ tu, (kk —k’””, t’)) 
+(u(k—k’, (un (k’’—k’”’, t’)) 


(a j(k’ t)ar(k’””t’)) ). (4.2) 

We may see very easily that (4.1) is inconsistent 
with the equations of motion for stationary isotropic 
turbulence. Integrating (2.1) with the condition that 
u;(k, —*”) be finite and, following Heisenberg,? sub- 
stituting the resultant expression for u;(k,f) in (2.6), 
we obtain 


(O(k,k’)) Real | kibaPin(W)S f (u,*(k’t) 
k’’ x 


Ku*(k—k’, t)u,(k’,s)u,(k—k’”, s)) 
X exp vk? (s—t) Ms}. (4.3) 


Asserting (4.1), and using (3.1) and (2.3) to evaluate 
the covariances, we find 


(O(kKkK’)) =4 {Rik Pin WLP in( Kk’) Pin (kK —k’) 


+ Pim (k’) Pin(k—k’) vf U(k’,s) 


x U(\|k—k’ , s) exp(—vk's)ds. (4.4) 


Evaluation of the quantity {  } yields 


{ }=kL(1—cos*(k, k—k’))(1+cos?(k,k’)) 
+cos(k,k’) cos(k’, k—k’) cos(k, k—k’) 


~cos*(k,k’) cos*(k, k—k’) }. (4.5) 


Now, taking the case where k, k’, and k—k’ form an 
equilateral triangle, we readily find that 


(O(k,k’)) = 75 f [U(k,s) ? exp(—vk’s)ds, 


(k=k’'=|k—k’\). (4.6) 
This result clearly is absurd, since it indicates a non- 
vanishing net flow of energy among modes of equal 
wave number in isotropic turbulence. Formal verifica- 
tion of the inconsistency is provided by noting that the 
right side of (4.6) depends only on the length of k, so 
that, carrying out the identical procedure with k and 
k’ interchanged, we obtain (O(k,k’))=(O(k’,k))>0, 
which is in conflict with (2.7). 
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A similar inconsistency may be demonstrated for 
arbitrary k and k’. From (4.4) we find 


(O(k,k’)) +(O(k, k—k’)) = }R’a(k, k’, kK—k’) 
xf U (k’,s)U(|k—k’|, s) exp(—vk’s)ds, (4.7) 


0 
where it may be shown that 


a(k,k’, k—k’) = 1+<¢ os(k,k’) cos(k’, k—k’) 


Xcos(k, k—k’) — 2 cos?(k,k’) cos?(k, k—k’) (4.8) 


is non-negative for any choice of k and k’. Now it 
follows from the non-negativity of the spectra of the 
even functions U(k’,s), U(/k—k’!,s) [as asserted 
following (3.1) ] that the integral in (4.7) is >O for 
any k and k’. Thus [except for the case a(k,k’, k—k’) 
=0] we have (QO(k,k’))+(O(k, k—k’))>0. Similarly, 
we may find that (Q(k’,k))+(QO(k’, k’—k))>0 and 
(O(k—k’, k))+(O(k’—k, k’))>0, where in the last in- 
equality we have used (O(k—k’, —k’))=(Q(k’—k, k’)), 
which follows from the invariance of the right side of 
(4.4) under inversion. The sum of these three inequali- 
ties clearly is inconsistent with the three identities 


O(k,k’)+O(k’,k)=0, Ok’, k’—k)+0(k’—k, k’) =0, 


O(k, k—k’)+O(k—k’, k)=0. 

Now let us consider the consequences of the two- 
time, two-point quasi-normality hypothesis. Following 
a procedure similar to the foregoing, but using (4.2) in 


place of (4.1), we obtain 
> (O(k,k’)) =4k? © a( kk’, k—k’) 
k’ k’ 


oa) 


xf U(k',s)U(\k—k’|, s) exp(—vk's)ds, (4.9) 


0 


where we have used the equivalence of summation with 
respect to k’ or k—k’. We have seen above that the 
summand in (4.9) is non-negative for all k’; therefore, 
(4.9) indicates a positive net flow of energy by nonlinear 
interaction to all wave numbers k in the equilibrium 
range, there being no negative contributions even for 
hk’, |k—k’|>>k. The order of magnitude of this energy 
flow in the inertial range of turbulence is much larger 
than that required to balance viscous dissipation in 
this range. To verify this, we shall use the Kolmogorov 
theory" as a basis of estimation. 

Let us consider an idealized one-dimensional spec- 
trum function which is flat up to a wave number ko 
and which has the form 


E(k)=celk-*8, (k>ko), (4.10) 


where e¢ is the rate of transfer of energy per unit mass 
through the spectrum and c is a dimensionless constant. 
The results to be obtained are insensitive to the precise 
shape assumed for E(k). In terms of our Fourier series 
analysis, (4.10) implies that U (k,0) = 2(V/89*)“'celk 8, 
if k>ko, where V is the (large) configuration volume 
used in defining the series transforms. It follows from 
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dimensional considerations that the time character- 
izing the s dependence of U(ko,s) is of the order" 
ro= ce tky!, For the Kolmogorov law to be applic- 
able, according to usual arguments, we must have 
rovko’<K1. Then, for k, k’, |k—k’| ~ko, we may estimate 


f vesu k—k’|, s) exp(—vk’s)ds 


~U(k'0)U (\k—k’|, 0) 10. 


Now let us take k~ko in (4.9), replace Sy by 
(V/8x*) f'd*k’, and obtain for the contribution from 
modes k’> ky the crude estimate 

> & (O(kK,k’))~ (V/8m9*)"'cleky 
k ko 


(k~ky), (4.11) 


where we have noted that the mean value of 
a(k,k’, k—k’) in this region is of order unity. On the 
other hand, the viscous dissipation associated with the 
mode k is 


vk?U (k,0)~2(V/89*)'celvko **, (k~Ro). (4.12) 


, 
Thus, 


net input by nonlinear transfer 
~} (rovky?) >I 


(4.13) 


’ 


viscous dissipation 


which indicates a serious violation of energy conser- 
vation. 

Multiplying (4.11) by ko’(V, 82*) to obtain a crude 
estimate of the total rate of energy creation Wo in 
modes k~ky contained in a volume ky’ in k space, we 
find 


(4.14) 


Wo ~~ Ne WE TO, 


where £ is the total energy per unit mass. This result 
indicates that in the characteristic time ro energy is 
created of magnitude comparable to the total energy 
of the turbulence. It is apparent that very serious error 
arises from the application of the two-point, two-time 
quasi-normality hypothesis which we have made, 


5. DISCUSSION 


The usual rationale associated with the use of the 
quasi-normality hypothesis is that the statistical distri 
bution of the velocity amplitudes, or, in the framework 
of our treatment, the distribution of the Fourier 
coefficients, should in some sense differ only slightly 
from a joint-normal distribution. It is apparent that 
the third moments of the distribution cannot vanish 
(or there would be no mean nonlinear transfer), but 
at first sight it seems not unreasonable to hope that the 
deviations of the higher distribution moments from 
joint-normal values represent only small corrections 
that may well be ignored in an approximate treatment. 


4 This result may be obtained by forming a time from the 
length ko! and the rms velocity corresponding to the portion of 


the total energy which is contained in wave numbers % ko 
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To a certain extent this philosophy seems well 
founded. Let us consider a group of four Fourier modes. 
Each of them interacts in complicated individual 
fashion with large numbers of other modes, randomly 
excited, and it is difficult to see why there should be 
other than a very weak statistical dependence among 
the four modes, at least at high Reynolds numbers 
where the total number of significantly excited modes 
is very large. Thus we have reason to expect that the 
cumulants associated with the fourth-order cross 
moments should be very small. 

Now, however, we must note the very important 
fact that the argument just given does nol justify the 
applications of the quasi-normality hypothesis made by 
Heisenberg,? Chandrasekhar,’ Proudman and Reid,® 
and in the present paper. The essential step in the 
present treatment is the passage from (4.3) to (4.4), or 
to (4.9). It will be noted that the effect of asserting the 
quasi-normality hypothesis is to discard all the terms 
in the sum on the right side of (4.3) in which the wave 
vectors k’, k—k’, k’””, k—k” are not in some way equal 
in pairs, and to replace the terms in which they are 
equal in pairs by values corresponding to an independ- 
ent distribution of the Fourier components. The argu- 
ment above indicates that the terms with pair-wise 
equal wave vectors should indeed be closely approxi- 
mated by values for an independent distribution, and 
that the skew moments (wave vectors not pair-wise 


equal) should be individually small compared to the 
nonskew moments (wave vectors pair-wise equal). We 


must note however that the skew moments in the 
summation outnumber the nonskew moments by a 
factor the order of the total number of modes k’”’ 
included in the summation. Their individual smallness 
by no means insures that their total contribution is 
negligible. It is, in fact, precisely the neglect of these 
terms which is responsible for the contradictions we 
have obtained. The same argument applies to the 
passage to (4.9). 

The argument in the preceding paragraph is sup- 
ported by a simple consideration which serves as a com- 
plement to the formal analysis in Sec. 4. Suppose we 
consider a mode in the inertial range and neglect viscos- 
ity so that u(k,t) = —ikiPoj(k) doe uy(k’ Qui k—k’, 2). 
Suppose now that the individual bilinear terms in this 
summation were statistically uncorrelated, and sup- 
pose, in accordance with the assumption of stationary 
turbulence, that each u(k’,/) were a stationary ran- 
dom function. Then each individual contribution 
ik, P<; (k)uj(k’,Qui(k—k’, 1) would evidently be a sta- 
tionary random function. However, the time integral 
of this contribution would not be a stationary function 
unless there were no zero-frequency component; that 
is, unless 1,(k’,t), :(k—k’, 4) had no frequencies in 
common, which certainly is not the case in turbulence.” 
Thus, the rms value of «,;(k,/) would increase with time, 
corresponding to the energy creation exhibited above. 
This suggests that there must be correlations between 
individual bilinear terms in the summation so that the 
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individual zero-frequency contributions from these 
terms can total coherently to zero, or more precisely, 
to the small value required to balance the viscous 
dissipation in the inertial range. These correlations of 
bilinear terms are just the skew moments discussed 
above. The qualitative arguments just given do not 
require isotropy or homogeneity. 

The invalidity of the two-time quasi-normality hy- 
pothesis can be exhibited in other ways than by the 
demonstration of energy nonconservation given in the 
present paper. (For example, one can find, with this 
hypothesis, that in high Reynolds number turbulence 
the S(k,r) defined by Eq. (A.2) of the Appendix does 
not go to zero at both r=, —©® in a manner con- 
sistent with physical requirements, when k is in the 
inertial range.) The essential fact is that it is impossible 
to construct a stationary distribution functional of the 
u;(k,t) which is realizable [i.e., everywhere non-negative 
in the function space of the u,(k,/) |, which obeys the 
equations of motion, and which has the two-time 
quasi-normality property. The relation of this state- 
ment to the previous analysis may be seen by noting 
that the non-negativity of the right side of (4.7) or 
(4.9) depends on the non-negativity of the spectrum of 
U/(k’,s) which in turn is a consequence of the require- 
ment that the distribution functional be everywhere 
non-negative. Apart from the fact that the two-time 
quasi-normality hypothesis is inadmissible in the 
rigorous mathematical sense, it is clear from the 
nonconservation example we have constructed that it 
can lead to grossly incorrect physical consequences when 
applied to the reduction of quartic expressions involving 
extended sums over Fourier modes. 

Our analysis has been limited to demonstrating the 
impossibility of the quasi-normality property for the 
two-time distribution. The question naturally arises 
whether inconsistencies may be associated with the 
assertion of this property for the simultaneous ampli- 
tude distribution. The following consideration may 
provide some insight into this question. Let us consider 
a collection of quantities x,. Suppose we are given the 
moments (x,”), and it is specified that certain of the 
third moments do not vanish. Provided the normalized 
values of third moments such as (%p%mX,), (%pXqXr) 
(n, m, 7, p, q all different) are sufficiently small, it will 
be possible to construct everywhere non-negative 
distributions with the given moments and such that 
the fourth-order skew moments (%,%m%px,) all vanish. 
This will not be possible, however, if the normalized 
third moments are sufficiently large. The situation is 
analogous, in part, to the much simpler one in which, 
given three quantities a, b, c such that (a*)=(b?)=(c*) 
= 1, it is impossible to construct a realizable distribution 
such that (ab)=(ac)>4 and (bc)=0. 

Even in the case where the third moments are small 
enough so that there could exist a distribution with 
vanishing fourth-order cumulants, we should note that 
this distribution would not be the a priori most probable 
distribution with the specified second and third order 
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moments. Thus, suppose all the third-order moments 
vanished with the exceptions (X%pn%mx,)>0, (xpXqx,)>0. 
Then, if all values of the x’s have equal a priori proba- 
bility, apart from the constraints represented by the 
specified moments, the most probable distribution 
would be one in which (4p%m%p%q)> 0. 

If these considerations are applied to the simultaneous 
distribution of the values of the u(k,/), we are led to 
the presumption that even if the nonvanishing third 
moments (required to maintain the energy balance) 
have values such that a distribution with vanishing 
fourth-order cumulants is realizable, this distribution 
would be a priori less probable than one in which these 
cumulants had small but nonzero values. Thus we are 
led to the possibility that in the evaluation of sums over 
quartic expressions in simultaneous values of the u(k,¢), 
through application of the quasi-normality hypothesis, 
significant errors may arise because of the neglect of 
the total contribution of very many individually small 
fourth-order cumulants. 

It should be stressed that the conclusions of the 
present paper do not of themselves indicate the degree 
of error associated with any specific application of 
of either the two-time or simultaneous quasi-normality 
hypotheses, other than the example treated in Sec. 4. 
It is characteristic of inconsistent assumptions that 
their consequences depend strongly on the method of 
application,'® and it is certainly possible that in a 
particular application the individual contributions of 
improperly neglected cumulants could add in such a 
way as to give a small total correction. The existence 
of an extreme counter-example, the gross nonconser- 
vation of energy obtained in the present paper, strongly 
indicates, however, the desirability of a detailed justifi- 
cation of specific uses of the quasi-normality hypotheses. 
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APPENDIX. CHANDRASEKHAR’S THEORY 
OF TURBULENCE 


From (2.1) and (3.1) in the text, we obtain 


0 
( t rt )U (bs) S(k,r7), 
Or 


4 Work presently in progress, based on the use of estimates of 
the magnitude of the third moments in inequalities associated 
with the realizability of the distribution functional, indicates 
that in stationary turbulence a simultaneous amplitude distri 
bution with vanishing fourth-order cumulants is in actuality 
unrealizable. 

IS Tf, in (2.6), us*(k’,t) instead of u;(k,t) is transformed to a 
bilinear expression through use of (2.1), a result very different 
from (4.4) is produced by subsequent application of (4.1). In 
fact, this procedure yields an essentially negative value for O(k,k’), 
as has been noted also by Dr. J. M. Burgers (private communi- 
cation). 


(A.1) 
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where 


S(k,7) Imag{(>° kiu;*(k’,0) 


6 


x u*(k—k’, t)uy(k,t—7))).  (A.2) 
Evidently, S(k,0)= >> O(k,k’). Expressing ui(k, t— r) 
by means of the integral of (2.1) and asserting the 
quasi-normality property (4.2), as in deriving (4.9), 
we obtain 


0 
( + we) (kyr) =41k > a(kk’, k—k’) 
OT k’ 


k 


xf U(k' s\UNk—k’ , 5) expl — vk?(s—r) |ds. (A.3) 


r 


Finally, operating on (A.3) with (0/d07—vk*) we obtain 


( “ 
Or 


Equation (A.4) is related to the original equations of 


ra Jt (k,r) tk? >> a( kk’, k—k’) 
+ 


« U(k',r)U(\k—k’|, 7). (A.4) 


motion by a use of the quasi-normality hypothesis in 
k space precisely equivalent to the use in x space made 
by Chandrasekhar?:'*-!7; 
transform of Chandrasekhar’s fundamental differential 
equation for his correlation scalar [reference 16, Eq. 
(1) |. Equation (A.3) is the integral of (A.4) consistent 
with U(k,*#)=0; it incorporates Chandrasekhar’s 
boundary condition x(r,«)=0, Chandrasekhar’s fur- 
ther condition dx (1,t)/dt= 0 at t= 0 requires 0U (k,r)/ Or 

Oat r=0. 

For the case v=0, chosen by Chandrasekhar for 
numerical integration, (A.3) reduces to 


it is the spatial Fourier series 


OU (k,r) 
1k? > a(k,k’, k—K’) 
Or k’ 
xf U(k',s)U({|k—k’|, s)ds.  (A,5) 


7 


It was shown in the text that for r=0 the right side 
of (A.5) is a nonzero positive quantity, if U/(k’,s) is 
realizable and so has a non-negative Fourier transform 
with respect to s. (The summand is non-negative for 
all k’ and is nonzero for k= k’=|k—k’|.) Thus, it is 
impossible to satisfy (A.5) and the boundary condition 
at r=0 with realizable U(k,r). This shows that no 
solution of Chandrasekhar’s zero-viscosity equation 


16S. Chandrasekhar, Phys. Rev. 102, 941 (1956). 

‘7 The Fourier representation of Chandrasekhar’s theory has 
been discussed by W. H. Reid, Scientific Paper No. 8, Engineering 
Statistics Group, College of Engineering, New York University, 
August, 1956 (unpublished), and formulas equivalent to (A.4) 
are given therein. 
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[Eq. (37), reference 16] which obeys the boundary 
conditions at /=0, t= « can define the correlation 
tensor of a possible stationary process. If from such a 
solution we calculate the space-time Fourier transform 
of the scalar V,(r,(), defined by Eq. (3), reference 16, 
we must find that the transform is not everywhere 
non-negative as required by Cramér’s theorem. 

The discussion of (4.9) in the text indicates that the 
cited difficulties remain for v#0, Equations (4.13) and 
(4.14) perhaps provide a significant measure of their 
physical importance. 
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The incompatibility of the differential equation with 
physical requirements may be partly responsible for 
the fact that Chandrasekhar was actually unable to 
find a nonsingular solution obeying the boundary 
conditions and, instead, had to piece together solutions 
in two regions in such fashion that the resulting function 
had discontinuities in its second and higher derivatives 
across a line in the r,¢ plane. It would be surprising, 
one may note, if the space-time Fourier transform of 
this nonanalytic “solution” did not exhibit oscillations 
in sign. 
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Drift Velocities of Ions in Nitrogen at Various Temperatures* 


F. R. Kovar, E. C 


Braty,t AND R, N. VARNEY 


Department of Physics, Washington University, Saint Louis, Missouri 
(Received June 10, 1957) 


Drift velocities of nitrogen ions in nitrogen gas as a function of field over pressure have been studied by 
a pulsed Townsend discharge method at temperatures of 77°K, 300°K, and 450°K. Results support the 
theory that N,* ions are responsible for drift velocities at high E/po values, N4* ions are responsible for 
drift velocities at low E/po values, while the drift velocity at intermediate E/p, values is an average velocity 
determined by the relative lifetimes in transit of the N4y* and N,* ions. Present results further substantiate 


the existence of Nyt at low E/po and No* at high J 


‘/po by showing opposite temperature effects on the 


mobility of the two ions. The binding energy of the N,* ion has been estimated at 0.14 ev. 


INTRODUCTION 


HE apparatus constructed by Beaty! for the study 

of drift 
temperatures has now been used with minor modifi- 
cations to examine ions in nitrogen, Earlier results by 
Varney’? showed that the drift velocity of ions in 
nitrogen at room temperature, plotted on a log-log 
scale against /2/ po (where £ is the electric field strength 
and po is the pressure corrected for temperature to the 
value it would have for the same density of gas at 0°C), 
behaved abnormally in the middle range of /:/ po. Here 
the velocity stayed constant and even decreased with 
increasing /// po. The graph at low and high values of 
E:/ po was fundamentally similar to that for a gas like 
argon; however, in the intermediate region the curves 
at high and low E/po joined together in a smooth 
transition and only one drift velocity was observed for 
a given value of /po. The suggestion was made at the 
time that ions believed to be Nyt were stable at low 
values of £/ po, that Ny* ions were probably responsible 
for the observations at high //po, and that in the 


velocities of ions in gases at various 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command; also by a grant from Research 
Corporation f 

t At present post-doctoral fellow at the U. S. Bureau of Stand 
ards 

1E. C. Beaty, Phys. Rev. 104, 17 (1956) 

*R.N. Varney, Phys. Rev. 89, 708 (1953). 


intermediate region, the ion changed its character in 
flight leading to a velocity between the two extremes 
and determined by the relative times the ions in flight 
existed as Nyt or N»*, respectively. The arguments 
leading to the assignment of the various ions to the 
various /)/po ranges are not reproduced here; readers 
are referred to reference 2. 

If the conception of ions dissociating in flight to an 
increasing degree with increasing collision energies 
(£2 po) is valid, then a similar effect should occur with 
increasing temperature, for in this case too, impacts 
should occur with greater energy. The present work 
has been done to test this possibility, and it has indeed 
served to confirm the views expressed. 


PROCEDURE 


The pulsed Townsend discharge tube described by 
Hornbeck,’ as modified by Beaty! to permit submersion 
in a controlled temperature bath, was used with little 
modification. Nitrogen from Air Reduction Company 
in sealed Pyrex bulbs was the gas used, the analyses 
furnished indicating that impurities were not above 
the 0.01% level. Intensive pumping, baking, and de- 
gassing techniques were utilized to reduce possible 
errors from foreign gases. In order to give readable 
currents below E/po= 100 volts/(cmXmm Hg), nitro- 


‘J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 
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gen required a more copious supply of electrons than 
the rare gases so nickel electrodes, coated with BaCOs, 
and activated as described by Hornbeck, were used 
because of their greater elec tron emission rather than 
molybdenum electrodes. 

The experimental tube could be entirely surrounded 
by a 6-inch diameter Dewar jar with Styrofoam cover. 
For low-temperature work, the Dewar was filled with 
boiling nitrogen yielding a temperature of 77.4°K. For 
high-temperature work, a bath of molten Ceresin at a 
temperature of 450°K was used. (The Styrofoam lid 
then needed a layer of Masonite as protection against 
softening and decomposition at the elevated tempera- 
ture.) 

The gas pressure, ranging from 0.1 mm to 32 mm Hg, 
was read by means of a McLeod gauge. Since the gauge 
was of necessity external to the temperature bath 
surrounding the tube, considerable concern was felt 
lest the tube fail to be in thermal equilibrium with the 
bath. A minimum of six hours of heating or cooling 
was observed to be adequate to assure that no pressure 
drifts occurred. Since complete sets of data necessary 
for plotting the results required readings at the full 
range of pressures, each experimental run was dupli 
cated, first in steps of increasing pressures by admission 
of additional gas into the tube, and then in steps of 
decreasing pressure by pumping it out in small amounts 
at a time. Finally, the criterion advanced by Beaty' 
that at very high // pp all drift velocities should be the 
same regardless of temperature was noted to be met. 
No significant errors are thus believed to be present 
due to errors in temperature uniformity or in po. 

All oscillographic observations were photographed on 
35-mm film, and the times of travel of ions for crossing 
the fixed 1-cm gap were read from the oscillograms with 
the aid of a microfilm reader, Only single-sweep oscillo 
grams were used as the brightness of the trace and the 
film speed were adequate. It may be remarked that, as 
previously noted by Varney,’ the oscillograms never 
disclosed more than a single “break” in nitrogen so 
that the presence of two different ions at once, so 
characteristic of the rare gases, was not found to be a 
feature of nitrogen. 


RESULTS 


The measured drift velocities are plotted as a function 
of E/po, on a log-log scale, all points at the same 
temperature being connected by a smooth curve. ‘The 
plot is shown in Fig. 1. The results of the present work 
above, below, and room temperature are shown 
together with older results of Varney’ and of Mitchell 
and Ridlert at room temperature. All results are 
essentially in agreement. 

The first notable feature of the results is that a 
drastic change of drift velocity with temperature occurs 
(London 


‘J. H. Mitchell and K. E. W. Ridler, Proc. Roy. Soc 


A146, 911 (1934). 
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hic. 1, Drift velocities of ions in nitrogen at various tempera 
tures, including extrapolations of velocities to high and low values 
ol iD ‘Po 
in the transition region of //po values. Next, this 
change is in the direction such that higher temperatures 
onset of the transition region at lower /:/ po 
The change is in accordance with the belief that 


cause 
values. 
as impacts between ions and gas molecules grow more 
energetic, the Nyt ions should dissociate and travel at 
the slower speed characteristic of No* 

The drift velocity, which is nearly constant in the 
transition region, is higher the lower the gas tempera- 
ture is made. This result again reflects the fact that the 
dissociation of the N4* ions is associated with the energy 


ions, 


of impact, that the energy of impact is influenced by 
both temperature and // po, and finally that the drift 
velocity of the undissociated ion is only influenced by 
E/po. A 
in /¢/ po to bring on dissociation; the higher /2/ py causes 
faster drift at the onset of dissociation. 

Figure 1 further shows extrapolations of the velocity 
curves which prevail at the low and high // po ranges 
beyond their natural ranges. A rough attempt has been 
made to evaluate the energy of binding of the N4* ions 
against dissociation into Net and Nz». ‘The 
dissociation of Nq* ions at any value of //po may be 
read from the extrapolated speeds of Nyt and Not 
at the chosen value of //po and the actually measured 
speed. Then the change of //po which is necessary to 
compensate for a change of temperature in order to 
cause the same degree of dissociation provides a rough 
estimate of collision energies in terms of //po. The 


drop in temperature necessitates an increase 


degree of 


IONS 


results suggest roughly that at //po of 70 volts/(em 
mm Hg) ions acquire approximately 0.11 ev of energy 
from the field as compared with kT at room temperature 
of approximately 0.026 ev. At room temperature and 
k:/ po of 70, Fig. 1 indicates approximately 50% dissoci 


ation of Nyt ions to Nyt. Making the overly simple 
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assumption that 50% dissociation should occur for 
impact energies approximately equal to binding ener- 
gies, the binding energy is indicated to be the sum of 
the field and thermal energies or about 0.14 ev. Pending 
a more rigorous analysis, this value may serve as a 
starting point for further studies of the N,* ions. It is 
noteworthy that it is appreciably smaller than the 
binding energy of He,*, Nez*, and A,* reported by 
Hornbeck and Molnar’ which in some respects are ions 
comparable with N,*. 

An interesting feature of the extrapolation mentioned 
above is that the velocity curves for ions believed to be 
N.*, when extended toward E/po of zero, show a 
temperature effect indicating that the highest extrapo- 
lated velocity is obtained at low temperatures. By 
contrast, Tyndall and Pearce* who studied drift ve- 
locities in nitrogen at very low 2/ po and hence presum- 
ably were observing the N,* ions discussed in the 
present paper, found that low temperatures gave lower 
drift velocities. The difference is highly significant and 
supports the belief that the N4* ions are correctly to be 
associated with low values of E/po and Nz* with high 
values. The N,* ions on passing through N» gas do so 
with frequent charge exchange in accordance with the 
direct observations of Kallman and Rosen.’ The drift 


velocity is largely determined by this mechanism, and 


since charge exchange is little influenced by ionic speed 


* J. A. Hornbeck and J. Molnar, Phys. Rev. 84, 621 (1951). 

*A, M. Tyndall and A. F. Pearce, Proc. Roy. Soc, (London) 
A149, 434 (1935); A. F. Pearce, Proc. Roy. Soc. (London) A155, 
490 (1936) 

7H. Kallman and B. Rosen, Z. Physik 61, 332 (1930). 


BEATY, 


AND VARNEY 

in the present range of interest the thermal effects on 
drift velocity are concentrated in the inverse molecular 
velocity factor of the early Langevin theory.’ The Nyt 
ions by contrast are less subject, if at all, to charge 
exchange, and their drift velocity at lowest E/po values 
is dominated by the growing influence of the inverse 
fifth power polarization attraction as the temperature 
drops. The drift velocities, in the light of these views, 
may be expected to rise with falling temperature for 
N»* and drop for Nq*, as observed. It is believed that 
this series of observations of a complete and strong 
reversal of temperature effect on drift velocity with 
change of the collision mechanism is the most striking 
one in existence. 


CONCLUSION 


The picture of N4* as the dominant ion in nitrogen 
at low //po is more strongly established by two inde- 
pendent features of the influence of temperature on 
drift velocity. The dissociation of N4* at lower values 
of E/po with rising temperature is strongly evident. 
The reversed effect of temperature on drift velocity of 
N,* and of N2* (extrapolated) at low E/po also seems 
clear and in support of the over-all views. A rough 
estimate of the binding energy of N,* is set at 0.14 ev. 
Extension of the work to CO, which has shown similar 
behavior to Ne, and theoretical analysis leading to 
more precise establishment of the N,* binding energy 
are in progress. 

*L. B. Loeb, Fundamental Processes of Gaseous Electronics 
— of California Press, Berkeley and Los Angeles, 1955), 
p. 4 





PHYSICAL REVIEW VOLUME 


107, NUMBER 6 


SEPTEMBER 15, 1957 


Quenched-in Lattice Defects in Gold* 


J. E. BAUERLE AND J. S. KOEHLER 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received May 20, 1957) 


High-purity gold wires of 16- and 30-mil diameters were heated 
to temperatures in the range from 450°C to 1000°C and then 
quenched to room temperature in water, The time required for the 
cooling was between 10 and 50 milliseconds. An increase in the 
residual resistivity was observed which could be described by the 
equation Ap= Ae "*/KTa, Here Ap is the extra resistivity, A is a 
constant equal to (4.9+1.0)10™ ohm cm, Fr is an energy of 
formation equal to 0.98+0.03 ev, K is Boltzmann’s constant, and 
Tq is the temperature from which the quench was made. The 
resistivity increase annealed in the neighborhood of 40°C with an 
activation energy for motion ranging from 0.82+0.05 ev for a 


I. INTRODUCTION 


i Boenng rapid quenching of a close-packed metal from 
a high temperature should “freeze in’ large 
numbers of lattice vacancies (singles and_ possibly 
pairs) which are in thermal equilibrium at the high 
temperature. In close-packed metals vacancies are 
favored as the defects rather than interstitial atoms, 
because they require for formation only about one-third 
as much energy as interstitials.’ The relative con- 
centration of vacancies present after quenching may be 
obtained by measuring the increase in electrical re- 
sistivity which the vacancies produce, Previous work of 
this type on pure metals is not plentiful, and for gold 
the results are somewhat contradictory.~* For these 
basic studies it would be desirable (1) to extend the 
range of defect concentrations quenched in, (2) to do a 
more extensive study of the defect annealing as a fun 

tion of time and initial concentration, (3) to determine 
energies of formation and motion for the defects from 
these data, and (4) to apply simultaneous resistivity and 
volume-change techniques to some of the annealing 
studies. Such information lead to a_ better 
understanding of the defects and their annealing mecha- 
nisms, and would eventually aid in the interpretation 
of data obtained in diffusion, in irradiation damage, and 


should 


in plastic deformation, 

In this investigation wires of pure gold were heated 
to a high temperature and then quenched in water. 
Gold was chosen because the results could then be 


*Supported in part by Office of Ordnance Research, This 
article is based on a thesis submitted (by J.E.B.) in partial 
fulfillment of the requirements for the Doctor of Philosophy 
degree 

'H. B. Huntington, Phys. Rev. 91, 1092 (1953) 

2H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942); 
H. B. Huntington, Phys. Rev. 61, 325 (1942) 

3H. Brooks, article in /mpurities and Imperfections (American 
Society for Metals, Cleveland, 1955), p 

‘J. W. Kauffman and J. S. Koehler, Phys. Rev. 88, 149 (1952); 
97, 555 (1955). 

6B. G. Lazarev and O. N. Ovcharenko, Doklady Akad. Nauk 
S.S.S.R. 100, 875 (1955 

‘J. W. Kauffman, 
(unpublished ). 


thesis, University of Illinois, 1955 


quench from 700°C to 0.60+0.04 ev for a quench from 1000°C 
The annealing kinetics were first order for quenches from 700°C 
and below but were more complex for quenches from above this 
temperature. The “half-anneal” times at 40°C ranged from 140 hr 
for a quench from 700°C to 4 hr for a quench from 1000°C. During 
the anneals a decrease in specimen length was observed which was 
at all times proportional to the decrease of the extra resistivity, 
both for the quenches having first-order annealing kinetics and 
those having the more complicated annealing behavior. The 
proportionality constant between the resistivity changes and the 


fractional-length changes was about 1.1 10-4 ohm cm. 


compared with existing data and theory, and because it 
resisted contamination at high temperatures in the 
presence of water vapor. Water was chosen for the 
quenching medium because it gave a rapid, reproducible 
quench and because it produced very little deformation, 


Il. EXPERIMENTAL PROCEDURE 


Specimen material for the experiment was 99,9990 
pure gold wire of 0.016- and 0.030-inch diameter,’ After 
a ten-minute anneal in air (or helium) at 900°C, the 
ratio of resistance at 4.2°K to that at room temperature 
was found to be less than 7X10 
with purity quoted, The specimen and a symmetrically 
arranged dummy were mounted in a light frame as 


, which was consistent 


shown in lig. | 

Heating of the specimen was accomplished by passing 
10-15 amperes of de through it. The temperature of the 
specimen gauge length, i.e., the central 4 cm of a 16-cm 
length, was measured by determining its resistance. 
Optical pyrometer measurements indicated a tempera 
ture uniformity of +1% over the gauge length 

The quenching process itself was rather simple, As 
shown in Fig. 2, the specimen frame was supported over 
water in a partially filled glass tank by three current 
lead-in wires at one end and a movable stirrup at the 
other end. Shielding from drafts was provided by the 
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Fic. 2. Sketch of quench tank and specimen 
/ 
prior to and after quenching 


tank itself and a Lucite cover plate. The distance 
between the specimen frame and the water was 2 cm. 
To quench the specimen, the stirrup was displaced and 
the specimen then fell into the water. Its motion was 
aided by the spring-like nature of the current leads. 
This arrangement met two critical requirements for 
efficient quenching: all points of the specimen entered 
the water simultaneously; and the specimen was kept 
moving through the water as long as the specimen was 
above room temperature, The specimen heating current 
did not interfere with the quench but was turned off 
manually shortly after the specimen had entered the 
water. 

Measurements of the quenching rates were made by 
the scheme which Kauffman and Koehler® used, 1.e., 
the specimen potential leads were connected to the 
vertical deflection input of an oscilloscope. A graphical 
plot of essentially the specimen temperature vs time 
was then obtained. In this way it was found that the 
cooling rate during the quench was constant and equal 
to 3 104 degrees per second for water. 

Longitudinal deformation of the specimen was always 
less than 5X 10-4 and did not correlate with the amount 
of resistivity quenched in. Radial thermal stresses 
were computed and found to be less than the yield 
stress for gold 

Changes in the residual resistance of the specimen 
were measured by the bridge technique developed by 
Kauffman and Koehler.® Figure 3 shows the essential 
parts of the bridge circuit. After placing the specimen 
frame into a Dewar of stirred liquid nitrogen, the re- 
sistance of the specimen was compared to that of the 
dummy in the bridge. Variations in the thermal part of 
the specimen resistance arising from bath-temperature 
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fluctuations were canceled out by like variations in the 
dummy. The potentials V;, and V4 were measured with 
a Rubicon microvolt potentiometer which could detect 
10~-* volt. The currents J; and J, were about 0.5 amp 
each. Current equality was monitored to within 1 part 
in 50000 by a galvanometer (across the 1-ohm re- 
sistances), and the 0.01-ohm variable resistor served to 
maintain this balance. The smallest detectible change in 
resistivity was 10~" ohm cm, which was about 0.02% 
of the maximum resistivity increase quenched in. 

Annealing was done by transferring the specimen 
frame to a water bath, which could be set to any 
temperature between 25°C and 100°C and controlled 
to +0.01°C. After a measured interval of time the 
specimen was removed from the water bath and trans- 
ferred back to the nitrogen Dewar for measurement. 
When lower temperatures were needed, a dry _ ice- 
acetone mixture was used. 

For the measurement of specimen length changes 
during annealing a special technique was devised, the 
principle of which is shown in Fig. 4. The specimen, 
which had an arc-shaped gauge length of 10 cm, was 
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Fic. 4. Details of specimen wire (special frame not shown) 
mounted in suspension bar for dilatometric measurements. 


clamped at its ends to a “suspension bar.” A simple 
calculation shows that if such a wire is fixed at its ends, 
the ratio of an increment in its sagitta / to an increment 
in its arc length s is approximately given by 


dh/ds=s/5h. (1) 


This means that a change in arc length produces a 
change in sagitta which is s/5h times as large. For a 
typical case, s= 10cm, h=0.1-0.2 cm so that a multipli- 
cation of about 10 to 20 times the change of length 
results. For convenience, # is not measured but only 
changes in h, referred to the gold foil marker shown in 
the sketch. These changes were measured with a mean 
error of 0.3 micron by means of a Gaertner modified 
creep-testing microscope. The smallest change of length, 
then, which was detectible with the apparatus was 
about 0.03 micron, corresponding to a fractional change 
of length of 310-7. Observations on the specimen were 
made through the window of a constant-temperature 
bath in which the specimen and suspension bar were 
immersed. ‘The temperature of the bath was kept at 
30,000+0.005°C. To check the linearity of sagitta 
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change with arc-length change and also get dh/ds 
experimentally it was necessary only to vary the bath 
temperature. Because of the difference in thermal 
expansion of the copper suspension bar and the gold 
wire, an apparent change in specimen length of approxi- 
mately 0.25 micron per °C results. A typical calibration 
curve is shown in Fig. 5. Since the bath temperature 
during an anneal was kept very nearly constant, no 
dummy was needed for the resistance measurements in 
this arrangement. One-mil insulated platinum supports 
spaced every 2.5 cm along the gauge length kept these 
long wires from sagging when hot, thus decreasing 
accidental deformation. 


Ill. RESULTS 
A. Quenching 


For the range of quench temperatures studied, 
450°C to 1000°C, it was found that the resistivity 
increase on quenching could be described by the 
equation 


Ap= Ae #r/KTQ, (2) 


where Ap is the resistivity increase, A is a constant, 
Ey is the energy required to form the defect, K is 
Boltzmann’s constant, and 7g is the quench tempera- 
ture. The justification for calling Ey the energy of 
formation of the defect statistical me 
chanics. It gives an expression similar to Eq. (2) for the 
equilibrium concentration of defects having formation 
energy Ey, in a solid at temperature 7g. If it is assumed 
that the defects are retained during the quench, Eq. (2) 
follows immediately. To check the goodness of fit of 
the data to Eq. (2), one may plot the data as Indp vs 
1/Tg. The points should then fall on a straight line, as 
is the case in Fig. 6. Values for Ey and A are obtained 
from the slope and intercept of the line, respectively 
Table I summarizes the results for six different speci 
mens. The average results were as follows: Ep=0.98 
+£0.03 ev, and A=(4.9+1.0)X10 ohm cm. Errors 
given are random only. 

Attempts were made to find some special systematic 
errors which might be important. For example, to rule 
out the possibility that hydrogen (from dissociated 
H,O) might have dissolved in the specimen during the 
quench and thus produced spurious effects, some 


comes from 


quenches were made with mercury as the quenching 


TABLE I. Summary of experimentally determined 


constants for the equation Ap= Ae #r/KT¢ 


Specimen No. Diameter (in Er (ev Afohm em 


0.016 4 
0.016 0.98 ‘ 
0.030 4 
0.030 , 4 
0.016 ‘ 
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Fic. 5. Sample plot of sagitta vs bath temperature for a specimen 
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mounted in suspension bar, Linearity is verified and “magnifica 


tion” factor determined 


medium. Some surface amalgamation resulted which 
was quickly removed with nitric acid, The increase in 
resistance and annealing behavior after the mercury 
quench were the same (within 10%) as after a water 
that 
nature of 


quench. It was concluded the results were in 


dependent of the the quench 


chemical 
medium used 

Another possible source ol resistance increases on 
quenching could be the impurities initially in the wire 
It is conceivable that the resistance increases found on 
quenching might be due to impurities which precipitate 
in a slowly cooled wire, but would remain dispersed in 
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iG, 7, Semilogarithmic plot of quenched-in resistivity (relative 
to initial value) vs time. Quench temperature was 700°C and 
annealing temperature was 60°C 


a quenched specimen. To test this idea, a specimen 
which was quite impure [ p(4°K) /p(298°K) =0.03 ] was 
quenched, The resistance quenched in was always 
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equal to or less than that for a_ high-purity 
specimen, demonstrating that the particular impurities 
present in this impure specimen were not responsible 
for the quenched in resistance. 

Finally, we wished to know whether a change in the 
quenching rate had an influence on the Amount of 
resistance quenched in. A quench into salt water 
(10% solution) gave a quenching rate of about 6X 10 
deg/sec, twice that for pure water. When such a quench 
was used, approximately 15 to 20% more resistance was 
quenched in. More surprising, though, was the fact 
that the increase was the same, percentage-wise, for all 
temperatures checked, i.e., 600°C to 900°C. If vacancies 
were being lost during the quench, one would expect to 
lose a much larger fraction of them at 900°C than at 
600°C. The essential thing to note here is that since 
Ap was larger by a constant factor, the energy of forma- 
tion, Ey, was not affected. The constant A was, 


however, increased by 15 to 20%. 


B. Annealing 


The room-temperature annealing of the quenched-in 
resistance was found to depend markedly on the 
temperature from which the specimen was quenched; 
hence, we shall classify the results according to the 
quench temperature Tg. 


1. Quenches from below 750°C 

(a) The quenched-in resistance decayed exponentially 
with the annealing time. (See Fig. 7.) Occasionally the 
initial annealing was slightly faster than exponential for 
a short time. 

(b) The time 7 required for one-half of the quenched- 
in resistance to anneal out was very long, i.e., of the 
order of hundreds of hours at 40°C. 

(c) The lower the quench temperature Tg, the 
longer + was. For example, at 60°C, r=19 hr for a 
quench from 700°C and r=50 hr for a quench from 
600°C, 

(d) More than 99% of the quenched-in resistance 
annealed out in the neighborhood of room temperature, 


QUENCHED FROM 700, 800, 900°C 
ANNEALED AT 40°C 
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(e) The activation energy for motion of the defect, 
Ey, was 0.82+0.05 ev. (See Fig. 8.) All energies of 
motion in this experiment were derived from the data 
on the assumption that the thermal activation prob- 
ability entered the rate equation for annealing as 
follows: 

dc/dt ce BMIKT f(¢) (3) 
where c is the defect concentration. For T’g= 700°C, 
the exponential decay of ¢ with time implies that f(c) is 
proportional to ¢, i.e., first-order annealing kinetics. The 
value of Ey may be obtained by comparing slopes of 
the logAp vs ¢ curves at two different annealing tempera- 
tures as in Fig. 8. 

(f) The specimen length was observed to decrease 
slightly during the annealing of quenched-in resistance. 
This decrease was exponential with time. The propor 
tionality factor between the resistance decrease and the 
fractional length decrease was approximately 1.3 10~° 
ohm cm (one determination). 


2. Quenches from 800°C 


A transition in annealing behavior began to show 
itself at this quench temperature. (See Fig. 9.) 


(a) The decay of the quenched-in resistance was 
quite slow for some time; then a sudden break to a 
much faster annealing curve (not exponential) occurred. 
The initial annealing rate was consistent with the rates 
observed for quenches from 700°C, 

(b) The time required for one-half of the quenched-in 
resistance to anneal out at 40°C was about 49 hours. 

(c) About 95% of the quenched-in resistance an- 
nealed out in the neighborhood of room temperature. 

(d) The activation energy for motion, Ej, was 
0).66+-0.03 ev. (See Fig. 10.) In this determination it was 
assumed that the annealing obeyed Eq. (3). 

(e) Small amounts of deformation (¢<10~*) speeded 
up the initial rate of anneal so that the decay curve no 
longer showed the break described in (a). The annealing 
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Fic. 10, Energy of motion determination for a specimen quenched 
from 800°C, annealed at approximately 30 and 40°C 
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Fic. 11. Quenched-in resistivity (relative to initial value) vs time 
Quench temperature 900°C, annealed at 40°C 


rate past the initial region was not appreciably affected, 
however. 


3, Quenches from above 850°C 


(a) The decay curve showed no sudden breaks but 
the decay rate increased continuously from some very 
small value to a maximum and then decreased slowly to 
zero. (See Fig. 11.) 

(b) The time required for one-half of the quenched-in 
resistance to decay was quite short, i.e., of the order of 
a few hours at 40°C, 

(c) The higher the quench temperature, the shorter 
7 was. For example, at 40°C, r=3.5 hr for a quench 
from 900°C, and r=0.5 hr for a quench from 1000°C 

(d) About 90% of the quenched-in resistance an 
nealed out in the neighborhood of room temperature. 
The remaining 10% 
500°C and 800°C, 

(e) The activation energy for motion of the defect, 
Ew, was 0.634-0.06 ev for a quench from 925°C and 
0.60+0.04 ev for a quench from 1000°C, (See Fig. 12.) 
As before, Eq. (3) was assumed valid for the annealing 


annealed somewhere between 


process. 
(f) The specimen length decreased in exactly the 


same manner as the specimen resistance at all stages of 
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12. Energy of motion determination for a specimen quenched 
from 1000°C), annealed at 30 and 40°C 
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QUENCHED FROM APPROX. 900°C , 
ANNEALED AT 30.76 °C 
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F1G, 13. Quenched-in resistivity and fractional length decrease 
s time. Quench temperature 900°C, annealed at approximately 
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the annealing process. (See Figs. 13 and 14.) The curves 
were superimposable with a proportionality factor be 
tween the resistivity change and the fractional-length 
1.0010 (Average of three 
determinations.) 


change of ohm cm. 
(g) Small amounts of deformation speeded up the 
(a). The 
long specimens used for the length-change studies 
tended to show this effect, as in Fig. 13. When special 
were taken to deformation 
Experimental Procedure), the slower initial annealing 
rate once more became evident, as in Fig. 14. 

(h) For an impure specimen p(4°K) /p(298°K) =0.03 
1 hrat 25°C), 
and was approximately exponential, with a residue of 
about 25% of the original resistivity increase remaining 
after an anneal at room temperature. The energy of 
motion was 0.67+-0.06 ev, 


initial annealing rate as described in part 2, 


precautions avoid (see 


the decay of resistance was very rapid (r 


(1) An isochronal anneal revealed only one prominent 


annealing process near room temperature. In_ this 


anneal, a specimen was quenched from 900°C and an- 


nealed for one hour at each of a series of increasing 
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Fic. 14. Same as Fig. 13 except special support 
loops used on specimen to avoid deformation, 
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Fic. 15. Isochronal anneal of quench from 900°C showing major 
annealing process near room temperature. 


temperatures, starting at —200°C and ending at 
+-100°C. After each anneal the resistivity was measured 
with the results as shown in Fig. 15. 


IV. SUMMARY 


A. Thermally activated defects may be trapped in 
gold by quenching rapidly from high temperatures. 
Their energy of formation is about 1.0 ev. 

B. Motion of these defects to sinks is thermally 
activated and occurs at an easily measured rate in the 
neighborhood of 40°C. Their energy of motion varies 
from 0.8 ev for a quench from 700°C to 0.6 ev for a 
quench from 1000°C. 

C. The annealing “half-life” at 40°C varies from 140 
hr for a quench from 700°C to about 4 hr for a quench 
from 1000°C, 

D. The annealing kinetics are first order for a quench 
from 700°C or below but are more complicated for 
quenches from higher temperatures. 

E. The volume of the specimen diminishes during 
annealing in exactly the same manner as the resistivity 
whether the kinetics are simple or not. The propor- 
tionality constant between resistivity and fractional 
volume change is about 3X 10~4 ohm cm. 

An interpretation of these data in terms of single and 
multiple vacancies appears in the following paper.* 
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The behavior of vacancies in gold during quenching is treated theoretically under the assumption that 
the total number is conserved, although they may aggregate into pairs and triplets. Approximate solutions 
of the equations governing the abundance of isolated vacancies is obtained in the case in which only a small 
fraction aggregate, that is, in the limit in which the quench is very rapid. This situation appears to correspond 
to that observed in gold when the rate of quench is near 3X 10* degrees per sec. It is concluded that the 
binding energy of a pair of vacancies is between 0.1 and 0.2 ev and that the activation energy for migration of 
a pair is lower than that of a single vacancy by no more than 0.2 ev 


I. INTRODUCTION Before discussing the life history of the defects which 


HE quenching experiments described in the pre- are quenched in, it is necessary to consider the rela 


; . tive abundances of vacancies an erstitial atoms, 
ceding paper are important because one of the ['‘ ibundances of vacancies and interstitial atoms 


defects retained presumably is responsible for self- Huntington and Seitz!’ and Huntington’ have made 
diffusion in pure gold, The experiments were actively calculations which give estimates of the energy required 
pursued initially to obtain information concerning this 
defect. However, careful annealing measurements near 
room temperature revealed an unsuspected complexity 
in behavior. Fortunately, as will be seen, this additional] 
wealth of information enables new conclusions to be 


to forma lattice vacancy and an interstitial copper atom 
in copper. They found that the energy of formation of an 
interstitial probably is about 4.5 ev, whereas that of a 
vacancy is near 1.2 ev. Thus, the equilibrium ratio of 
interstitial to vacancy concentration at 800°C would be 


about 10 '° if these estimates are approximately correct 

drawn about the nature of the defects involved. PI 

‘ ; Since the values of the formation energies are not ex 

In an effort to understand in detail what takes place, . ce 
ld lik foll aia dial r hej pected to differ much in gold and copper, interstitials 

Y” ™ ollow the defects concerne : 

we would like to loliow the detects concerned Irom their = are not believed to be important in the experiments to 


birth in the circumstances governing thermal equilib- — je described here. We shall assume the defects quenched 
rium at the high quenching temperature, through the are vacancies in either single or aggregated form 
quenching process, to their disappearance during a The differential equations which govern the con 


room-temperature anneal, centrations of defects are 


Oc i 1 Oc | 
-16cv exp(— Ey"/kT)+2cov' exp[— (Eu? +B)/kT]+ Di —4 
al or sr ar| 


24 voce exp I ue kT) t¢ vy’ exp (Le yy" +A) kT |, (1) 


OCs he ] OC: 
+8c*v exp(— Hy’/RT) — cav.! exp — (Ey + B)/RT |+Dz { 


al | or vO 
24CCav2 Exp I we kT’) +-cgvy exp 


OCs 
+ 24ccov2 exp(— Ky? /RT) —« vs expl — (Ba? +A)/RT }. (3) 
al 


Here ¢, ¢2, c, are the fractional vacancy, divacancy, and a vacancy and a divacancy combine to form a 
trivacancy concentrations; v and v2, are the appropriate trivacancy; r is the distance between a vacancy 
frequency coefficients for migration of a vacancy anda or a divacancy and the axis of a dislocation; D is 
divacancy whereas vy,’ and vy,’ are the corresponding the diffusion constant for lattice vacancies, Le 
coefficients for dissociation of a divacancy and a tri- D=va?/6exp(—Ey"/kT), where a is the smallest inter 
vacancy. We shall set vo’=v,. Ey’ and Ey are atomic distance, Similarly Dy=(1/24)v,a* exp(—Eu’/kT), 
the energies of motion of a vacancy and a divacancy, We have neglected the fact that there is an energy 
respectively; B is the decrease in the energy of the of interaction between a lattice vacancy and a dislo 
crystal when two well-separated vacancies combine to cation which can increase the rate at which vacan 
form a divacancy; A is the decrease in energy when ' H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942) 


7H. B. Huntington, Phys. Rev. 61, 325 (1942 
* Supported in part by the Office of Ordnance Research *H. B. Huntington, Phys. Rev. 91, 1092 (1953 
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cies arrive at dislocations. The total elastic binding 
energy of a vacancy to a complete dislocation in copper 
is about a tenth of an electron volt,4 Thus, there is 
every reason to believe that the force aiding annealing at 
dislocations is negligible if the vacancy is more than a 
few atomic distances from the dislocation. 

In the first equation, the first term on the right 
describes the loss of vacancies by formation of di- 
vacancies. ‘The second term gives the rate of production 
of vacancies by dissociation of divacancies. The third 
term describes the loss of vacancies at dislocation sinks, 
The boundary conditions both at the dislocations and 
midway between dislocations are important. It is 
assumed here that the concentration changes which 
occur in the vicinity of the dislocation take place 
sufficiently slowly that the vacancy concentration is 
maintained at the equilibrium value for the temperature 
in question at all points along the dislocation. This 
assumption presupposes that the diffusion of vacancies 
along the dislocation from the jogs is much more rapid 
than the diffusion of vacancies in a direction normal to 
the dislocation axis. Hence, the appropriate boundary 
condition at the dislocation is: 


c=exp(—Kp'/kT) at r=b, alld, (4) 


where Ey" is the energy required to form a lattice 
vacancy and b is two or three times a. If 2R is the dis- 
tance between dislocations: 


dc/dr=0, (r=R, alld). (5) 


Similar boundary conditions hold for divacancies. Since 
trivacancies probably are mobile there should be a 
term describing their motion. It is difficult to estimate 
its Importance 

These equations are very general. They should give 
the equilibrium concentrations of defects; they should 
also describe the concentration changes which occur 


during quenching and annealing 


Il, EQUILIBRIUM CONCENTRATIONS 


Consider first the equilibrium concentrations, Assume 
here that the quenched-in resistivity measures the 
vacancy concentration in equilibrium at the quenching 
temperature (i.e., the temperature from which the 
sample is quenched), Experimentally, quenched-in re 
sistivity varies with the quenching temperature as 
follows: 

Ap=A exp(— Er'/kT). 
The value of A found for gold is 4.8910 ohm cm. It 
was also found during annealing that the decreases in 
resistivity were accompanied by decreases in length. If 

*A. Seeger, Handbuch der Physik (Springer-Verlag, Berlin, 
1955), Vol. 7, p. 557; J. Friedel, Dislocations (Gauthier-Villars, 
Paris, 1956), p. 237 obtains a larger interaction energy in copper, 
i.e., 0.35 ev by noting that a vacancy can allow a local relaxation 
of the dislocation stresses 


*D). Turnbull, Bristol Conference on Defects in Solids (Physical 
Society, London, 1955), p. 203 
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one supposes that the dimensional changes are isotropic, 
the resistivity and the fractional change of volume Av/v 
are related by the equation K Av/v= Ap. Experimentally, 


K =3.2X10* ohm cm for gold. If the volume of the 
crystal increases by one atomic volume when a lattice 


vacancy is produced, c= Av/v=1.53 exp(—Er"/kT). On 
the other hand, if there is some relaxation around a 
vacancy so that the increase in volume per vacancy is 
0.4 times the atomic volume,® the coefficient in front 
of the exponential is 3.82. The relatively small values 
of the coefficient in these two areas indicate the altera- 
tions in the atomic vibrational frequencies near a 
vacancy do not appear to contribute materially to the 
pre-exponential factor.’ Using the experimental values 
of K and the two estimates of the volume increase per 
vacancy, we find that the resistivity increase for 1 
atomic percent vacancies is 3.2X10~* and 1.3X10~° 
ohm cm, respectively. It is interesting to note that the 
“best” of the theoretical calculations of the resistivity® 
agree with the second value and suggest that the 
volume increase per vacancy is close to 0.4 times the 
atomic volume. 

Consider next the divacancy concentration which is 
at equilibrium at the high temperature and is present 
after quenching. Bartlett and Dienes® estimate that B, 
the binding energy of a divacancy, is between 0.23 and 
0.59 ev in copper, whereas Seeger and Bross’ found 
B=0.3 ev for all three noble metals. Since the nearest- 
neighbor relaxation is expected to be larger near a 
divacancy than near a single vacancy, we shall assume 
that v/v,= 2.25. We may note that the first two terms on 
the right side of Eq. (1) must give zero under equilib- 
rium conditions and use this fact to determine the ratio 
of the concentration of divacancies to that of vacancies. 
Table I gives vacancy concentrations and divacancy to 
vacancy ratios for equilibrium conditions at various 
high temperatures and values of B equal to 0.3 ev, 
0.2 ev, and 0.1 ev which we believe is the appropriate 
range to consider. 

We note from the table that c./c lies in the range 
between 0.14 and 0.01 for the two highest temperatures 
in the range of B considered. It has sometimes been 


TaBLe I. Equilibrium concentrations of vacancies and divacancies. 


B «0.3 ev B =0,2 ev B«=0.1 ev 


7 c €2/¢ c2/e ee/e 


0O.840K10°5 = 8.154K10 2.158K10™ 5.71210 
3.203% 10~* 2.065K10°% 6.264K10°% = 1.90010 
9.521K10°® 4.39810? 1.49110? 5.05610 
2.351K10 8.234«K10°% 3.061K107? 1.13810 
5.03410 §=13.963K10°? 5§.611K10* 2.25410 


600°C 
700°C 
800°C 
900°C 
1000°C 


®6C. W. Tucker, Jr., and J. B. Sampson, Acta Met. 2, 433 
(1954). 

7G. H. Vineyard and G. J. Dienes, Phys. Rev. 93, 265 (1954). 

*P. Jongenberger, Appl. Sci. Research B3, 237 (1953); F. 
Abelés, Compt. rend. 237, 796 (1953); F. J. Blatt, Phys. Rev. 103, 
1905 (1956); 99, 1708 (1955) 

* J. H. Bartlett and G. J. Dienes, Phys. Rev. 89, 848 (1953). 

A. Seeger and H. Bross, Z. Physik 145, 161 (1956) 





INTERPRETATION OF QUENC 


supposed that vacancy pairs in metals diffuse much 
more rapidly than single vacancies. This postulate 
seems possible in gold only if the binding energy B of 
the divacancy is exceedingly small. We note, first, that 
Okkerse!! did not observe any deviations between the 
results obtained at high and low temperatures in his 
measurements of self-diffusion coefficient in gold, which 
extend to 950°C. It follows that either the density of 
pairs is small at the higher temperatures or the diffusion 
coefficient of a pair is not radically different from that of 
a single vacancy. Combining the energy of formation of 
a vacancy, given above, with the observed activation 
energy for diffusion, namely 1.71 ev, we conclude that 
the energy of migration is near 0.80 ev. This leads us to 
a diffusion coefficient of about 0.458% 10~° cm*/sec at 
900°C if we assume that v= 10" sec. For comparative 
purposes, we shall assume somewhat arbitrarily that 
the energy of migration of a pair is 0.6 ev. We then 
obtain a diffusion coefficient of 0.366% 10~* cm?/sec at 
the same temperature, which is about 0.80 times larger 
than that for single vacancies. Thus, even if pairs 
possessed this relatively small mobility, they would 
produce an observable change in the the self-diffusion 
coefficient of the metal if B were near to or larger 
than 0.3 ev. 

In other words, we are led to conclude either that 
divacancies migrate in much the same way as single 
vacancies, or their binding energy is not larger than 
0.3 ev. We shall amplify this conclusion later and 
conclude that B should be nearer 0.1 ev. 

If divacancies were to predominate at high tempera- 
tures and be responsible for self-diffusion in gold, it 
would be necessary to require that B2 Ey’. If B= Ep’ 
and if the measured energy of formation is that of 
divacancies, then B=Eyp*=Ey?=0.98 ev. This is a 
rather large value for B. 


lI. CHANGES DURING QUENCHING 


Consider the behavior of vacancies during 
quenching. The essential features of events during a 
rapid quench can be obtained if one assumes that only a 
negligible number of vacancies and divacancies are lost 
by diffusion to dislocations. We shall see that this 
hypothesis is reasonable. 

Although the total number of vacant sites remains 
constant during the quench, the concentration of 
divacancies may be expected to grow at the expense of 
the single vacancies. Experimentally, the temperature 
and time are related in the manner 


T=T)—£l 


next 


during quenching. Here T» is the quenching temperature 
and @ is the quenching rate. It is found that an appreci- 
able amount of recombination and breakup occur 
during rapid cooling if B lies in the range from 0.1 ev to 


" B. Okkerse, Phys Rev. 103, 1246 (1956). See also Makin 
Rowe, and Le Claire, Proc. Phys. Soc. (London) B70 (June, 1957). 
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Fraction of vacancies which are single 
before and after quenching 


ABLE II 


After* 
Before 40°C 60° 


BzQ@.1 ev 


0.9878 
0.9551 
0.8774 
0.8860" 

—— 0.7435 
0.9001 0.7581» 
0.5751 


0.9902 
0.9637 


0.9994 


0.9962 0.9784 


0.9900 0.8994 0.9354 


0.8004 


0.7422 


0.7836 


0.9569 0.6284 
=().2 ev 

0.9000 
0.7025 
0.4427 


0.8544 
0.5542 
0.2151 


0.8544 
0.5542 


0.1494 


0.9957 
0.9877 
0.9711 


= ().3 ey 


600"¢ 0.9839 0.1816° 


* Values after quenching with no superscript are equilibrium values at the 


specified temperature 
» Quenching rate 6 K 104 °C /se¢ 
* Quenching rate 3 X 104 °C/sec 


0.3 ev, so that terms corresponding to both effects are 
important. Since the defects are in thermal equilibrium, 
The 
equations are solved in the appendix under the assump 
tion that only small changes occur during quenching. 


we have the initial conditions 0¢/0l=0¢,/01=0. 


The result is 


32vZ 0 | Ik Mu { B)ry' I uv kT) 


) 
yer( Jaen 


"expt 


L=Lo4 


(0) 


Here Z is the ratio of the concentration of single 
vacancies to that of total vacancies after quenching, Zo 
being the ratio for thermal equilibrium at the quenching 
temperature. It is assumed that the difference between 
Z and Zo is small. The other symbols represent the 


following quantities : 
B/(Eem +B), 
Vo (ey + B)/kT», 


l vol kin t B)/Bk, 


The fraction of single vacancies is given in ‘Table II 
before and after quenching from various temperature 

The equilibrium value of the ratio has been given for 
temperatures near room temperature for low values of 
B. In this case, the assumption is made that the total 
concentration of voids is conserved during quenching 
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However, it is also assumed that sufficient time elapses 
at the low temperature to attain the equilibrium ratio 
of double to single vacancies. The resulting ratio is 
given by Eq. (6) for larger values of B and sufficiently 
fast quenches. This equation tends to overestimate the 
formation of divacancies, because the integration is 
carried to the absolute zero of temperature. In all 
cases in which (6) gives a larger number of divacancies 
than the equilibrium result for the temperature in 
question, the equilibrium value was used. In a few 
cases, two values, an equilibrium value and a result 
derived from Eq. (6), are given. The quenching rate of 
3K 108 °C 
equilibrium could be achieved; however, the more 
rapid rate of 6K 108 °C 
nonequilibrium ratio was retained, Both the equilibrium 


sec was sufficiently low in these cases that 
sec was sufficiently fast that a 


ratio and that for the fast quench are given in this case. 
We have used v= 10" cycles per second, Ey =0.80 ev, 
and v/vyy= 2.25. 

An examination of Table IL indicates that B must be 
less than 0.3 ev. If this were not the case, the defects 
quenched from all the temperatues used would be 
divacancies and perhaps other larger vacancy clusters. 
In fact, Table I implies that B must be less than 0.2 ev. 
Otherwise, one would have essentially no single va 
cancies present after a quench from 800°C. As we shall 
see, the annealing behavior after a quench from 800°C 
leads one to believe that an appreciable number of 
single vacancies are present. Hence, B must be small if 
the annealing found on quenching from 600°C and 
700°C is to be interpreted in terms of single vacancies. 
This conclusion is in agreement with the earlier dis 
cussion according to which a small value of B is required 
if vacancies are to predominate at equilibrium at the 
high temperatures. It should be noted that the defect 
which is present in largest concentration after a 1000°C 
quench is the divacancy or some larger cluster even if B 
is of the order of 0.15 ev. 

Another conclusion can be drawn from the fact that 
the resistivity retained is not very dependent on the 
quenching rate. Table II shows that on quenching from 
900° or 1000°C one has an appreciable concentration 
of divacancies for any of the values of B given. Suppose 
the energy of motion of a divacancy were as low as 
0.3 ev. A simple analysis shows that in this case the 
divacancies, and hence a large fraction of the resistivity, 
would disappear within a few seconds in any specimen 
held at 40°C. Since the resistivity is retained easily and 
a large transient is not found on annealing at room 
temperature, one is compelled to conclude that the 
energy of migration of divacancies is not as low as 
0.3 ev. 


IV. ANNEALING AT ROOM TEMPERATURE 
The annealing behavior is complex and depends upon 
the quenching temperature. As the quenching tempera- 
ture increases, the rate of annealing observed at 40°C 
increases ; a decrease is observed in the measured energy 
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of motion. Moreover, when the quenching temperature 
is high, not all of the quenched-in resistance anneals out 
at 40°C, 

This behavior can be understood in a semiquantita- 
tive way by noting that one should obtain more 
vacancies than divacancies on quenching to room 
temperature from a low temperature. In contrast, more 
divacancies and other larger clusters are to be expected 
on quenching from higher temperatures. Hence, one 
expects the quantities measured to reflect the properties 
of divacancies and perhaps of larger clusters rather than 
of vacancies, as one raises the quenching temperature. 

Experimentally, the room-temperature annealing 
following a quench from below 750°C obeys first-order 
annealing kinetics. The specimen behaves as though 
the vacancies were diffusing to dislocations. The differ- 
ential equation describing this process is 


Ov ac 1 06 
D\—+-— |. (7) 
or or ror 

The boundary and initial conditions are 


all ¢; 
all ¢; (8) 
all r. 


c=0 at r=), 
dc/or=0 at r=R, 


c=co at t=0, 


The first boundary condition should require that the 
concentration at the dislocation be equal to the equilib- 
rium concentration appropriate for room temperature. 
However, this concentration is so small in comparison 
with co, the equilibrium concentration at the quenching 
temperature, that we select it to be zero. The solution is 


( co >. {A,Jo(anr) -ByrNo(anr)} exp( - Da,?t). (9) 
1 


n 


Here Jy and Ny are Bessel’s functions of the first and 
second kinds, respectively. The first two boundary 
conditions are used to determine A, and a,, whereas 
the last condition is used to determine the B,. The 
first two values of a are a; =0.486/R and a,.=4.032/R. 
Upon using the series in such a way as to include terms 
with n=1 and n= 2, the third boundary condition was 
satisfied at 0.1 R and 0.6 R. In fitting the conditions at 
the dislocation, we have taken b=a. The resulting 
values of the constants are A,;=1.176, B,=0.1800, 
A».=0.2318, B.=0.04585. Thus, the series converges 
rapidly. Note that this description of annealing agrees 
with the observed behavior, that is, there is an ex- 
ponential decay with a small portion which falls more 
rapidly in the initial stage of the anneal. The time 
required for the concentration to decay to one eth the 


et EM/IkT 7 Ry? 
ty ; 
0.2362 \ a 
The annealing time is inversely proportional to the 
dislocation density and is independent of the vacancy 


original value is 


(10) 
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concentration. There is some question concerning the 
value of Ey which should be used. At 700°C one finds 
Ey=0.82+0.05 ev. If one uses the activation energy 
for self-diffusion measured by Okkerse'! and the energy 
of formation of the defects, one finds Ey =Q— Er=0.73 
ev. We have used Ey =0.80 ev since this value appears 
in the annealing experiments. Bauerle observes that 
the time for the concentration to decay by one eth after 
a quench from 600°C is 72.2 hours during an anneal at 
60°C. Inserting these numbers into the foregoing 
expression one finds that (R/a)?=0.478X 10° if v= 10" 
cycles per second. Taking a to be one atomic diameter 
we find that about 10° jumps are required before a 
vacancy reaches a dislocation. This would imply a large 
dislocation density, i.e., n=8.9X10* dislocations per 
cm’, However, there probably is a small attractive 
interaction between lattice vacancies and dislocations. 
This can be taken into account by supposing that the 
capture cross section of a dislocation has a radius which 
is several atomic diameters, i.e., that a is several atomic 
diameters. Thus, if a is three atomic diameters, the 
dislocation density is 10° dislocations per cm’, whereas 
it is 107 if ais ten atomic diameters. It is clear, of course, 
that further work should be carried out to establish a 
correlation between the dislocation density and the 
annealing time in specimens quenched from low tem- 
peratures. In this connection, the influence of deforma 
tion after a low-temperature quench should be studied. 
Further precise measurements should be made to 
determine accurately the energy of motion in a specimen 
quenched from 600°C. 

If defects anneal only at dislocations and not by 
recombination, the spatial distribution which exists 
after a quench can be found by solving Eq. (7) with 
boundary conditions (8). The diffusion constant in this 
case is not a constant but depends on time; in fact, 


D= va’ exp[ — Ey /k(T)—Bb) |, (11) 
for vacancies. Here 7 is the quenching temperature and 
8 is the quenching rate. Inserting this into the differen- 
tial equation, separating variables, and solving, one 
finds that the concentration at a distance r from the 


dislocation after quenching is given by 


Co Ms {A nt o(nP) + B. Volanr)} 
1 


n 


E uM 
Kexp a, va" F’ (29) . 
kp 


where (12) 


Z0 Ey kT». 


The constants A,B, and a, take the same values as 
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before. Using Ey =0.7 ev and the values of the parame 
ters previously given, one finds that the exponentials 
associated with n=1 and n=2 have the values 0.838 
and 4.8X10~° after an 800°C quench if B= 5X 108°C 
per second. In contrast, the exponentials take the values 
0.700 and 2.3K10' if B=2.5K10"°C per 
Moreover, the exponentials are 0.979 and 0.245 in the 
case of a 600°C quench if B=5&10' PC 
Finally, the exponentials are 0.959 and 6.0110? if 
B=2.5X 104 °C 
600°. Hence, none of the terms having n greater than 
one remain after quenching from 800°C, whereas one 
may expect a little of the fast component with n= 2 
Doubling the 


Se¢ ond 
per second 


per second and the quench is trom 


after a salt-water quench from 600°C 
quenching rate at 800°C and at 600°C increases the 
amount quenched in by 19.7% and 7.1%, respectively 
The experiments indicate that doubling the quenching 
rate increases the amount quenched in by about 15% 
in both cases. Thus, the theoretical results are in 
Actually, 
the behavior is considerably more complex than this 
analysis would indicate. We conclude that the theory 
the right order of magnitude for the 


reasonable agreement with the experiments 


gives about 
quenching rates required to retain the defects, if defects 
having energies of motion in the range 0.6 to 0.8 ev 
disappear by diffusion to dislocations 

There is still the problem of accounting for the 
yradual increase in rate and the decrease in the measured 
energy of motion as the quenching temperature in 
creases. We note that as the quenching temperature 
increases, the fraction of divacancies and larger clusters 
rises. For simplicity, let us discuss the matter by 
assuming that only vacancies and divacancies are 
involved. This will illustrate the principles involved, 
Consider a single vacancy. If 7; is the length of time it 
diffuses before encountering another vacancy, we have 


1/7, = Sve BMIkTy 
The divacancy so formed will diffuse for a time r» before 


it disintegrates into single vacancies. For this case, 


where we assume that the vacancies must separate by 
at least one atomic distance to be considered dissociated 
One can, therefore, define an effective diffusion constant 
D, for the vacancy-divacancy complex as follows 


D,= (171D+ 72D2)/ (71+ 72) (13) 
Here D is the diffusion constant for vacancies and D, 
that appropriate for divacancies (Sec. 1). Qualita 
tively the gradual decrease in the energy of motion 
occurs because the defects spend a larger fraction of 
their lifetime as divacancies, or larger clusters, if the 
initial concentration of defects is high. This picture 
will also account for the decrease in the annealing time 


A drop of Ey in Kq. (10) from 0.80 ev to 0.60 ev will 
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produce a drop in annealing time from 72.2 hours to 
0.0678 hour on annealing at 60°C if there is no change in 
sink density. This is not very different from the change 
actually observed (¢ is about 0.2 hour after a quench 
from 1000°C), 

The annealing which takes place in a simple quench 
from temperatures near 850°C or higher is sufficiently 
complex to make detailed description difficult pre- 
sumably because larger clusters are present. Let us 
examine this matter. As the defect concentration 
gradually increases, one would expect larger clusters to 
play an important role when a divacancy has sufficient 
time to encounter another single vacancy and form 
a trivacancy before the divacancy breaks up. One can 
expect a trivacancy to form in time rs given by the 
equation 
Ex’) kT )c. 


1/r3= 24v,' exp( 


Hence, one expects clusters to become important when 


T3ST2, 

or when 
1 <72/73= 3y2'/v exp| (Eut B—Ey’)/kT |. (14) 
After a 700°C quench we find r2/7r,3=0.62 for an anneal 
at 60°C. It has been assumed here that Ey4-B— Ey/’ 

0.275 ev. Thus, we can arrange matters so that an 
average divacancy breaks up before it encounters 
another vacancy. For a quench from 800°C, annealed 
at 60°C, r2/r3= 1.84 so that some clustering might be 
expected here. To achieve this result, it is necessary to 
assume that both B and Ey—E,/ are small quantities, 
of the order of 0.15 ev. Equation (14) predicts that it 
should be possible to suppress clustering by annealing 
at a sufficiently high temperature. For example, at 
120°C, r2/r3=0.43 instead of 1.84. Thus, first-order 
annealing should be observed in a sample quenched 
from 800°C. The annealing time is short, being 1.53 
hours, but not too short to make reasonably accurate 
measurements. 

The annealing observed in gold specimens quenched 
from below 750°C implies that dislocation climb occurs. 
The driving force for climb is the desire of the specimen 
to eliminate the large supersaturation of vacancies. 
According to Bardeen and Herring,” the decrease in 
free energy per vacancy is 


by =kT log(c/c,). (15) 


We find y,=0.695 ev for a specimen quenched from 
800°C and held at 40°C initially, whereas a specimen 
quenched from 600°C and held at 40°C has an initial 
chemical potential per vacancy of wu, = 0.630 ev. Bardeen 
and Herring point out that climb is difficult in the noble 
metals where the dilocations have partial form and 


J. Bardeen and C. Herring, /mperfections in Nearly Perfect 
Crystals (John Wiley and Sons, Inc., New York, 1952), p. 261 
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associated stacking faults. They note that the super- 
saturation is equivalent to a pressure 


P= be /Mo, (16) 


where {%o is the atomic volume. For gold quenched from 
800°C p=0.92 10" dyne/cm?. Thus the driving force 
for climb is very large, although the detailed way in 
which climb occurs is obscure. The experiments indicate 
that climb does indeed occur on annealing at 40°C after 
a quench from 700°C, for it is found that both the re- 
sistance and the change in length follow the same 
curve. If appreciable clustering occurred, one would not 
expect such behavior in most cases. Unfortunately, 
the climb would be difficult to detect directly. If 
the dislocation separation is 10~* cm (i.e., if the dis- 
location density is 1.210" lines per cm’), each dis- 
location climbs only about 10% atomic distances in a 
quench from 700°C. 


SUMMARY AND DISCUSSION 


To summarize, it appears that the quenching and 
annealing data for gold can be interpreted by supposing 
that vacancies are retained and migrate. The energy of 
formation of vacancies in gold is 0.98+-0.04 ev, whereas 
that of migration is 0.78+-0.06 ev. Upon quenching, 
an appreciable number of divacancies are formed, 
particularly if the higher temperature is above 850°C. 
The binding energy of the divacancy is small, being 
between 0.1 ev and 0.2 ev. The energy of motion of a 
divacancy does not differ much from that of a single 
vacancy, being only of the order of 0.1 ev to 0.2 ev less 
than Ey for a single vacancy. 

It is possible that the critical defect which plays the 
dominant role is a divacancy, rather than a vacancy, and 
that the trivacancy is the important aggregate. This 
does not appear to be likely since it would require a 
rather large value of B that is one near 0.98 ev. 

It should also be mentioned that the assignments 
made here have a bearing on other experiments in- 
volving imperfections. For example, Manintveld” de- 
formed gold at 78°K and found two annealing processes 
having activation energies of 0.29 ev and 0.69 ev. 
Divacancies cannot be used to explain the 0.29 ev 
process if they move with an activation energy of the 
order of 0.6 ev. 


APPENDIX 


Since the defects do not disappear at dislocations in 
this approximation, the total number of vacancies pres- 


ent per unit volume is a constant. Thus 
n= N(c+-2c2), (Al) 


Let Z be the 


fraction of vacancies that are single and let Zo be the 


where N is the number of atoms per cc. 


8 J. A. Manintveld, Nature 169, 623 (1952); J. A. Manintveld, 
thesis, 1954 (unpublished). 
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equilibrium value for this fraction. Then, taking vo’ = ve, 


1 
Zo (A2) 


8y 
(1 + (8 Er pre) 
V2 


If Z=Z +n, n is the change in the fraction of vacancies 
which are single during the quench. In the cooling 
process, the time may be replaced by the temperature 
using the relation T7=7)—ft. The resulting equation 
giving n is 
dn 16vn 

(Z?+ 2Zm tne ouist 
dT BN 

2v2(1 -Z9 n) 


(Em+B [kT (A3) 


e 


B 


If n<Z» the nonlinear term in 7’ can be dropped and one 
finds 


1 
n exp(+f jr'yar’) 
T' 
7 7 | 
| f c(1") exp f rar" at, 
To To 


where 
32v/n 2ve 
Loe Em/k7 { € (EM+B)/kT"" 
BNA B 


lovsn 
( Jee Em /kT’ 
BNN 


f(T") 
and 


g(71") 


Zoe (A6) 


For values of B in the range from 0.1 ev to 0.3 ev, the 
second term in {(7”’) is an order of magnitude larger 
than the first, using Ey =0.8 ev and y= 2.25v». The first 
term has therefore been neglected. Introducing 


7 Emu { B, kT", 
Vo Eu +B kT, 


(A7) 


one finds that'* 


4 FE. T. Whitaker and G. N. Watson, Course of Modern Analysis 
(Cambridge University Press, Cambridge, 1927), p. 352. 
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1” vo( Ew +B) 
f (TdT 
To k 
e¥ 2 
x { ( t 
y? 7; 7 
evo 2 120 
( 
yor Vo yor Vo , Vo : 


) | (A8) 


It is important that as few approximations as possible 
be made for high temperatures, near 7’. With this in 
mind, we define: 


(A9) 
and 
vol lin + B)ho 


kp 


vo( Eu +B) 24 120 
(1 | +), (A10) 
kp Vo yor yo yo 


Then if we assume that the final temperature is so low 
that no motion or divacancy breakup occurs, that is if 
the final temperature is taken to be 0°K, 


0 7" 
f e(T") exp( f jr" ar" 
7 Ty 


0 


A(Ey+B) ° | 1 
J e' ‘40 in( ), (All) 
yo"h(1 + 2 Yo) 0 Zo" s° 


V)Z.', 


where 
A =(16v/B8)(n 
(A12) 
s= B/(Eyt+B) 


The foregoing integral has been evaluated by intro 
ducing a new variable n=/z. It has been assumed that 
the upper limit of integration of m can be replaced by 
infinity. This is a very good approximation for the cases 
examined here. The resulting value of n is 


32vZ P(E + B)ro K Eu/kTo 


yo"*(1+2/yo)BR(tro) 


' 


(fro)*(1—s) 
x(1 ). (A13) 
l—s 
120 
) (A14) 


where 
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The Johnson-Whitesell evaluations of the conductivity integrals for mixed scattering have been extended 


over larger ranges of magnetic field and impurity scattering parameters to allow their application to the 
high-mobility semiconductors. Values are given for the first thermoelectric integral. Use of the magnetic 


field dependence of galvanomagnetic and thermomagnetic properties to study charge-carrier scattering is 


lis uss d 


Applications of the functions in the analysis of Hall effect, Corbino magnetoresistance, and 


thermomagnetic phenomena as functions of magnetic field are illustrated 


I, INTRODUCTION 


N approximate determination of the extent of 

impurity scattering present in a semiconductor 
has usually been accomplished by comparing the 
mobility measured on the specimen with values which 
have been determined on other specimens as a function 
of impurity concentration and extrapolated to the 
limit of zero impurity concentration.' When applied to 
new semiconductors this procedure involves extensive 
experimental data and is, of course, subject to uncer 
tainties arising from the fact that specimens produced 
with different contents also differ in 


impurity may 


other significant aspects. For example, there can be 
variations in crystal perfection, degree of impurity 
compensation, and so forth. For obtaining information 
on charge carrier scattering, there are therefore distinct 
advantages in devising measurements and analyses 
which can be carried out on a single specimen, Certain 
possibilities are galvanomagnetic and thermomagneti 
yhenomena. In the weak magnetic field region, the 
conductivity involves averages of the first power of the 
relaxation time; the Hall effect involves the square of 
the relaxation time, and the magnetoresistance involves 
time. In the strong-field 


the cube of the relaxation 


region, however, the cross-effect coefficients become 


independent of the relaxation time.’ Hence, it follows 
that measurements of electrical properties as functions 
of magnetic field can yield helpful information. 

In the past, it has been difficult to realize the strong 
field region with ordinary laboratory magnetic fields. 


* The research carried on at Battelle was supported by the 
U.S. Air Force through the Air Force Office of Scientific 
of the Air Research and Development Command 

'See, for example: E. M. Conwell, Proc. Inst. Radio Engrs 
40, 1327 (1952); M. B. Prince, Phys. Rev. 92, 681 (1953) 

* See, for example: Harvey Brooks, Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1955), Vol. 7 
p. 128 

‘In the case of quadratic energy surfaces this is apparent from 


Research 


the way in which the relaxation time is present in the integrands 
! ell /m* 


multiband contributions to 


1+ wo? where « 
*An example is the analysis of 
transport phenomena. See Willardson, Harman, and Beer, Phys 


Rev. 96, 1512 (1954 


namely, r? 


In the case of the high-mobility semiconductors, which 
are now being studied, this problem no longer exists 
since it is actually the dimensionless parameter pH 
which enters into the equations for the galvanomagnetic 
effects. However, the analysis of the results when both 
lattice and impurity scattering occur is impeded by 
the fact that the transport integrals cannot be evaluated 
analytically. Numerical were initially 
carried out by Johnson and Whitesell,® but the tabu- 
lation is not sufficiently extensive to encompass the 
fields nor to 
include sufficient degrees of impurity scattering. It is 
for this reason that the Johnson-Whitesell calculations 
were extended. 


evaluations 


region from weak to strong magnetic 


II. DISCUSSION OF THE FUNCTIONS 


The principal functions are defined as follows: 


® x3e~7(x°+-B)dx 
K (B,y) J 


) 


L(Byy ) 


Valo (+8) +x" 


The magnetic field parameter 7 is defined by 
y= Por (ur), (3) 


and the impurity scattering parameter @ has been 
approximated 3 by 
B Ou’ by’. (4) 


A discussion concerning this approximation is given in 
Sec. IV. 

For B=0, the integrals K and L can be evaluated 
analytically in terms of exponential integrals and error 
functions, while for y=0, the solutions involve sine and 


cosine integrals and the Fresnel integrals. Power series 


*V.A. Johnson and W. J. Whitesell, Phys. Rev. 89, 941 (1953 
The notation is such that J; and J, are identical, respectively, 
with our A and 4r4Z, Caution must be used to avoid the typo 
graphical errors, some of which are apparent in comparing 


Tables I and II with IV. 
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0.001 
0.003 
0.01 
0.03 
01 
0.3 
1 
3 
10 
40 
100 
300 
1000 
3000 
10 000 
30 000 
100 000 
300 000 


0.001 
0,003 
0.01 
0.03 
01 
0.3 
1 
3 
10 
30 
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300 
1000 
3000 
10 000 
30 000 
100 000 
300 000 


* Fach entry 


8 


0.001 
0.003 
0.01 
0.03 
01 
0.3 
1 
3 
10 
0 
100 
400 
1000 
3000 
10 000 
$0 000 
100 000 
300 000 


0,001 
0.003 
0.01 
0.03 
0.1 
0.3 
1 
3 
10 
0 
100 
400 
1000 
3000 
10 000 
30 000 
100 000 
300 000 


0.0001 


0.99866 
0.99673 
0.99017 
0.97260 
0.92010 
0.81003 
0.59637 
0.35877 
0.15634 
0.60768 
0.19424 
0.66012 
0.19941 
0.66603 
0.19995 
0.66663 
0, 20000 
0.66669 


10 


0.27093 
0.27090 
0.27078 
0.27043 
0.26921 
0.26582 
0.25470 
0.22832 
O.17115 
0.10541 
0.49493 
0.21557 
0.78771 
0.29710 
0.97946 
0.34657 
0.10881 
0.37434 


should 


0.0001 


0.99506 
0.99186 
0.98118 
0.95409 
0.88057 
0.74464 
0.51569 
0.29278 
0.12173 
0.46257 

0.14638 
0.49588 
0.14963 
0.49959 
0.14996 
0.49996 
0.15000 
0.50000 


10 


0.74633 
0.74622 
0.74584 
0.74475 
0.74095 
0.73034 
0.69575 
0.61438 
0.442349 
0.25453 
0.10780 
0.42337 
0.13900 
0.48212 
0.14765 
049643 
0.14955 
0.49933 


Nea 


0 
0 
0 
0 
0 
0 
0 
0 
0 
1 


Na 


0 
0 
0 
0 
0 
0 
0 
0 
0 
1 

1 


< 
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TABLE I. Numerical e 


0.0003 


0.99802 
0.99613 
0.98967 

0.97228 
0.91998 
0.81003 
0.59641 

0.35880 
0.15636 
0.60774 
0.19426 
0.66019 
0.19943 
0.66610 
0.19997 

0.66670 
0.20002 
0.66676 


30 


0.13406 
0.13405 
0.13403 
0.14397 
0.13376 
0.13316 
OAS111 
0.12573 
0.11100 
0.86274 
0.53506 
0.29096 
0.12876 
0.55407 
0.20323 
0.77216 
0.25646 
O.91214 


"ABLE II 


0.0004 


0.99080 
0.98782 
0.97779 
0.95175 
0.87945 
0.74421 

0.51558 
0.29276 
0.12173 
0.46257 

0.14638 

0.49588 
0.14963 
0.49959 
0.14996 
0.49996 
0.15000 
0.50000 


10 


0.21083 
0.21082 
0.21077 

0.21065 
0.21022 
0.20900 
0.20487 

O19412 
0.16544 
0.12001 

0.65850 
O.31116 
0.11709 
0.43836 
0.14084 
0.48474 
0.14796 
0.49684 


NV 0.001 


0 0.99616 
0 0.99434 
0 0.98809 
0 0.97112 
0 0.91948 
0 0.80999 
0 0.59654 
0 0.35892 
0.15641 
0.60795 
0.19432 
0.66041 
0.19950 
0.66633 
0.20004 
0.66693 
0.20009 
0.66699 


100 


0 0.51146 
O O51145 
0 0.51144 
O 0.51138 
0 0.51120 
0 0.51069 
0 0.50891 
0 0.50395 

0.48799 
1 0.45112 
1 0.37141 
1 0.26983 
1 0.16031 
2 0.86430 
2 0.38568 
3 0.16806 
$ 0.62466 
4 0.23968 


y, 


that power of 


Numerical e 


0.001 


0 0.98091 
O 0.97824 
0 0.96915 
0 0.94502 
0 0.87574 
0 0.74270 
0 0.51519 
0 0.29267 
0 O.12172 
1 0.46256 
1 0.14647 
2 0.49588 
0.14963 
0.49959 
0.14996 
0.49996 
0.15000 
0, 50000 


100 


0.35849 
0.35849 
0.35847 
0.35841 
0.35822 
0.435766 
0.35573 
0.45040 
0.433354 
0.29625 
0 22285 
0.14218 
0.70587 
0.31864 
0.11759 
0.43796 
0.14060 
048411 


* Each entry_should be divided by that power of 


F 
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valuations of the transport integrals 


N 


0 
0 
0 
0 
0 
0 
0 
0 
0 


1 
1 
) 
3 
3 
3 
4 
4 
5 


0,003 


0.99191 
0.99019 
0.98426 
0.96803 
0.91786 
0.80969 
0.59687 
0.35923 
0.15656 
0.60855 
0.19452 
0.66107 
0.19970 
0.66698 
0.20023 
0.66758 
0.20029 
0.66764 


4300 


0.18820 
0.18820 
0.18820 
0.18819 
0.18818 
O.18815 
0.18803 
0.18769 
0.18653 
0.18341 

0.17420 
0.15579 
0.12248 
0.85734 
0.49547 

0.263414 
0.11630 
0.50405 


valuations ¢ 


0.003 


96272 
96049 
95240 
9 IOBS 
O06 / 
74456 
51406 
29243 
12168 
46251 
14637 
49587 
14963 
49959 
14996 
19996 
15000 
50000 


$00 


0.53536 
0.54546 
0.54535 
0.53533 
0.54527 
0.543509 
0.53448 
0.53273 
0.52679 
O.51115 
0.46736 
0.38845 
0.26739 
0.15918 
0.75111 
0.32992 
O11972 
0.44219 


N 


0 
0 
0 
0 
0 
0 
0 
0 


by col 


of the 


ee ee ee 


0.01 N 0.03 
0.98056 0 
0.97901 
0.97366 
0.95886 
0.91208 
0.80795 
0.59768 
0.36022 
0.15707 
0.61062 
0.19519 0.1970) 
0.663346 0.660984 
0.20039 0.20236 
0.66926 0.67578 
0.20092 0.20288 
0.66986 0.67639 
0.20097 0.20294 
0.66992 0.67645 


O.95713 
95581 
95122 
O3R45 
89717 
80147 
59865 
$6262 

0.15844 

0.61641 


1000 4000 
0.58847 
0.58847 
0.58847 
0.58847 
0.58846 
0.58845 
0.58841 
0.58829 
0.58786 
0.58664 
0.58251 
0.57165 
0.54079 
0.48191 
0.37888 
0.266605 
0.15566 
0.83535 


O.1LOR6R 
0.19868 
0.19868 
0.19868 
0.19868 
0.19868 
0.19868 
0.19868 
0.19866 
0.19861 
0.19843 
0.19794 
0.19627 
0.19198 
0.18022 
0.15877 
0.12288 
O.85211 


umn N 


transport integrals 


0.01 0.04 

0.85773 
0.85632 
0.85142 
O.43781 
0.79442 
0.69617 
0.49969 
0.28905 
0.12121 
0.46188 
0.14641 
0.49580 
0.14962 
0.49958 
0.14996 
0.49996 
0.15000 
0.50000 


0.924332 
O.92144 
0.91497 
0.89720 
0.84223 
0.72568 
O.51015 
0.29156 
0.12157 
416246 
146345 
49586 
14962 
49959 
14996 
49996 
15000 
50000 
1000 3000 
55197 
§5197 
§5197 
55197 
55196 
55194 
55186 
55162 
55079 
54847 
54069 


0.64109 
0.64109 
0.64109 
0.64109 
0.64108 
0.64108 
0.64107 
0.64104 
0.64091 
0.64056 
O64944 

52008 0.64592 
0.46954 0.62468 
0.48410 0.59717 
O.26119 4 0.52940 
0.15504 O 42494 
0.74412 0.28110 
0.32427 0.16345 


10 indicated by column N 


IN 


90350 
90250 
89902 
88924 
856904 
77815 
59655 
36842 
16258 
0.63476 
0.20434 
0.69175 
0.20914 
0.69856 
0.20972 
0.69924 
0.20979 
0.699340 


10 000 


0.59880 
0.59880 
0.59880 
0.59880 
0.59880 
0.59880 
0. 59ORRO 
O 59URRO 
0.59880 
0. SORTER 
0.59874 
0.59859 
0.59810 
0.59671 
0.592038 
0.57993 
0.54654 
0.48475 


0.1 


0.74878 
0.74787 
0.73472 
0.72588 
0.69678 
0.626600 
0.46921 
0.28056 
0.11990 
0.46002 
0.14611 
0.49555 
0.14959 
0.49956 
0.14996 
0.49996 
0.15000 
0.50000 


10 000 


0.58644 
0.58644 
0.58644 
0.58644 
0.58644 
0.58644 
0.58644 
0.58644 
0.58644 
0.58640 
0.58629 
0.58598 
0.58492 
0.58195 
0.57217 
0.54819 
0 48870 
0.49488 


O.SITS11 
O.81245 
O.8 L008 
0.80446 
O.781107 
O.7 2443 
0.58014 
O.475134 
0.17146 
0.68014 
0.22007 
0.75214 
0.22790 
0.762 

0.22921 
0.76449 
0.22946 
0.76456 


40 O00 


0.19987 
0.1998) 
0.1998 
0.19987 
0.1998 
0.19987 
0.1998 
0.199087 
0.19987 
0.19987 
0.19986 
O.199086 
0.19984 
O.19979 
0.19960 
0.19908 
0.19744 
O.19289 


O.58244 
0.58184 
0.58006 
0.57506 
0.55827 

O.51561 

0.40861 

0.25965 
0.11609 
0.45499 
0.14544 
049476 
0.14950 
0.49944 
0.14995 
0.49995 
0.15000 
0.50000 


40 000 


0.65469 
0654609 
0.65409 
0.65409 
065469 
065469 
0.65469 
0.65469 
0.65469 
0 65468 
0.65467 
0.65464 
0.65450 
0.65411 
0.65777 
0.64904 
OG4OK6 
0.60746 


0.65045 
0.65610 
0.65489 
0.05145 
0.64972 
0.60851 
0.52051 
0.47060 
0.18756 
0.79218 
0.260669 
O.O4484 
0.28749 
0.97275 
O.279514 
O.98944 
0.29756 
0.99264 


100 000 


0.59988 
0.59988 
0 59988 
0 S5SU9UOKS 
O.599URKK 
0.59988 
0. 5990KR8 
O S5SOURKK 
0.59988 
0 S5SYU9URK 
0. S990KK 
0, 5S99ORK 
0.5998) 
O S99UKG6 
0.59981 
0.599606 
0.59916 
0.59775 


0.47/6/ 
0.47747 
O.4/675 
O.47471 
O.4677/6 
0.44929 
0.79740 
0.20972 
0.10441 
0.442725 
0.14254 
0 A9044 
0.14901 
0.49874 
0.14987 
0.49985 
0.14999 
0.49999 


100 000 


0.59020 
0.59020 
0.59020 
0.59020 
0.59020 
0.59020 
0.59020 
0.59020 
0.59020 
0 59020 
0.59020 
0.59020 
0.59019 
0 S9016 
0.59004 
0.54974 
0 58864 
0.54558 


OA7T214 
0.47199 
0.47150 
0.47008 
0.460521 

0.45188 
O.4110S 
0.42848 
0.19696 
0.95498 
O.35794 
0.14400 
O4At249 
0.15069 
0.4670) 

0.15921 

OAsO41 

0.16461 


400 000 


0.19999 
0.19999 
0.19999 
0.19999 
0.199099 
0.19999 
0.19999 
0.19999 
0.19909 
0.19999 
0.199099 
0.19999 
0.19999 
0.19999 
0.19998 
G, 19998 
0.199096 
0.19991 


0.20441 
0.20445 
20412 
0.20248 
0.20028 
0.19425 
O.175845 
O.145881 
0 80950 
O4/6 

O.14481 
OA7602 
O47) 
(1) 49588 
0.14951 
0.49940 
0.14992 
049991 


$00 O00 


0.65009 
0656009 
0.65009 
065009 
0.65609 
0.65609 
065009 
O65S009 
0.656009 
0.65609 
0.65009 
065609 
065600 
OO5S0n 
0.6560 
0.65604 
065590 
O6 ] 
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III. Numerical evaluations of the thermoelectric power 


we tg 8 (x84 B)dx 
» (224+-B)?+ yx" 


function, kK (8 y)= 
J ( 


6 0.01 N* 01 N 1 N 10 


0.1 1.90230 0 1.85634 0 1.58168 0 0.83600 

1 140340 O 1.39770 0 1.29836 0 0.78202 

10 0.43726 0 044235 0 047718 O 0.48568 
100 0.57808 1 0.58651 1 0.66584 1 0.11392 
1000 0.59861 2 0.00755 2 0.69581 2 0.14591 


* Kach entry should be divided by that power of 10 indicated by column 
A 


solutions, either in # or in y, are not possible since B=0 
and y=0 are singular points and the derivatives do not 
exist at these points. A single exception is the first 
derivative with respect to y, which does exist at y=0. 
One can therefore write 


OK 
K (8,7)=K (6,0) 4 ( ) Y YX! 
oY y=0 


OL 
L(B,y)=L(B,0)4 ( ) oh 
oy 


y=0 


v<1. 


One differentiation under the integral sign is valid, 
and the with ¥ 
analytically in terms of sine and cosine integrals and 


results 0 can again be evaluated 
the Fresnel integrals. However, since the equations 
designated (5) are valid to approximately five signifi- 
cant figures for y=0.001 and 0.003, these derivatives, 
as well as the functions K(8,0) and L(B,0), can be 
obtained with adequate accuracy through use of those 
two entries in the tables. In this way, the tables can be 
extended to include any value of y between 0 and 0.003. 


Ry 3r ns 
1+ 
R 8 No 


£ 


In all cases, the mobility of the slow holes is taken as 
45 000 cm*/volt-sec.® 

In Fig. 1, the density ratio of fast and slow holes is 
(0.018, with a mobility ratio of 10; in Fig. 2 the values 
are, respectively, 0.1 and 4/10. The effects are most 
striking when the mobility ratio is large, as is true for 
rig. 1. Here, it is seen that the weak-field Hall coeffi- 
cient is especially sensitive to 8, the impurity scattering 
parameter defined in Eq. (4). A small amount of 
impurity scattering lowers the Hall curve significantly 
at weak fields and slightly at intermediate field strengths. 


* Although the mobility value is indicative of germanium at 
77°K, the examples are intended only to be illustrative and the 
magnitudes of the other parameters may not necessarily apply. 
The notation is that used in reference 4 with subscripts 2 and 3 
referring to the slow and fast holes, respectively. 
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AND GREENBERG 
Table I gives numerical evaluations of function (1) 
for values of 8 from 0.0001 to 300 000 and values of 7 
from 0.001 to 300 000 in multiples of approximately 3. 
A similar evaluation of function (2) is given in Table TIT. 
The thermoelectric function is defined by 


® e-*(x?+-B)dx 
Kogy)= f — —, (6) 
0 (x2°+6)? +7" 


Only a limited number of evaluations of K® were 
done. In many cases, however, the ratio K®/K is a 
much more slowly varying function than is K™, 
Therefore, a fairly accurate interpolation to include 
values of y or 8 for which the K(8,y) are tabulated is 
possible. 

Table III gives numerica! evaluations of function (6) 
for values of 6 from 0.01 to 10 and y from 0.1 to 1000 
in multiples of 10. 


Ill. APPLICATION OF THE FUNCTIONS 
A. Hall Effect 


Use of the tabulations to analyze Hall effect and 
magnetoresistance in a semiconductor of simple band 
structure has already been discussed by Johnson and 
Whitesell.® In the case of degenerate bands where two 
bands contribute to the extrinsic conduction processes, 
results are much more striking. To illustrate, the Hall 
coefficient factor, Ry/R,, is shown in Figs. 1 and 2 for 
various degrees of impurity scattering and two ratios 
of fast hole densities and mobilities. For these calcu- 
lations, the extrinsic Hall effect equations have been 
modified to include the contribution of the fast hole 
band‘ to yield 


(7) 


Additional impurity scattering further lowers the curve 


at weak fields but raises it at intermediate field 
strengths. This is caused by the fact that the saturation 
effects are delayed. Further increases in 8 raise the 
Hall curves in both regions and delay saturation until 
higher field strengths are reached. An interesting obser- 
vation concerns that value of 6 for which the Hall 
coefficient factor is a minimum. In the case of a single 
band it was found to occur at 8B=0.67.5 For two-band 
conduction with the characteristics of each band as 
stated above, the minimum is seen to occur for values 
of 8 in the neighborhood of 3. 

A practical consequence of the calculations illustrated 
by Fig. 1 is the suggestion that in order to approximate 
closely the weak-field plateau, Hall measurements must 





EVALUATION OF 
be taken at magnetic field strengths below 50 gauss. 
For impurity scattering corresponding to B>1, this 
value may be increased to 100 gauss. 

The effect of decreasing the fast-hole mobility is to 
increase greatly the weak-field plateau, even at rather 
small amounts of impurity scattering, as indicated in 
Fig. 2. 

B. Magnetoresistance Effects 

The effect of impurity scattering on the ordinary 
transverse magnetoresistance coefficient, Ap/pH?, is 
very great in the weak magnetic field region. Results 
are presented by Appel’ for a single band and for a 
two-band model with electrons and holes in the case 
of the pure lattice scattering. Recently, Becker* has 
completed calculations for the case of mixed scattering 
when two types of holes are present, showing that only 
a small amount of ionized impurity scattering of the 
fast holes can appreciably reduce the magnetoresistance 
coefficient at weak magnetic fields. He also illustrates 


n 
 * 0.018 
— 
hd. 40 
Poe 
| My, By AS INDICATED 





a 9 49000 em"/ volt gee 
} + 


MALL COEFFICIENT FaCcTOR 


MAGNETIC FIELD, KILOGAUSS 


Fic. 1. Effect of impurity scattering on extrinsic Hall coefficient 
factor for the case of a small ratio of fairly fast holes. 


1 J. Appel, Z. Naturforsch. 9a, 167 (1954). 

‘J. H. Becker, Bull. Am. Phys. Soc. Ser. II, 2, 57 (1957). 
A detailed article will appear as a National Bureau of Standards 
Report. 
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Fic. 2. Effect of impurity scattering on extrinsic Hall coefficient 
factor for the case of a small ratio of moderately fast holes 


how the approximation of the relaxation time by a 
simple power dependence on energy produces large 
discrepancies when one attempts;to account for magni 
tudes of both the Hall and the magnetoresistance 
effects in cases when mixed lattice-ion scattering occurs. 

Therefore, we shall limit our illustrations to the 
Corbino magnetoresistance.’ Because of the boundary 
condition that the transverse electric field be zero, the 
cross-effect terms (namely, the / coefficients in the 
present notation) drop out of the transport equations. 
One can therefore obtain directly the conductivily 
mobility rather than the Hall mobility from galvano 
magnetic measurements. At weak fields, the Corbino 
magnetoresistance is relatively insensitive to impurity 
scattering. Also, the contributions of the charge carriers 
do not depend on their sign. Therefore, the Corbino 
effect is especially suitable for analyzing semiconductors 
in the intrinsic region, especially when electrons and 
holes have significantly different mobilities. Although 
measurements are usually carried out with a Corbino 
disk having metal contacts plated along the periphery 
and at the center of the disk, similar results are achieved 
in rectangular specimens of large width-length ratios." 

In terms of the function K(8,y), the Corbino effect 
is given as follows!!: 


Ap OL, °K (B;,0) + dO] o’K ((34,0) 
) ) 
po Ey=0 OL, 1K (B1,¥1) } OL, WK (bo, 9) 
® For discussion of the Corbino effect, see E. P. Adams, Pros 
Am. Phil. Soc. 54, 47 (1915); H. Weiss and H. Welker, Z. Physik 
138, 322 (1954 


(. Madelung, Naturwiss. 42 
used by C. Goldberg in 


406 (1955) 
magnetoconductivity 


This arrangement 
has also been 
analyses of germanium [ Bull. Am. Phys. Soc. Ser. II 65 
(1957) ] 

" Derivation of the equations in this section is straightforward 
and details are omitted, Further information, as well as the use 
of data to determine electron and hole mobilities in intrinsic InSb, 
can be found in A, C. Beer et al., “Research and development 
work on semiconducting materials of unusually high mobilit 
Office of Technical Services Report PB-121248 (unpublished 
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where o,,;° and o,,/ are the conductivities due to 
, respectively, in the absence of 
magnetic field and impurity scattering. The impurity 
scattering parameter and the magnetic field parameter 
are defined as in Eqs. (4) and (3), respectively, the 
mobility and magnetic fields being in consistent units. 
Instead of saturating at large fields, the Corbino effect 
due to a single carrier continues with an H?® dependence 


electrons and holes 


as indicated below: 


Ap On 
) (wu "I1)*, lattice scattering, w,°H>>1, (9) 
I 0 32 


po sy “ 


Ap Sar 
) (u/"I/)*, impurity scattering, 
Ky «0 $2 


Po 
pH >1 . 


(10) 


When Corbino disk measurements are taken on 
intrinsic InSb where y;°~ 80y.", only the electrons make 
a significant contribution at weak magnetic fields, as 
can be seen from the following equation: 


Ap On 1+ (peo"/ py”)? 
( ) ~— (p)"H)? ; weak field, 
pos ky=0 16 1+ (pe2"/ py") 


lattice scattering, w°H«K1. (11) 
However, as // is increased, the holes become more 
important and the curve drops away from the #? line. 
Finally, when the holes are also in the strong-field 
region, the following relationship applies: 


Ap Or 
~ py" HT’, strong field, 
pos Ey =0 32 


lattice scattering, wo’ >>1. (12) 


For the case of mixed scattering, several examples 
somewhat representative of InSb were calculated using 
Eq. (8), and the results are shown in Fig. 3. It is seen 


(O)ky 0 


E, k fo1.°LK (B11) 
OT / Ax e ( 
where K® and K are the functions defined and tabu- 
lated in the foregoing sections; 9 is the reduced Fermi 
level measured from the bottom of the conduction band 
(positive upward) for electrons, and from the top of 
the valence band (positive downward) for holes, so that 
m+n Ea /kT. 

The calculations performed with Eq. (14) were done 
for parameters representative of intrinsic InSb at room 


(O) By 0 
ié 


II, 1, 54 (1956) 
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i (= YLK® (81,971) —mK (81,91) |— wer, YL 2— (ve +02) K (0,72) ) 
ur,1°K (B1,¥1) +m, °K (0,¥2) 


Preliminary accounts of these measurements on InSb were given by R. K. Willardson and A. (¢ 
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that the Corbino magnetoresistance effect in the inter- 
mediate field region is quite sensitive to the degree of 
impurity scattering and to the ratio of carrier mobilities. 
If the former is obtained by other measurements, say 
the ordinary magnetoresistance effect at weak fields, 
then an analysis of the Corbino data at weak fields 
should give reasonably precise information on the 
electron mobility and that at intermediate and high 
magnetic field strengths should yield the mobility of 
the holes. 


C. Thermomagnetic Measurements 


Also of interest in investigating high-mobility semi- 
conductors is a thermomagnetic effect investigated by 
Willardson and Beer," defined under the condition that 
the transverse electric and thermal gradients be zero. 
It is therefore the thermomagnetic analog of the 
Corbino effect. An important advantage to measuring 
this quantity is that one avoids the dilemma of trying 
to reconcile the simpler theory derived for isothermal 
transverse boundary conditions with measurements 
which are often more realistically described by adiabatic 
conditions. Also, a great simplicity in analysis is 
afforded by the fact that, as in the Corbino effect, the 
cross-effect transport coefficients (the Z integrals in 
this case) are eliminated." 

A convenient means of measuring this thermomag- 
netic effect is to contact the semiconductor in the shape 
of a Corbino disk between two concentric copper 
cylinders maintained at temperatures 7, and 7, and 
to measure the potential difference AV between the 
copper cylinders. Then 


AV(H) 
[O(H) jz, =0= lim ( ) 
aT-w\ AT 


(13) 


The transport equations for simple conduction and 
valence bands yield, for the boundary conditions 
i = OT oy de 0: 


mK (81,71) ]—o1, LK (Bay¥2) — 12K (82,72) ) (14) 
o1,1°K (Bi,¥1) +1, °K (Bay72) 


temperature. Hence, the partial conductivities can be 
replaced by the mobilities and also 8, can be taken as 
zero. However f;, although small, will not be negligible 
because of electron-hole scattering which, due to the 
large hole-electron mass ratios, can be treated as an 
impurity scattering. Under these conditions Eq. (14) 


reduces to 


(15) 


’, Beer, Bull. Am. Phys. Soc. Ser. 


'’ For a discussion of the theory of thermoelectric and thermomagnetic effects in semiconductors, consult P. J. Price, Phys. Rev. 104, 


1223 (1956) and literature referenced therein 
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Fic. 3. Corbino magnetoresistance for various degrees of electron- 
ion scattering and various electron-hole conductivity ratios 


Results are shown in Fig. 4. The effect of a small 
amount of impurity scattering is to render the thermo- 
magnetic effect more positive at intermediate and 
high-field strengths and more negative at weak fields. 
It is especially interesting to note the disappearance of 
the minimum as # increases above 0.3, 


IV. COMMENTS ON APPLICATIONS OF THE 
FUNCTIONS IN ANALYZING DATA 
IN SEMICONDUCTORS 


It is believed that the use of mixed scattering theory 
and the measurement of galvanomagnetic properties of 
semiconductors as a function of magnetic field can be 
very helpful in studying relationships between struc- 
tural characteristics and transport phenomena, A 
limited number of illustrations were given in the 
preceding section. However, realization must be made 
of the region of applicability of the results which were 
presented. There are pertinent limitations imposed as a 
result of the derivation of the relationships. 

In the first place, all equations were derived under 
the assumption of spherical energy surfaces. Extension 
to more general quadratic surfaces is readily possible, 
however, as has been done by Abelés and Meiboom," 
and by Shibuya.’® 

More serious is the fact that in the evaluation of the 
transport integrals, the slowly varying factor in the 
energy dependence of the relaxation time for mixed 
scattering has been taken as a constant over the range 
of integration, being designated by the symbol £ in 
Eqs. (1), (2), and (6). It has been pointed out that this 
can lead to difficulties as one goes to lower temperatures 
and higher impurity concentrations so that the term in 
question ceases to be slowly varying.'® More recently, 
quantitative investigations of impurity mobility, in- 

4B. Abelés and S. Meiboom, Phys. Rev. 95, 31 (1954). 


16M. Shibuya, Phys. Rev. 95, 1385 (1954). 
16 See reference 11, p. 33 
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Fic. 4. Thermomagnetic effect (zero transverse electric and 


thermal gradients) for various degrees of electron-ion scattering 


cluding the implications of the Born approximation, 
which is the basis of the Conwell-Weisskoff and Brooks 
Herring equations, have been carried out by Sclar'? 
and Blatt.'8 

The method employed here to evaluate the transport 
integrals, namely, that of replacing the slowly varying 
term by a constant, appropriately chosen, is discussed 
by Dingle" and by Mansfield,” and applied to magneto 
resistance in germanium by Willardson and Beer.”! 
The procedure is to determine this constant by using 
that value of the variable for which the remaining 
integrand assumes a maximum value (Mansfield and 
others) or by using a value which, when applied as a 
cutoff, gives a median value for the integral (Dingle). 
It is readily established then that the factor @ is related 
to the lattice and impurity mobilities” as follows 


B=6(uyp"/ur")[( g(%)/e( 21) |, (16) 


where g(x) is the slowly varying factor in the integrand 
and £, which depends in general on 8 and on 7, is that 
value of x for which the integrand, with the g function 
a constant, is a maximum or which when used as a 
cutoff limit causes the integral to assume a median 
value. The argument #, is the value of # for the K (8,0) 
function in the case when impurity scattering only 
occurs, i.e., B->*. The criterion that the integrand be 
a maximum yields #,; = 3. 

The approximation in Eq. (4) is therefore to neglect 
the deviation of g(#)/g(#,) from unity. This has been 


done in the calculations for Figs. 1 to 4. However, as 

17 N. Sclar, Bull. Am. Phys. Soc. Ser. II, 1, 48 (1956); Phys 
Rev. 104, 1548 (1956) 

‘6 F. J, Blatt, Bull. Am, Phys. Soc. Ser. II, 1 
1, 331 (1956); J Phys. Chem. Solids 1, 262 (1957 

 R. B. Dingle, Phil. Mag. 46, 831 (1955 

*” R. Mansfield, Proc. Phys. Soc. (London) B69, 462 (1956 

“1 R. K. Willardson and A. C. Beer, Bull. Am. Phys. Soc. Ser. 
IT, 2, 142 (1957) 

2 It is to be noted that Mansfield’s a; is so defined that his v/ 
differs from ours by the factors g(2,)/g(2 


4% (1956), also 
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Mansfield points out, Z is actually a function of 4,°/u/ 
and is different for K(6,0) and L(8,0). In the general 
case considered here where y#0, Eq. (16) is still 
applicable although the determination of Z is more 
complicated since it is also a function of y. 

Finally, in very high mobility semiconductors, even 
moderately strong magnetic fields can lead to 
values” such that the applicability of the usual Boltz- 
mann theory treatment is in question, and effects such 
as electron orbit quantizations should probably be 
considered.™ This has been discussed by Swanson” in 
connection with the saturation Hall constant and by 
Argyres and Adams” for magnetoresistance. 

In conclusion, calculations made by using the mixed- 
scattering transport integrals should yield better results 
than those based on a single scattering process in such 
cases where scattering by acoustical phonons and ion- 
ized impurities occurs. However, the limitations of the 
treatment must always be kept in mind. 


WoT 
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VI. APPENDIX 


1. Method of computation.—The basis of the compu- 


tations is Simpson’s rule: 


nh 


J ydx=hh(yotAyit2yet+4ys 


0 
t+++2yn-2t4ynityn). (A-1) 
A digital machine program was set up to calculate 
(A-1) automatically, given » and A. 
In order to determine an upper limit of integration, 
nh, such that truncation error might be neglected, the 
integrands of (1), (2) were written, respectively, as 


yx 2 2 FP yy 
ale (1 { +—-+t ; 
+p sa x x £ 
For x> 10, the numerical value of each of these expres- 
sions is less than that of xe~*. Thus, for a> 10, integrals 


follows: 


* Note that y was defined on the basis of lattice scattering 
only and it is therefore usually larger than wor, depending on the 
value of 8 

* Willardson, Harman, Choquard, and Beer, Phys. Rev. 98, 
227(A) (1955) 


J. A. Swanson, Phys. Rev. 99, 1799 (1955) 
2 P. N. Argyres and E. N. Adams, Bull. Am. Phys. Soc. Ser. 
II, 1, 298 (1956); Phys. Rev. 104, 900 (1956) 
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(1) and (2) over the range a to © are each less in 
value than 


os 


J xe~*dx=e~*(1+-a). 


a 


(A-2) 


For a= 25, the latter expression has approximate value 
4xX10°-", That is, the error generated in integrating 
(1) and (2) from zero to 25 instead of to @ is less than 
10-*. Since this is small in comparison to unit values of 
quoted results, wh=25 was taken as the upper limit in 
all evaluations of (A-1). The adequacy of this range 
was checked by calculating (A-1) for a few boundary 
combinations of 6,y over the range 0-50. Results 
agreed to at least seven significant places. 

To determine the minimum number of intervals, n, 
into which the range of integration should be divided 
to provide 5-decimal accuracy, the following rule was 
used?’ ; 

“An integral calculated by Simpson’s rule using K 
equal intervals is correct to as many decimal places as 
it agrees with the same integral calculated for 2K 
equal intervals.” 

Preliminary machine calculations of (A-1) for numer- 
ous boundary combinations of 8, y were made to deter- 
mine the minimum number of intervals necessary to 
give results stable to 5 decimal places or to at least 4 
significant places. It was found that, depending on 6 
and y, between 200 and 1000 intervals were required. 
Final calculations were based on these minima. Quoted 
values are calculated values rounded to five significant 
places. Therefore, there may be occasional errors in the 
fifth significant place where more than five decimals are 
indicated in the tables. 

2. Details of computing process.—Because of the 
similarity of Eqs. (1) and (2), both were calculated on 
a single machine run. The machine program and all 
relevant constants including all 6,y were read into 
machine memory by means of punched cards. The 
program then caused the machine to select a combi- 
nation of 8, y for calculating (A-1). 

To calculate each y, of (A-1), an x, was first calcu- 
lated as 

Xp= ph. (A-3) 


The values x», 6, y were then used to calculate 


B YXp ' 
Yp=Xye a “ey ) , 
ty x,'+8 


2B f Y : 
Yp=Xpte (14 —- + ) : 


Ss &, 


and 


(A-5) 


27 This follows from the usual rule [see J. B. Scarborough, 
Numerical Mathematical Analysis qoett Hopkins Press, Balti 
more, 1950), second edition, p. 178]: “If we compute the value 
of a definite integral using subdivisions 4 and recompute using 
twice as many subdivisions, the error in the second result will 
be about 1/15th of the difference of the two results.” 





EVALUATION OF 


The integer p was then examined to separate even and 
odd y, of (A-4) and of (A-5); yo and y, were further 
separated from the even y,. The y, of (A-4) were 
accumulated to give: 

(A-6) 
(A-7) 


(A-8) 


> even yz, 
> odd yp, 
> (vot yn). 


A similar accumulation was done for the y, of (A-5). 
When a test of p indicated that all y, of (A-1) had 
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been calculated, the accumulation (A-6) was multiplied 
by the factor 24/3. The (A-7) 
multiplied by 44/3. These products were then added to 
the sum of yoty, to give A. Similar steps produced 
Qn 4. 

The integrals for the 
K®(B,y), were calculated in the same manner as the 
conductivity integrals, using 400 intervals over the 
range 0-25. Results agreed to five significant places 
with a recalculation using 400 intervals over the range 
0-50. 


accumulation was 


thermoelectric function, 
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Hall Effect in Titanium, Vanadium, Chromium, and Manganese* 


Simon Fonert 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received June 14, 1957) 


The Hall effect in Ti, V, Cr, and Mn has been measured at room temperature with fields up to 30 kilo 
oersteds. The Hall constant was positive for all of these elements. The effect is extremely small in ‘Ti and 
apparently sensitive to small amounts of impurities. The results for these transition elements indicate tnat 
electrical conduction is predominantly due to hole conduction 


I. INTRODUCTION 


HE complex nature of the transition elements has 
generally limited calculation of their band struc- 
ture although some detailed calculations for copper,! 
nickel,? and iron’ have been made. Because of the 
approximations introduced, only qualitative compari- 
sons with experiments can be made. Usually these 
calculations are extrapolated to the nonferromagnetic 
transition elements for purposes of discussion. The 
general feature is a complex 3d band structure with a 
high density of states and thus a low mobility. This re- 
sult agrees with both the magnetic properties and the 
electronic specific heat. Electrical conduction is gen- 
erally considered to arise from the 4s electrons because 
of the low mobility of the 3d electrons. Since the Hall 
effect allows estimates to be made of the number of 
conducting particles per unit volume and their sign, 
this unique measurement is useful for examining some 
details of the band structure. 
Recent measurements in the Cu-Ni‘ alloys and the 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Office of Naval Research 


t Now at Lincoln Laboratory, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1H. M. Krutter, Phys. Rev. 48, 664 (1935); J. C. Slater, Phys 
Rev. 49, 537, 931 (1936) 

2G. C. Fletcher and E. P. Wohlfarth, Phil. Mag. 42, 106 
(1951); G. C. Fletcher, Proc. Roy. Soc. (London) 65, 192 (1952) ; 
G. F. Koster, Phys. Rev. 98, 901 (1955). 

3M. F. Manning, Phys. Rev. 63, 190 (1943); J. B. Greene and 
M. F. Manning, Phys. Rev. 63, 203 (1943). 

4A. I. Schindler and Emerson M. Pugh, Phys. Rev. 89, 295 
(1953). 


Co-Ni° alloys have demonstrated that electrical con 
duction is predominantly due to the 4s electrons; how 
ever, the results of Armco iron® indicated predominant 
hole conduction. The increased interest in the transition 
elements and the availability of pure materials led to 
the Hall measurements described in this paper. 

A brief summary of the results for Ti, V, Cr, and Mn 
has been given earlier.® The method of measurement is 
that described previously.® Unless spec ified, the sample 
dimensions were 6.0 cm 1.00 cm 0.100 em and car 
ried a current from 10 to 20 amperes Whenever pos 
sible, chemical analyses of the samples are given since 


some of the results may be sensitive to small impurities 


II. EXPERIMENTAL RESULTS 
1. Titanium 


Three titanium samples were investigated, desig 
nated below as I, II, and III. Samples I and Il were 
obtained from a commercial bar of material. Sample I 
was measured after machining whereas sample II was 
vacuum-annealed at 600°C for two hours and slowly 
cooled to room temperature before measurements were 
made. Sample LI’ was vacuum-annealed at 800°C for 
6 hours and slowly cooled to room temperature. Con 


siderable care was exercised to avoid contamination 
®S. Foner and Emerson M. Pugh, Phys. Kev 
*S. Foner, Phys. Rev. 91, 447(A) (1953 
7D. S. Billington of the Oak Ridge National Laboratory pro 
vided this sample and obtained the chemical analysis of the three 
samples investigated 


91, 20 (1953 
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hic. 1, Hall effect of three titanium samples at room temperature 
during the preparation of this sample. The chemical 
analyses for these samples are given in Table I.’ The 
potential difference per unit current, per unit thickness, 
én, versus magnetc induction, B, is shown in Fig. 1 for 
these samples. The magnitude and sign of the effect 
depend on the particular sample investigated. A small 
Hall effect for Ti has also recently been observed by 
Juretschke.* The positive and somewhat higher Hall 
constant obtained by Scovil® may be due to differences 


in the impurities 
2. Vanadium 
Ihe results for vanadium" are shown in Fig. 2. The 
Hall effect is positive and considerably larger than in Ti. 
3. Chromium 


The chromium sample was cut from the ingot used 
by Friedberg ef al." for electronic specific-heat measure 
ments. The current leads were soldered to a thin nickel 





hic. 2. Hall effect of vanadium at room temperature 


*H. J. Juretschke (private communication), Polytechnic In 
titute of Brooklyn, New York 

*G. W. Scovil, J. Appl. Phys. 24, 266 (1953) 

Furnished by the Vanadium Corporation of America 

“ Friedberg, Estermann, and Goldman, Phys. Rev. 85, 375 


1952) and 87, 582 (1952 
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film plated on the ends of the sample which was 2 cm X 1 
cm 0.110 em, Chemical analysis of this sample showed 
it to be 99.9% pure Cr. An x-ray analysis” of this 
sample showed that the Cr sample was body-centered 
cubic. The results for this Cr sample are shown in Fig. 3. 

During the measurements on this sample it was 
found that the Hall effect seemed to vary strongly with 
temperature. This effect was examined over a limited 
range of temperature by varying the magnet cooling 
and sample current. The results, shown in Fig. 4, show 
a decrease in Hall constant with increasing temperature. 
Over this limited range of temperatures the effect is 
linear and about 1% per degree centigrade. Because of 
the limited range of temperatures investigated, these 
results should be considered as only qualitative data. 
Examination of the Hall effect over a much wider 
temperature range would be desirable. 


4. a-Manganese 


A sample of a-manganese”” was used for the Hall 
measurements. The sample, of electrolytic flake origin, 


TABLE I. Chemical analysis of titanium samples.* 


\. Vacuum fusion gas analysis' 


Sample Or No He 


I 0.042 
II 0.017 
III 0.010 


0.0015 


B, Spectroscopic analysis of metallic impurities 
Sample Fe Ni ( Mn Mg 


<0.01 
<0.01 
<0.01 


0.025 
0.024 
0.01 


I 0.06 
Il 0.047 


Ill 0.092 <0.001 <0.001 0.015 


* Units: impurities in percent by weight 
» Gases not detected are indicated by a dash 
¢ Elements not analyzed are denoted by 


was deoxidized in dilute HCI, annealed at about 400°C 
for H, degassing, and stored in an atmosphere of He 
until used, Spectroscopic analysis showed a trace of Ca 
and Cu (less than 0.01%) and faint traces of Fe, Mg, 
and V. No oxide lines were visible in the neutron- 
diffraction pattern unless surface oxidation was present 
in a finely divided form."* The same material was used 
by Guthrie et al." for electronic specific-heat measure- 
ments. The electrolytic flake was quite small, 1.54 cm 
«0.61 cm X 0.065 cm. To avoid contamination, pressure 
contacts for the primary current were used. Contact 
problems were minimized by using point contacts for 
these leads and currents below 4 amperes. The results 
of measurements on this sample are shown in Fig. 5. 
The sign of the Hall effect disagrees with that obtained 

"Mrs. Sylvia Couling, formerly of the Carnegie Institute of 
Technology, Department of Metallurgy, provided the x-ray 
analysis of both the Cr and Mn samples 

8C. G. Shull of the Oak Ridge National Laboratory pro 
vided the a-manganese sample and the spectroscopic analysis. 


'“ Guthrie, Friedberg, and Goldman, Phys. Rev. 98, 1181(A) 
(1955) 
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by Zahn and Schmidt!’ for Mn; however, Frank!® has 
suggested that a positive value is expected from the 
work of Justi and Kohler’? on Re. 


III. DISCUSSION OF RESULTS 


A tabulation of the room-temperature Hall constants 
is given in Table Il, where Ro is the ordinary Hall 
constant, n* the effective number of electrons per atom, 
and y the electronic specific heat. Room-temperature 
Hall constants are plotted in Fig. 6. The detailed struc- 
ture of this curve between Cu and Ni and between Ni 
and Co has been obtained from measurements at room 
temperature on a series of Cu-Ni alloys‘ and on a series 
of Ni-Co alloys.° Measurements on two Fe-Ni alloys!® 
are not shown but they fit reasonably well on this 
curve of Ro versus electrons per atom. Since measure 
ments have not yet been completed on any of the other 
alloy systems, straight lines have been drawn between 
the points representing the Hall constants for the 


elements. 
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Fic. 3. Hall effect of chromium at room temperature. 


More recently the Cu-Ni alloys have been studied 
over a wide range of temperatures.’ For these alloys 
it has been shown” that the detailed temperature de 


pendence can be explained on the basis of a relatively 
simple band model. An analysis of present data along 
these lines is unfortunately not possible, if only for the 
reason that Ti, V, Cr, and Mn are not ferromagnetic. 

If we assume as in the ferromagnetic metals, non 
interacting, conducting 4s and 3d bands which have 


relaxation times similar to those expected in ferro 


16H. Zahn and H. Schmidt, Deut. Phys. Gesell. Verh. 9, 98 
(1907) 

16 Professor V. Frank 
versity of Denmark, Copenhagen 

17 EF. Justi and M. Kohler, Braunschw 
44 (1951) 

16S. Foner, Phys. Rev. 99, 1079 (1955 

Philip Cohen, doctoral dissertation, May, 1955, Carnegie 
Institute of Technology, Pittsburgh, Pennsylvania (unpublished 

”F FE, Allison and Emerson M. Pugh, Phys. Rev. 102, 1281 
(1956) 

21 Emerson M 


private communication), Technical Uni 


Wiss. Gesell Abh 3, 


Pugh, Phys. Rev. 97, 647 (1955 


AND Mn 
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ti °c) 


hiG I¢ mperature depe ndence of Ko for chromium over 
a limited range of temperature 


magnetic metals, we can make general statements con 
cerning the predominant conduction based on the ele 

tronic specific-heat data shown in Table LI. A large ¥ 
indicates a high density of states in the 3d band, and 
thus a low mobility of these carriers. The positive Hall 
constant then requires that: (1) either the hole con 
duction is due to the 3d band, in which case there must 
be no 4s electrons present because if any high-mobility 


$d holes 


would not be observable; or (2) high-mobility 4s-band 


ts electrons were available the low-mobility 


holes are present, in which case the 3d hole contribution 


negligible Because these two possi 


again would be 
bilities are spec ulative, only the second is discussed here 
Conduction due to 4s-band holes requires that the 
Fermi level be near the top of the 4s band. This is not 
unreasonable since one expects the 3d band to become 
wider [| .V(e) to decrease | as one goes from Ni toward 
Ti. A discussion of this effect and the modifications of 
earlier work to include the body-centered cubic struc 
tures is given by Slater in a recent report.”? He points 


6k 


5. Hall effect of manganese at room temperature 


Solid 


sy. ( Massachusetts Institute of Pechnolog 
State and Molecular Theory Group Technical Report 6, April 1 
1954 | 


unpublished 


Slater 
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6. Hall constants of various 3d transition elements at room 
temperature. See text for discussion of shape of curve. 


out that the dip in the density of states curves near Cr 
is a consequence of the calculations for the body- 
centered structures. Even though the 3d band becomes 
wider, the specific-heat measurements (see Table II) 
indicate that the densities of states for the elements are 
quite large (except for Cr), thus the 4s carriers, if 
present, should be predominant in the Hall effect. The 
recent indications of s-electron concentrations (and 
possible p contributions at high concentrations) ex- 
ceeding 1.0 for Fe as suggested by Stoner and recently 
confirmed by Coles,” and perhaps increasing as the 
atomic number decreases, indicate that the positive 
values of Ro for Fe, Mn, Cr, and V are reasonable if d- 
band conduction were negligible.” 

The positive and negative Ry’s for the different ‘Ti 
samples are difficult to explain. Although the magni- 
tudes as shown in Fig. 1 are small, they are certainly 
outside the experimental errors. The results seem to de- 

“FE. C. Stoner, Proceedings of the Grenoble Conference (un 
published); B. R. Coles (private communication). 

* Note added in proof.—The possibility of 3d band conduction 
is not completely eliminated, Recent x-ray scattering experiments 
by R. J. Weiss and J. deMarco (International Conference on 
Current Problems in Crystal Physics held at M.I.T., Cambridge, 
July 1-5, 1957) indicate only 0.240.4d electrons are local 
ized on the Cr metal atoms and only 2.34-0.3d electrons are 
localized on the Fe metal atoms. If this is true, one might expect 
the remaining d electrons to contribute to electrical conduction 
No detailed interpretation can be given at this early date. It is 
interesting to note, however, that Ro is positive for Fe and Cr 
but negative for Cu, Ni, and Co where the x-ray results are as 


expected 
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TABLE II. Tabulation of Hall effect in 3d transition elements. 


10° Xy 
(cal/deg*/ 


mole ) 


8.3" 


(10% X Re v-cm/ 
Element amp-gauss 


Ti I 1.06 
II 2.59 
Ill d 

V ~ ; 9.3» 

Cr 36.5 3.74" 

Mn ¥ ’ 42° 

Fe A! : 12 

Co Da 12 

Ni = 3 1.2 17 


* See reference 11, 

+ Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 656 
(1956), 

* See reference 15. 


pend on the purity but also may depend on the methods 
used in the preparation of the particular sample meas- 
ured. The chemical analyses, shown in Table I, do not 
correlate directly with the sign of the effect. The small 
Ro may be due to the balancing effect of both holes and 
electrons in the overlapping 4s, 4p, and 3d bands. 


IV. SUMMARY 


The Hall effect in Ti, V, Cr, and Mn has been meas- 
ured at room temperature. The effect is linear with 
magnetic field and positive in these transition metals. 
The results can be qualitatively interpreted using simple 
band models; however, some ambiguity results because 
a measure of the 3d-band holes is not available. This 
ambiguity is not present in the ferromagnetic transition 
elements because measurements of the saturation mo- 
ment give this information. The positive effect in Ti is 
quite small and may be reversed by small impurities. 
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Superconductivity of Uranium 
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(Received May 1, 1957) 


A ballistic mutual-inductance technique has been employed to investigate the magnetic susceptibility 
of two uranium samples down to a temperature of 0.1°K. Both samples exhibited a superconducting tran 
sition in zero magnetic field at a temperature (7’,) of 0,684-0.02°K. The transitions were not sharp, being 
spread over a temperature interval of 0.45°K. The critical magnetic field of one of the samples was measured 
down to 0.37°K and a value of 720 gauss/deg was obtained for (dH /dT)T =1T,. Consideration is given to 
the values of the electronic specific heat coefficients derived from the critical magnetic field data for uranium 


and titanium. 


INTRODUCTION 
HOENBERG,! in 1940, investigated the magnetic 
susceptibility of two samples of uranium in the 
liquid helium range. It was concluded from these 
measurements that pure uranium was not a super- 
conductor down to a temperature of 0.98°K. A few 
years later Justi,?> on the basis of direct electrical 
resistance measurements, reported that uranium was a 
superconductor with a zero-field transition temperature 
(T.) of 1.3°K. In 1947 Shoenberg* reported that he 
looked for superconductivity in a very pure sample of 
uranium using the magnetic moment method, and 
observed a slight diamagnetic effect below 1.45°K. In 
view of the fact that the bulk of his specimen, 99.5% 
by volume, remained normal in the temperature range 
investigated, it was concluded that pure uranium was 
not a superconductor down to 1.08°K. In this same 
year, however, Alekseyevsky and Migunov‘ reported 
that while magnetic measurements made with “‘insuffi- 
ciently pure uranium” failed to indicate superconduc- 
tivity, three samples of uranium were found to be 
superconducting “below 1.3°K.” Since their results for 
uranium are included in a paper dealing with the 
investigation of metals below 1°K, the interpretation 
of the phrase “below 1.3°K” is open to speculation. 
No lower limit was given for those samples which failed 
to exhibit superconductivity. In 1950, Goodman and 
Shoenberg® reported that magnetic measurements on a 
variety of uranium specimens yielded one sample which 
did become superconducting at 1.3°K. ‘The supercon- 
ducting sample was “less pure” than those samples 
which did not become superconducting in the liquid 
helium temperature range. Upon extending the meas- 
urements on two of the purer samples to temperatures 
below 1°K, both specimens were found to be super- 
conducting with a 7, of 0.75°K. They observed that 
rather high magnetic fields were necessary to destroy 
the superconductivity and reported a value for dH/dT 
of 2000 gauss/degree. Since this value for dH/dT leads 
1D. Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940), 
2G. Aschermann and E. Justi, Physik. Z. 43, 207 (1942). 
31D. Shoenberg, Nature 159, 309 (1947). 
4N. Alekseyevsky and L. Migunov, J. Phys. (U.S.S.R.) 11, 95 


(1947). 
5B. B. Goodman and D. Shoenberg, Nature 165, 442 (1950). 


to an estimate for the electronic specific heat coefficient 
(y), approximately ten times larger than the value 
obtained calorimetrically, the authors felt that the 
measured critical fields were not indicative of pure 
uranium. In 1955 Kilpatrick et al.* reported, on the 
basis of magnetic measurements, that three specimens 
of uranium (99.99%) went superconducting with rather 
broad transitions which were centered around 0.8°K. 
Because of experimental limitations the entire transi 
tions could not be obtained. 

In view of the lack of any published critical field 
curve and the spread in the reported transition temper 
atures, it was felt that additional information concern 
ing the superconductivity of uranium would be of 
interest. 

SPECIMENS 

‘The specimen (U 1) used for the major part of this 
work was a spectroscopically pure polycrystalline bar, 
37 mmX4.2 mmX3.1 mm, of high-purity @ phase 
uranium. While the exact purity of this specimen is not 
known, it is believed to be 99.99% pure. A lower limit 
of 99.9% was set by x-ray fluorescence measurements. 
To see what effect, if any, the grain size might have on 
the shape of the transition curve, as well as on 7,, a 
second specimen (U 1) was obtained from the Argonne 
National Laboratory. This specimen was a cylindrical 


TABLE I, Analysis of uranium 11." 


Upper limit 
per impurity 
“ by weight) 


Percent 
by weight 


0.0027 


0.0020 
0.0008 


Impurity 
found 


Impurity 
not found 


P, Ti, Zn 

Ca, K, Mo 

N, Pb, As, Al 
0.0007 Co, Ni, Sn, Na 
0.0003 Bi, Li, Mn, Sb, Be 
0.0002 H 
0.0002 

0.00001 

0.00691 


0.005 
0.002 
0.001 
0.0005 
0.0001 
0.00001 
0.0275 


Carbon 
Silicon 
Iron 
Oxygen 
Magnesium 
Chromium 
Copper 
Boron 
Total 


Potal 


® The single crystal of uranium and the analysis were furnished by the 
Argonne National Laboratory he single crystal was grown from uranium 
made by consolidated melting of high-purity uranium flakes produced by 
electrolysis in a fused salt bath 

* Kilpatrick, Hammel, and Mapother, Phys. Rev 


(1955) 
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lic. 1. Schematic diagram of the lower Dewar assembly where 
S is the paramagnetic salt and U is the uranium sample. The 
ballistic mutual-inductance arrangement is shown in insert 


bar, 22 mmX4.5 mm with rounded ends, known to 
consist of three large single crystals. Its purity was 
better than 99.97°, (see ‘Table I). 


EXPERIMENTAL ARRANGEMENT 


‘Temperatures below 1°K were produced by the 
magnetic method using potassium chrome alum as the 
cooling agent. The high magnetizing fields necessary 
for the producing of these temperatures were supplied 
by a Bitter-type solenoid. The superconducting tran 
sitions were detected by observing the magnetic sus 
ceptibility of the specimen as it warmed up after first 
being cooled to a temperature of 0.1°K. Critical-field 
data were obtained by observing a series of such 
fields. 


warmups in the presence of small magnetic 
‘These small fields were supplied by an auxiliary solenoid 
wound on the casing of the Bitter magnet. A ballisti 
mutual-inductance technique, previously described in 
detail,’ was employed to detect the superconducting 
transitions, as well as for measuring the magnet 


susceptibility of the paramagnetic salt. The latter 
measurements permit the temperature to be determined 
in the temperature region below 1°K. 

Thermal contact between the uranium samples and 
the salt was achieved by cementing (General Electric 
Adhesive No. 7031) the sample to a thin copper plate 
and then pressing the powdered salt around the upper 
portion of the plate (see Fig. 1). The distance between 
the salt and the sample was approximately 6 cm. ‘To 


Hein, Phys. Rev. 102, 1511 (1956) 
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check on the quality of the thermal contact between 
the sample and the salt, a yy-watt, 11-ohm, Allen- 
Bradley resistor was incorporated in the setup. In Fig. 
1 it is seen that the only thermal path between the 
resistor and the salt is via the uranium sample. There- 
fore, if the resistor cooled upon demagnetization the 
sample must also have cooled, although the inverse is 
not necessarily true. Unfortunately, the resistance of 
these resistors becomes too large, 10° ohms at 0.25°K, 
to serve as reliable thermometers below this tempera- 
ture. It did, however, serve to indicate that the temper- 
ature of the specimen fell to below 0.25°K, three min- 
utes or less after the magnetizing field was reduced to 
zero. This indicates that there was intimate thermal 
contact down to at least a temperature of 0.25°K. 


RESULTS 
Uranium | 


The susceptibility of this sample remained normal 
throughout the liquid helium temperature range down 
to a temperature of 1.33°K from which temperature the 
magnetic cycle was initiated. After demagnetization the 
specimen exhibited a rather large diamagnetic compo- 
nent from which it was estimated that all of the sample 
went superconducting. The results of observing the 
susceptibility of the sample as it warmed up are plotted 
in Fig. 2. The transition temperature, defined as that 
temperature at which the susceptibility of the sample 
first returns to its normal value, was calculated to be 
0.68+0.02°K. The temperature was calculated from 
the susceptibility of the salt which was also observed 
as the system warmed up. This value of 0.68°K is in 
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lic, 2, Plot of galvanometer deflection as a function of the time 
after demagnetization obtained for a warmup in zero field with 
uranium 1. 7,* is the magnetic temperature corrected for the 
nonsphericity of the salt specimen. 
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agreement with the temperature obtained by extrapo- 
lating (according to the formula of Clement’) the 
resistance vs temperature values for the carbon resistor 
obtained in the liquid helium temperature range. One 
striking feature of the transition depicted in Fig. 2 is 
the relatively broad transition, being spread over a 
temperature interval of 0.45°K. While the warmup 
time shown in Fig. 2 is relatively fast, subsequent 
warmup times of the order of 5 hours yielded the same 
transition temperature. By performing a series of 
demagnetizations and observing the. warmups in the 
presence of applied magnetic fields, the critical-field 
data (H, vs T) plotted in Fig. 3 were obtained. The 
initial slope of the critical field curve is 720 gauss/degree. 

This relatively large value for (dH /dT) r= 1, indicates 
that uranium belongs to the “hard” superconductor 
class. Although the validity of applying thermodynamics 
to the critical fields of hard superconductors is ques- 
tionable,’ nevertheless it is of interest to see to what y 
the measured critical-field data corresponds. In Fig. 3 
are plotted the values of H, against 7°. A linear extra- 
polation of this plot indicates a value of 294 gauss for 
Ho, the critical field at absolute zero. 

The application of thermodynamics to the super 
conducting-normal phase transition shows that the 
between the 


difference in the molar specific heats 


normal and superconducting phases is given by” 
(TV 


Ac=Ca—¢ Sr) 0?(H 2) /dT?, 


where V=atomic volume and H,=threshold field at 


the temperature considered. Using this expression for 


URANIUM 


” 


”, 
» 200} 


GA 


MAGNETIC FIELD 


Fic. 3. Plot of the critical magnetic field, of uranium 1, as a 
function of the temperature and as a function of the square of 
the temperature. 7,” is the magnetic temperature corrected for 
the nonsphericity of the salt specimen 


® J. R. Clement, discussion in Temperature, Its Measurement 
and Control in Science and Industry (Reinhold Publishing Corpo 
ration, New York, 1955), Vol. 2, p. 382 

* B. Serin, in Progress in Low Temperature Physics 
Publishers, Inc., New York, 1955), Chap. VII 

 F, London, Superfluids (John Wiley and Sons, Inc 
York, 1950), Vol. 1. 
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Plot of percent superconductivity as a function of the 
temperature for uranium 1 and uranium 


Ac and assuming (1) that c,=A7*+yT, (2) that c, 
contains no linear term in 7’, and (3) that the magnetic 
thteshold field is parabolic, Kok" derived the following 


expression for y: 


2r)(H,/T.)?. (1) 


¥ (| 


The application of this formula to our uranium data 
leads to a value for y of 91.4K10~4 cal/mole-degree’ 


Uranium II 


‘The magnetic susceptibility of this sample was also 
normal throughout the liquid helium temperature range 
down to a temperature of 1.136°K from which temper 
ature the magnetic cycle was initiated. After demagnet 
ization the susceptibility of the sample showed a large 
diamagnetic component and it was estimated that 100% 
of this sample also went superconducting. The zero-field 
transition obtained with this sample is included in 
Fig. 4. Only one critical field measurement was obtained 
for this sample which yielded a transition at 0.43°K in 
a field of 230 gauss. This value, considering the broad 
transition, is not significantly different from the values 
obtained for uranium 1. 


DISCUSSION AND COMPARISON OF RESULTS 


The results obtained with these two samples. of 
uranium indicate that uranium is a superconductor 
with a 7, of 0.68+0.02°K. This figure is in substantial 
agreement with the results obtained by Goodman and 
Shoenberg with their purest sample. In view of the 
spread out (gradual) transitions, 0.45°K in the present 
work, and 0.2°K in the work of Goodman and Shoen- 
berg, the agreement, is surprisingly good. The only 
published curve known to the authors 
appears in the work of Kilpatrick ef al. and is included 


transition 


in Fig. 4. They defined the transition temperature as 


uy \. Kok, Physica 1, 1103 (1933-34 
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that temperature at which 50% of the specimen is 
superconducting, which gives a value of 0.77°K. If 
their data are interpreted in keeping with our definition 
of T,, a value of 0.98°K is obtained for T.. 

The value of y obtained for uranium is 34 times the 
calorimetric value (26.0X10~* cal/mole-degree’) re- 
ported by Smith and Wolcott.” This result is not too 
surprising since nonideal superconducting transitions 
usually result in relatively large values for dH,./dT. In 
the light of this, one would expect that the magnetic 
estimate of 7, for nonideal superconductors, would be 
larger than the calorimetric value. Only in the case of 
titanium is the reported calorimetric y considerably 
larger (7 times as large) than the magnetic estimate.” 
See appendix. 

The fact that the transitions obtained with uranium 
11 were spread out over the same temperature interval 
as were the transitions obtained with uranium 1, indi- 
cates that the size of the individual crystallites making 
up the sample does not play a major role in determining 
its superconducting properties. The high value of y, 
the spread out transitions, and the lack of any “differ- 
ential paramagnetic effect’ indicate that these 
uranium specimens did not exhibit “ideal” supercon- 


ducting behavior. 
APPENDIX 


The discrepancy, in the case of titanium, between 
the reported magnetic and calorimetric values for ¥ is 
noteworthy for two reasons. First, the magnetic value 
for y is seven times smaller than the calorimetric value 
of 8010-4 cal/mole-degree’® reported by Friedberg 
el al.’ and second, the magnetic estimate is inconsistent 
with the critical-field data of Steele and Hein.'® In 
Fig. 5, the critical-field data of Smith, Gager, and 
Daunt,'’ as well as the data of Steele and Hein, are 
plotted against the square of the temperature. 

Since H,=0 at T=T., the Ac equation previously 


given may be expressed as 


VT. OH, . 
(Ac)T=T, ( ) ( *) , 
lar OT J T=#Te 


Kok" used the previous expression for y and the 
parabolic law to obtain from this 


0! 
Xr aT T=T, 


2p L. Smith and N. M. Wolcott, Bull. de l'Institut Inter 
national du Froid, Proceedings of the Low Temperature Physics 
Conference, Paris, 1955 (Centre National de la Recherche Scien 
tifique and UNESCO, Paris, 1956), pp 283-286 

|. G. Daunt, in Progress in Low Temperature Physics (Inter 
science Publishers, Inc., New York, 1955), Chap. XI 

4M. C. Steele, Phys. Rev. 87, 1137 (1952) 

16 Friedberg, Estermann, and Goldman, Phys. Rev. 87, 582 
(1952) 

16M. C. Steele and R. A. Hein, Phys. Rev. 92, 243 (1953). 

17 Smith, Gager, and Daunt, Phys. Rev. 89, 654 (1953) 


(A-1) 
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Smith et al. used this formula to obtain a value of 
1.1X10~* cal/mole-degree’ for titanium. 

In Fig. 5 the solid curve through the data of Steele 
and Hein is a plot of 


H.=H[1—al+(a—1)#} 
= 138.701 —1.710-+0.710], 


where (= reduced temperature (7'/7',) and a=constant. 
A method for evaluating Hy and a is described in detail 
elsewhere.'* Using a cubic critical field curve results in 
a modified form of Kok’s equation given by'* 

y= (aV/2m)(Ho/T.)?. (A-2) 
Upon using the above value for a, this expression yields 
a value of 35.1 10~ cal/mole-degree? for y. 


e STEELE & HEIN 
© SMITH, GAGER & DAUNT 
— H «(387 7(1/T.) +O7T/T 27 
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Fic. 5. Plot of the critical magnetic field for titanium as a function 
of the square of the temperature. 


This large value for 7 is qualitatively consistent with 
the results obtained for uranium. It can be seen, Fig. 5, 
that if data had been obtained only down to T?=0.1 
(T/T,=0,68) the data could be approximated by a 
parabolic dependence. The application of Eq. (A-1) 
would then yield a value of 17.5X10~4 cal/mole- 
degree’. Equation (A-1), however, is applicable only if 
the critical-field curve is parabolic over its entire range.® 
It is difficult to attribute the large discrepancy in the 
two sets of data, shown in Fig. 5, to differences in the 
specimens. The data were obtained for specimens of 
comparable physical and chemical purity. Further work 
on the superconductivity of titanium is needed to 
resolve this difficulty. 


8 J. R. Clement and E. H. Quinnell, Phys. Rev. 92, 258 (1953). 
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Energy Distribution of Secondary Electrons from MgO Single Crystals 
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LAPONSKY 


General Electric Research Laboratory, Schenectady, New York 
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The secondary-electron energy distribution from single crystals of MgO has been measured. A dependence 
of energy distribution on primary electron energy is established. The dependence is consistent with a quali 
tative interpretation based on the path length of the secondaries inside the crystal. The single-pulse measure 
ments method has been modified to permit greater sensitivity, so that 10* electrons per pulse are sufficient 
for a 30:1 signal-to-noise ratio. Two procedures for establishing the surface potential are compared. Vacua of 


the order of 10-” mm are employed. 


INTRODUCTION 


RESENT knowledge of the energy distribution of 

secondary electrons from bulk insulators is very 
limited.'! This investigation was undertaken to obtain 
information on the energy of secondaries from bulk 
single crystals of MgO in order to assist in elucidating 
the mechanism of secondary emission in insulators.’ 
MgO was selected because of its refractoriness and 
inertness, its relative stability under small amounts of 
electron bombardment, and its availability in single- 
crystal form. 


APPARATUS 


Charging of the insulator surface has seriously 
limited studies of the energy of secondary electrons from 
bulk insulators. The resolution obtainable in energy- 
distribution measurements on insulators is dependent on 
the amount of charging of the target during the meas- 
urement and the uniformity of the target surface poten- 
tial. A single-pulse method has been employed recently* 
to obtain energy-distribution measurements. The num- 
ber of electrons in a single primary pulse is kept suffi- 
ciently small that charging of the surface is held to a 
tolerable level. The surface potential is then re-estab- 
lished before each measurement. 

In the present experiment the sensitivity of the 
single-pulse method has been increased considerably 
over that used by other workers.’ Consequently a 
brief description of the method of making measure- 
ments is presented. 

A single pulse from a pulse generator results in a 
burst of primary current to the target. Signals generated 
in the target circuit are amplified, displayed on an 
oscilloscope, and photographed. The procedure for de- 
termining the yield is the same as that described by 
Johnson and McKay.’ However, a large preamplifier 
input resistor (10° ohms) is used so that the input RC 
time constant is much longer than the primary-current 


1 For a review of this field see K. G. McKay, in Advances in 
Electronics (Academic Press, Inc., New York, 1948), Vol. 1, p. 65. 
2 A preliminary account of this work was presented at the New 
Haven meeting of the American Physical Society [N. KR. Whetten 
and A. B. Laponsky, Bull. Am. Phys. Soc, Ser. II, 1, 279 (1956) ]. 
4 J. B. Johnson and K. G. McKay, Phys. Rev. 91, 582 (1953). 
‘H. L. Heydt, Rev. Sci. Instr. 21, 639 (1950). 


pulse duration of several microseconds. The input signal 
then corresponds to the accumulation of charge during 
the period of the current pulse. In using the large input 
resistance a considerable improvement in sensitivity is 
achieved, and the amount of charge necessary per 
measurement is consequently reduced. Since the deter 
mination of yield involves the ratio of the emitted to 
incident charge, linear circuit elements are used to 
limit the band width and further reduce the noise. The 
system sensitivity in the present experiment is such 
that 10* electrons result in a 1-cm deflection on the 
oscilloscope with a 30:1 signal-to-noise ratio. The 
primary current pulses were of the order of a milli 
microampere and of several microseconds duration, 

The energy of the secondaries is measured by the 
electrostatic retarding-potential method, with the tar- 
get located at the center of a spherical collector. The 
collector consists of a spherical glass bulb of 5-inch 
diameter coated with colloidal graphite to assist in the 
suppression of secondary electrons formed at the col 
lector surface. 

The MgO single crystals,® 1 cm 1 cm in area, were 
cleaved in air along the (100) plane to a thickness of } 
mm immediately before being mounted in the vacuum 
tube. Consequently the measurements must be taken 
as typical of gas-covered surfaces of MgO single 
crystals. Pressures obtained in the vacuum system 
were of the order of 10~ mm Hg on a continuously 
pumped system after a bakeout at 250°C. Using the 
present pulse method and a }-inch beam diameter, the 
charging of an MgO crystal of these dimensions can be 
held to 0.05 volt per pulse. 


EXPERIMENT 
A. Stabilization of Surface Potential 


In order to measure the energy of the secondary ele: 
trons by the single-pulse method, the target surface 
must be returned reliably to the same potential before 
each measurement. Two procedures for stabilizing the 
surface potential have been compared to determine 
their applicability for energy-distribution measure 
ments. Retarding-potential curves using each of the 


* The MgO crystals were obtained from Infra Red Development 
Company, Welwyn Garden City, Hertfordshire, England. 


1521 





R. WHETTEN 


© METHOO T 
@ METHOD U 





= a 1 — 
’ 


4 
w) 4 5 é “I 
COLLECTOR POTENTIAL (VOLTS) 


hic. 1, Retarding-potential curves comparing stabilization 
methods. The open squares refer to stabilization of the surface 
potential by thermionic electrons from a nearby filament. The 
closed circles refer to stabilization by heating the crystal so that 
conductivity is sufficient to relax the surface charge. The curves 
have been shifted to correct for contact potential 


surface-potential stabilization methods have been ob- 
tained on an MgO crystal. Since the energy distribution 
of the secondaries is very sensitive to changes in surface 
potential, the retarding-potential curves provide a 
sensitive indicator of differences in stabilization. 
Method I emitting filament 
located near the collector surface and concentric with 


utilizes a thermionic 


the aperture. A small solid angle is subtended at the 
target to minimize the distortion of the retarding- 
potential field, Electrons from the filament lower the 
target surface potential to the lowest potential of the 
filament. A tantalum filament used in these 
measurements, and was operated at 1400°C, In method 
II the target 1S heated until conductivity is sufficient 
to relax the charges. The target is then cooled before 
The substrate for the 
crystal was heated to 750°C. 

Retarding potential curves are presented in Fig. 1, 
and have been shifted to correct for contact potential. 
Ihere is seen to be good agreement between the curves 
of methods I and I. Similar agreement was found by 
using a combination of methods I and II. The data in 


was 


each measurement. tungsten 
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Fic. 2. The secondary-emission yield 6 is given as a function of 
primary electron energy for an MgO single crystal. 
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Fig. 1 were taken at 800-ev primary energy. Corre- 
sponding agreement was found at other primary 
energies.® 

We have used method I to obtain the energy- 
distribution curves presented in the following section. 
The time required for stabilization is much shorter 
than when the heat-discharge scheme is employed, and 
the disadvantage of possible changes in the crystal due 
to heating is eliminated. An internal space charge may 
remain after stabilization by method I. However, we 
have found no indication that the secondary energy 
distribution from single crystals of MgO is affected by 
such a space charge. 


B. Change in Energy Distribution with 
Primary Energy 


Measurements of energy distribution of the secondary 
electrons have been made on six different single crystals 
of MgQ. The data for the different crystals are simi- 
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Fic. 3. Retarding-potential curves for different primary en 
ergies. The open circles refer to 100-ev primary energy, the closed 
circles to 2400-ey primary energy. The curves have been scaled to 
match in the positive collecting-field region 


lar; therefore typical energy-distribution curves are 
presented. 

Figure 2 presents the total yield, 6, as a function of 
the primary electron energy for one of the crystals. 
Maximum yields in the range 20 to 25 have been 
observed for a number of crystals prepared in this 
manner.” ** 

Retarding-potential curves are presented in Fig. 3. 
The abscissa corresponds to th* retarding potential 
applied to the collector surrounding the MgO target. 
Measurements were taken on the same crystal at dif- 


* Johnson and McKay (reference 4) have compared method II 
with stabilization by electron bombardment to the collector 
potential. They find that the latter method results in a signifi 
cantly different retarding-potential curve which they ascribe to 
patch-field effects. The writers have obtained similar data con 
firming the conclusion that the electron-bombardment stabiliza- 
tion method is not suitable for energy-distribution measurements. 

7R. G. Lye, Phys. Rev. 99, 1647 (1955) 

*N. R. Whetten and A. B. Laponsky, J. Appl. Phys. 28, 515 
(1957). 
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ferent primary electron energies as noted in the caption. 
The curves have been scaled to be the same magnitude 
in the positive collecting-field region. The retarding- 
potential curves corresponding to the higher primary 
energies have a steeper initial slope, and consequently 
a relatively greater number of very low-energy electrons. 
This is also shown in Fig. 4, where the curves have been 
differentiated to give the energy distribution of the 
secondaries. The distributions have been normalized so 
that the same number of secondaries is considered for 
each curve. It is apparent that the relative number of 
low-energy electrons in the distribution increases with 
increasing primary energy. This change in distribution 
with primary energy is very reproducible with all of 
the crystals that have been examined. The shift becomes 
less pronounced at primary energies well above the 
maximum in the yield curve. 

The most probable energy of emission of the second- 


© 1OOEV PRIMARY ENERGY 
@ BOOEV PRIMARY ENERGY 
O 2400 EV PRIMARY ENERGY 
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Fic. 4. Secondary-electron energy-distribution curves. The 
curves correspond to 100-, 800-, and 2400-ev primary energy and 
have been normalized to include the same number of secondaries 
in each group. 


aries from Mg®O single crystals is about 1 ev in agree- 
ment with results of Johnson and McKay.* 
DISCUSSION 

The observed increase in the relative number of low- 
energy secondary electrons with increasing primary 
energy for MgO single crystals appears to be inconsist- 
ent with results of Vudinsky’ on NaCl. Vudinsky re 
ports that the average energy of the secondaries 
increased as the primary energy was increased. It is 
probable that Vudinsky’s work was affected by insuffi- 
cient stabilization of the surface potential since, as 
Vudinsky points out, a change in the primary current 
altered the shape of the energy distribution. The 
present results are consistent with recent observations 
of Shul’man and Dement’ev' on NaCl and KBr. 
Shul’man and Dement’ev stabilize the surface potential 

*M. M. Vudinsky, J. Tech. Phys. U.S.S.R. 9, 1583 (1939). 


A. R. Shul’man and B. P. Dement’ev, J. Tech. Phys. U.S.S.R. 
25, 2256 (1955). 
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by heating the target while the measurements are being 
made as does Vudinsky, but probably have less dith 
culty with charging because of their multiple-pulse 
technique. The present results obtained with the single 
pulse technique and stabilizing the surface potential 
before each measurement are taken to be free from 
extraneous effects due to charging. The single pulse 
method eliminates the necessity of using thin films or 
of heating the insulator until conductivity becomes 
sufficient to prevent the buildup of surface charge. Both 
of these latter methods are subject to the possibility 
that the results may not bulk 
insulators, but may derive from the properties of thin 
films or from the elevated temperature of the insulator. 

The increase in the relative number of low-energy 
secondaries with increasing primary electron energy 
may be qualitatively explained by the change in average 
path length of the secondaries with primary energy. 


be characteristic of 


This interpretation is similar to that presented by Stern 
glass and Wachtel! to explain their data on secondaries 
from the exit side of evaporated KCI films. We assume 
that the energy distribution of the secondaries as they 
are produced inside the crystal does not vary with 
primary energy in the range investigated, There is 
little direct experimental evidence available regarding 
this assumption. However, such a dependence need not 
be invoked to qualitatively interpret the data. When the 
primary energy is low, the secondaries are formed close 
to the surface. Many of them escape without losing 
energy through interactions while in the crystal. At 
high primary energies some of the secondaries traverse 
a considerable distance before arriving at the surface. 
They lose energy by interactions with lattice vibrations 
and consequently are more degraded in energy upon 
arrival at the surface than are the secondaries formed 


by very low-energy primary electrons. Consequently, 


relatively more low-energy secondaries emerge as the 
primary energy is increased, in agreement with the 
experimental data. 


CONCLUSIONS 


Some specific results of this investigation can be sum 


marized as follows: 


1. A dependence of energy distribution of secondary 
electrons on primary electron energy for MgO single 
crystals is established. The relative number of low 
energy secondaries increases as the primary energy is 
increased, These results are consistent with a qualitative 
interpretation based on the average path length of the 
secondaries inside the crystal. 

2. The most probable energy of emission of the 
secondaries from MgO single crystals is of the order of 
1 ev in agreement with conclusions of Johnson and 
McKay. 

3. The sensitivity of the single-pulse method for 


4. J. Sternglass and M. M. Wachtel, Bull. Am. Phys. Soc 


Ser. IT, 1, 38 (1956). 
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obtaining secondary-emission measurements has been 
considerably increased, so that 10‘ electrons are neces- 
sary for a 1-cm deflection on an oscilloscope with a 
30: 1 signal-to-noise ratio. 

4. No difference in surface-potential stabilization is 
found between the heat-discharge scheme and stabiliza- 
tion by thermionic electrons from a heated filament. 
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Effects of X-Ray Irradiation on the Frequency-Temperature Behavior 
of A7T-Cut Quartz Resonators 
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(Received April 12, 1957) 


Results of an investigation of the effects of x-ray irradiation on A 7-cut resonators fabricated from natural 
quartz, synthetic quartz grown on several different cuts of seed plates, and synthetic quartz containing 
aluminum or germanium as an impurity are reported. The differences in the frequency-temperature charac- 
teristics of AT-cut resonators fabricated from natural quartz and all synthetic quartz investigated are 
known. These differences are nullified by x-ray irradiation of all the synthetic quartz except one which 
contains germanium. The effect of x-ray irradiation can be removed by thermal bleaching at temperatures 
between 200 and 500°C for a few hours. The thermal-bleaching temperature is different for different types 


of quartz 


1, INTRODUCTION 


T has been reported! that the frequency-temperature 
characteristics of A7-cut resonators fabricated from 
synthetic quartz grown on different cuts of seed plates 
and synthetic quartz containing aluminum, germanium, 
or other impurities are different from those of resonators 
fabricated from natural quartz. These differences are 
measured in terms of inflection temperatures and 
optimum angles. 

Effects of x-ray irradiation of quartz crystals have 
been observed in discoloration, in frequency change?* of 
BT- and CT-cut oscillator plates, in the measurement 
of dielectric losses,’ in optical absorptions,’ etc. The 
change of the frequency of an oscillator plate due to 
x-ray irradiation cannot yet be explained by a simple 
theory. Possible parameters which would change the 
frequency are the changes of elastic constants, dielectric 
constants, piezoelectric constants, and the density of 
quartz. The change of any of the physical constants 
would have to be interpreted by the change in the 


* Present address: Naval Research Laboratory, Washington 
35. DA. 

1A. R. Chi, Institute of Radio Engineers Convention Record, 
Part 9, 70-75 (1956). 

?V. E. Bottom and V. Nowicki, “Engineering Memorandum 
No. 1,” Long Branch Signal Laboratory, September, 1945 (unpub 
lished). 

* Volger, Stevels, and Van Amerongen, Philips Research Repts. 
10, 260-280 (1955). 

4G. Arnold, Proceedings of the Tenth Annual Frequency 
Control Symposium, Signal Corps Engineering Laboratory, 61, 
1956 (unpublished). 


crystal structure of quartz. The change in the crystal 
structure may be the result of imperfections or the 
incorporaiton of impurities by substitution or in the 
interstices of the crystal structure. For instance, it is 
not unreasonable to consider the presence of sodium in 
synthetic quartz since the substance is grown in a 
sodium carbonate solution by a hydrothermal method. 
In the synthesis of aluminum-doped quartz,’ sodium 
aluminate (NalAOz») was added to the sodium carbonate 
growth solution. Different concentrations of sodium 
aluminate in the growth solution resulted in different 
concentrations of aluminum as impurities in the quartz.° 

The crystal structure of quartz is also distorted by 
irradiation with x-rays or bombardment with electrons. 
The nature of lattice distortion due to neutron irradi- 
ation has been subject to considerable theoretical study. 
Seitz’ described the development and present status of 
the theory concerning such radiation-induced lattice 
imperfections in solids. 

Bémmel, Mason, and Warner* observed two relaxa- 
tion peaks in quartz crystals at 20° and 50°K. According 


5 J. M. Stanley and S. Theokritoff, Am. Mineralogist 41, 527- 
529 (1956). 

® Spectrochemical analysis of impurities in a quartz crystal was 
made by J. Mellichamp, Chemical Physics Branch, Signa] Corps 
Engineering Laboratory. The elements in the quartz crystal are 
measured in parts per million of the total weight of the sample. 

7F. Seitz, Imperfections in Nearly Perfect Crystals (John Wiley 


and Sons, Inc., New York, 1952), Sec. 1; J. M. Koehler and 
F. Seitz, Report of the Bristol Conference on Defects in Crystalline 
Solids, July, 1954 (The Physical Society, London, 1955). 

* Bommel, Mason, and Warner, Phys. Rev. 102, 64 (1956). 
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to Bommel ef al., the first peak is due to displacement of 
an edge dislocation from one atomic line to the next 
along a glide plane and the second peak is due to side- 
wise vibrations of oxygen atoms in a strained lattice 
position. 

It is reasonable to suppose that alkali metals (such 
as sodium and lithium) and aluminum are incorporated 
in the quartz crystal interstitially as impurities during 
growth. When the crystals are irradiated with x-rays, 
some of the electrons that are normally bound to the 
metal ions become loosened, wander through the lattice, 
and eventually become trapped at positions which they 
would not normally occupy. In a resonator this irradi- 
ation effect causes a frequency change, this change is 
observed, and its numerical value (Af) is recorded in 
Table I. When the crystals, which are normally dis- 
colored by irradiation, are heated to a sufficiently high 
temperature, the discoloration disappears and the 
frequency returns to nearly the original value. Pre- 
sumably this process which is stimulated by heating is 
the result of the recombination of the trapped electrons 
and holes. Seitz’ offered this interpretation to explain 
the color centers which are produced in alkali-halide 
crystals by x-ray irradiation. It is not clear whether or 
not the same explanation can be used to interpret the 
frequency change produced by x-ray irradiation of 
quartz resonators. 


2. FABRICATION OF CRYSTALS AND DESCRIPTION 
OF APPARATUS 


All quartz crystals were fabricated by a standard 
procedure. Some deviations are: (1) the blanks are 
optically polished ; (2) electrodes are plated by sputter- 
ing with no adjustment to frequency. The electrodes are 
gold, 4 mm in diameter, and about 4000 A thick. The 
crystal blank, 0.450 in. in diameter, is wire mounted, 
bonded with DuPont cement No. 5605, canned in an 
HC-6/U holder, and then sealed in helium gas at 
normal atmospheric pressure, 14.7 psi. Before plating, 
the orientation angle of each blank was measured 
accurately to +15 seconds by the double-crystal diffrac- 
tion method. The crystal is oscillated in a crystal 
impedance meter and the frequency is determined by 
the use of a frequency counter. The temperature of the 
crystal is controlled by a cylindrical dynamic-tempera- 
ture oven. The temperature-sensing element is a cali- 
brated thermistor (Western Electric 14-B), which is 
also canned in an HC-6/U can and base, identical in 
thermal mass to that of a crystal blank having a funda- 
mental frequency of 6 Mc/sec. The crystal and the 
thermistor occupy symmetrical positions in the oven so 
that the temperature lag between the two is made as 


small as possible. This oven has an approximate linear 
rate of heating of 3°C per minute over the temperature 
range from —65° to 125°C. The accuracy of tempera- 


9 F. Seitz, Revs. Modern Phys. 18, 384 (1948). 
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TABLE I, Change in frequency of a quartz resonator after x-ray 
irradiation or thermal bleaching from the frequency of the un 
treated quartz resonator measured at the inflection tempera 
ture (7). X denotes x-ray irradiation; the number following X is 
the irradiation time in hours. 7 denotes thermal bleaching; the 
number following 7 is the bleaching temperature in degrees 
centigrade. XOX denotes x-ray irradiation, followed by optical 
bleaching, and then followed by x-ray irradiation 


Percent frequency 
changes 


kd i 


Quartz type Treatment 


35°0' 


None 0 
X-10 0 
X-20 + 0.001 
4 weeks 

T-4600 


Natural 


35°42’ 


Brush : 0 
+ 0.001 + 0.005 
35°22’ 35°30’ 

British k 0 0 

+-0.005 

+ 0.004 
0.098 
0.092 
35°12’ 35°15’ 

None 0 0 
X-10 +-0.018 +0.017 
7-240 +0.016 
T-320 +-0.010 
T-410 0.003 


+ 0.011 


35°! os it’ 
None 0 0 

Y-10 + 0.013 + 0.009 
7-280 + 0.008 
1-340 
1-400 


Brush 


0.164 

+ 0.018 
35°54’ 35°55! 
Al-—-100 ppm 0 0 
+ 0.406 + 0.102 


36°17" 


None 0 
YOX 0.087 
¥-10 0.099 
7-200 + 0.090 
¥-10 0.097 
7-200 0.087 
X-20 01 
7-480 0.097 
Y¥-10 0.143 
35°30' 35°49’ 
None 0 0 
¥-10 0.011 + 0.016 
1 day 0.011 
X-20 0.014 
1 day 
6 weeks 
¥-40 
T-20 
7-300 
T-400 
X-10 


Germanium 


+ 0.017 
+0017 
0.014 +0017 
+ 0.016 
0.017 
0.014 
0.003 
0.017 
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Frequency temperature characteristics of two 


ture measurement is better than 0.1°C, and the fre- 
quency measurement is in the order of one part in 107, 


3. EXPERIMENTAL RESULTS 


All of the quartz resonators which were used in this 
study were fabricated at least a year ago. These reso 
nators are all A7-cut and vibrated in thickness-shear 
the fifth (29 Me Their fre 
quency-temperature characteristics have been measured. 


mode at harmonic sec), 

After resonators fabricated from certain types of 
quartz are irradiated with x-rays, their frequency- 
temperature characteristics are changed. When the 
frequency-temperature characteristics of a resonator 
cease to change on additional x-ray irradiation, the 
resonator is said to be irradiated to saturation. When 
the 
sufficiently high temperature, its original frequency 


irradiated resonator is heated in an oven to a 
temperature characteristics are restored, This process 
is usually referred to as a thermal-bleaching process. 
The frequency of an A7-cut natural-quartz resonator 
is known to be unaffected by x-ray irradiation. ‘The 
result of this study shows that the frequency-tempera- 
ture characteristics of an A7-cut natural-quartz reso- 
nator are also unaffected by x-ray irradiation, Four 
natural-quartz resonators were irradiated with x-rays 
from a copper target at 40 kvp and 25 ma for 10 and 
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Fic, 2. Frequency-temperature characteristics of ‘an AT7-cut 
Brush Y-bar quartz resonator before and after x-ray irradiation 
and a natural-quartz resonator having the same orientation angle. 
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Fic. 3. Frequency-temperature characteristics of an A7-cut 
British quartz resonator before and after x-ray irradiation and 
thermal bleaching in the sequence given in the legend and a 
natural-quartz resonator having the same orientation angle. 


20 hours. The frequency-temperature characteristics of 
two resonators before and after x-ray irradiation are 
shown in Fig. 1. The resonator which has an orientation 
angle of 35°0’ was irradiated with x-rays for two 10- 
hour periods, aged for four weeks, and finally thermally 
bleached at 460°C for two hours. After each process, 
the frequency-temperature data were measured and 
plotted. Little or no change was observed in the fre- 
quency-temperature characteristics due to x-ray irradi- 
ation, aging, or thermal bleaching. 

Synthetic quartz crystals which were grown on 
different cuts of seed plates were also investigated. For 
brevity as well as for identifying the laboratories which 
prepared the quartz, A7-cut resonators which were 
fabricated from quartz grown on Y-bar seeds, Z-cut 
seeds, and C7-cut seeds will be referred to as Brush 
Y-bar quartz, British quartz, and Bell or Brush quartz, 
respectively. Since the difference between the fre- 
quency-temperature characteristics of synthetic-quartz 
resonators and those of natural quartz are known, a 
direct comparison of the frequency-temperature charac- 
teristics of one synthetic-quartz resonator and its 
39°12 AT-cuT NATURAL QUARTZ 
35°12 AT-CUT BELL SYN. QUARTZ 
SAME BLANK AFTER \O HRS X-RAY IRRAD. 

SAME BLANK HEATED AT 240°C FOR 4 HRS 
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SAME BLANK HEATED AT 410°C FOR 3S HRS 
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Fic. 4. Frequency-temperature characteristics of an AT-cut 
Bell quartz resonator before and after x-ray irradiation and 
thermal bleaching in the sequence given in the legend and a 
natural-quartz resonator having the same orientation angle. 
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Fic. 5. Frequency-temperature characteristics of an AT7-cut 
Brush quartz resonator before and after x-ray irradiation and 
thermal bleaching in the sequence given in the legend and a 
natural-quartz resonator having the same orientation angle 


corresponding natural-quartz resonator, having the 
same orientation angle, is made. Figures 2, 3, 4, 
and 5 show the frequency-temperature characteristics of 
Brush Y-bar quartz, British quartz, Bell quartz, and 
Brush quartz, respectively, before and after x-ray 
irradiation and after thermal bleaching. In these four 
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figures four common effects are observed. They are 
(1) the resonators are saturated with x-ray irradiation 
after 10 hours (copper target, 40 kvp and 25 ma 
(2) the frequency-temperature characteristics of satu 
rated resonators are the same as those of natural-quartz 
resonators having the same orientation angles; (3) the 
resonators are completely bleached between 400° and 
500°C; and (4) when the resonators are completely 
bleached, their original frequency-temperature charac 
teristics are restored. Lower bleaching temperatures 
were used, as shown in Figs. 2, 3, and 4, but complete 
restoration of the frequency-temperature characteristics 
was not obtained. 

Synthetic-quartz crystals containing aluminum or 
germanium” as the major impurity were also studied 
These crystals were prepared in the Signal Corps Engi 
neering Laboratories. One 200 ppm (parts per million) 
aluminum-doped quartz resonator was subjected to 
repeated x-ray irradiation. Its frequency-temperature 
characteristics before x-ray irradiation are plotted in 
lig. 6, represented by a solid curve in region I. This 
crystal was loaned to G. Arnold of the United States 
Naval Research Laboratory, Washington, D. ( for 
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Signal Corps Engineering 


Laboratory) quartz resonator before and after x-ray irradiation and thermal bleaching in the sequence given in the legend 
and a natural-quartz resonator having the same orientation angle 


F. Augustine and A. D 
March 3, 1955. 
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Laboratory) 
legend 


imagined by a curve drawn through the triangles (after thermal bleaching at 260°C) between —65 


quartz resonator before and after x-ray irradiation and thermal bleaching in the sequence given in the 
The frequency-temperature characteristics of a natural quartz having the same orientation angle can be 


and 40°C and 


through the crosses (after x-ray irradiation for 20 hours) between 40° and 125°C. 


optical-absorption study. He reported that the crystal 
was irradiated with x-rays from a tungsten target at 
40 kvp and 10 ma for 10 hours, then optically bleached 
with a xenon arc for 160 hours, and x-ray irradiated 
again for 10 hours. After the optical absorption study, 
the crystal was plated and canned. Its frequency 
temperature curve is shown by “X’s” in region I, 
Fig. 6. Without removing the plated electrodes, the 
crystal was x-ray irradiated (copper target) for another 
10 hours, at 40 kv and 25 ma. The crystal after irradi- 
ation was canned and its frequency-temperature curve 
is shown by closed circles in region III. This last 
frequency-temperature curve indicates that the crystal 
has been irradiated to near saturation as it is not 
changed appreciably by increasing the radiation dosage. 
It is also nearly identical to that of natural quartz 
having the same orientation angle, as shown by a 
dashed curve in region III. After the crystal was 
thermally bleached at 200°C for several hours, its 
frequency-temperature characteristics were almost re- 
stored to those obtained just prior to the last x-ray 
irradiation. This process was repeated several times 
with no marked change. Twice the irradiation time did 
not cause any further change (see the curve in region IT] 
represented by crosses). When the crystal was heated 


to 480°C for several hours, the frequency-temperature 
curve returned to that of the crystal before any x-ray, 
optical, or thermal treatment. After an additional 10 
hours of x-ray irradiation on the sample blank, the 
crystal was again saturated. Its frequency-temperature 
curve is represented by recumbent ‘7’s” in region III, 
Fig. 6. This sample blank was finally thermally bleached 
at 280°C for two hours. Its frequency-temperature 
curve was brought back to region II, just above the 
curve represented by ‘‘X’s.” 

Two quartz resonators that were doped with 100 ppm 
aluminum were also irradiated with x-rays. The results 
obtained were identical with those of the 200 ppm 
aluminum-doped quartz resonator. 

Several 3000-ppm germanium-doped quartz crystals 
were subjected to a similar sequence of x-ray irradiation 
and heat treatment. The frequency-temperature charac- 
teristics of one having an orientation angle of 35°36’ is 
shown in Fig. 7. The frequency-temperature charac- 
teristics of a natural-quartz resonator having the same 
orientation angle as the 3000-ppm germanium-doped 
quartz resonator can be represented by a curve drawn 
through the triangles (after thermal bleaching at 260°C) 
between —65° and 40°C and through the crosses (after 
x-ray irradiation for 20 hours) between 40° and 125°C. 
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It is to be noted that after 10 hours of x-ray irradiation 
of the germanium-doped crystal, its frequency-tempera- 
ture curve between —65° and 40°C has undergone its 
maximum change. Any additional x-ray irradiation 
produces the same effect as that observed in other 
types of synthetic quartz studied after thermal bleach- 
ing. On the other hand, the frequency-temperature 
curve between 40° and 125°C has not undergone its 
maximum change after 40 hours of x-ray irradiation. 
In order to obtain the maximum change of the fre- 
quency-temperature curve in this temperature range, 
it was necessary to heat the sample to 260°C for two 
hours. In this respect, the germanium-doped crystal 
cannot be considered as saturated by x-ray irradiation 
as previously defined. 


4. CONCLUSION 


All resonators fabricated from synthetic quartz except 
Y-bar quartz show a change in their frequency-tem- 
perature characteristics after x-ray irradiation. This 
change in the frequency-temperature curve is best 
represented by rotating the curve about an axis through 
the inflection temperature and perpendicular to the 
plane of the curve in a clockwise direction accompanied 
by a change of the temperature at which the maximum 
and minimum occur. The maximum temperature is 
decreased as the x-ray irradiation intensity is increased 
while the minimum temperature is increased but at a 
lower rate. The rotation of the frequency-temperature 
curve in a clockwise direction is equivalent to a decrease 
of the optimum angle.'! The translation of the maximum 
and minimum temperatures at different rates is equiva- 
lent to a change in the inflection temperature. It is 
interesting to note that the irradiation effect observed 
in the frequency-temperature characteristics of ger- 
manium-doped quartz resonators differ in two respects 
from that of the frequency-temperature characteristics 
of the synthetic quartz or aluminum-doped quartz. 
They are: (1) the germanium-doped quartz resonators 


"The optimum angle is defined as the angle at which the 
frequency excursion over a temperature range is minimum. 
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cannot be irradiated with x-rays to saturation, and 
(2) extended x-ray irradiation of germanium-doped 
quartz crystals produces a bleaching effect. 

All other synthetic quartz crystals show x-ray irradi 
ation effect in frequency-temperature curves and are 
saturated after 10 hours of x-ray irradiation. The effect 
of the x-ray irradiation can be removed by heat treat- 
ment in an oven for about two hours between 200° 
and 500°C, 

None of the germanium-doped quartz crystals that 
we have investigated can be saturated by x-ray irradi- 
ation; that is, its frequency-temperature curve cannot 
be restored to that of a natural quartz having the same 
orientation angle. This fact suggests that the ger- 
manium-doped quartz is different in crystal structure 
from that of natural quartz, synthetic quartz, or 
aluminum-doped quartz. We believe that the most 
probable explanation of the difference that we have 
found between germanium-doped crystals and other 
types of quartz crystals that we have studied is that 
germanium is incorporated into the crystal by substi 
tution, whereas aluminum and alkali-metal elements are 
incorporated into the crystal interstitially, This assump- 
tion is reasonable because aluminum is not so closely 
related to silicon as germanium; this difference is 
recognized in the periodic arrangement of the elements. 
A tentative conclusion the above is that 
the frequency-temperature characteristics of synthetic 


based on 


quartz resonators (other than those doped with ger- 


manium) can be changed to those of natural quartz by 
x-ray irradiation because any impurities in the crystal 
structure are interstitial rather than chemical. 

In the study the equivalent parameters, equivalent 
resistance, static and motional capacitance, and 0 were 
measured, The equivalent resistance and the static 
capacitance are generally increased for all quartz reso 
nators after x-ray irradiation and remain the same or 
decrease after thermal bleaching. We do not place 
much emphasis on the resistance or the capacitance 
measurement because the electrodes have to be stripped 
after thermal bleaching. 
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The series-expansion method which has been described in an earlier paper has been used to obtain 
expressions for the magnetoconductivity coefficients in the case of warped energy surfaces and low magnetic 
fields. Using the experimental values of Hall coefficient and conductivity, and assuming a relaxation time 


of the form r=le 


* where | is a temperature-dependent coefficient, € is the energy of the carriers, and A is 


a parameter which most suitably represents the scattering processes, we have calculated the magneto 
resistance coefficients in p-type germanium and silicon. The results of these calculations are used to interpret 
the experimentally derived directional magnetoresistance effects and also the variation of magnetoresistance 


with magnetic field in these materials 


I. INTRODUCTION 


N an earlier paper' we described a method for 

carrying out calculations of the statistical properties 
and galvanomagnetic effects of germanium and silicon 
which is valid for weak magnetic fields and takes into 
account the warping of the energy surfaces. In that 
paper we dealt specifically with problems related to 
the hole densities, conductivity, effective masses, in- 
trinsic carrier concentration, and Hall coefficient. We 
shall now apply similar techniques to the interpretation 
of the directional effects of magnetoresistance in p-type 
germanium and silicon and also to the variation of the 
magnetoresistance with magnetic field. 


Il. MAGNETOCONDUCTIVITY COEFFICIENTS 


The calculation of magnetoresistance requires a 
knowledge of the magnetoconductivity coefficients. 
The expressions for these coefficients which are defined 
in the manner of Abelés and Meiboom? are summarized 
in Appendix A. We need two sets of such coefficients, 
one set for the heavy holes and the other, for light holes. 
We shall assume that the total conductivity is the 
simple sum of these two contributions. For our purposes 
we shall ignore interband scattering except in that it 
may be described by a suitable energy dependence of 
the relaxation time 

Calculations of magnetoconductivity coefficients have 
been made assuming that the energy ¢ can be expressed 
as a function of the wave vector k in the following 
form’: 


(AR4[ B+ C(RZR +heke +hk2) }Yy, (1) 


2m 
and that the expressions under the radical can be 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology 

t Staff members 

'B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955 

2B. Abelés and S. Meiboom, Phys. Rev. 95, 31 (1954) 

Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954 


expanded to give 


hk? 
(A+ B’) 
2my 


k,*k,? +k,*k,” 4 My'hs" 
x} 1-7 - —t]+---}. (2) 


Here the plus sign is associated with the light holes and 
the minus sign, with the heavy holes. The k coordinate 
system is coincident with the cubic axes, mo is the mass 
of the free electrons and A, B, and C are constants 
determined experimentally*® to have the following 
values : 


A=13, B=8.7, and C=11.4; 
A=4.1, B=1.4, and C=3.7. 


For germanium: 
for silicon: 


B’ and y are defined in terms of A, B, and C in the 
following manner: 


B= (B?+3C")!, 


ei hyat : (3) 
y= ¥F4C*/B(A+B’). 


For the relaxation time 7 we have assumed the form 
r=le . 


where / is a constant and ) is a parameter which is 
chosen to represent the type of scattering. Since the 
scattering is actually due to a combination of processes, 
one needs a combination of terms. For example, when 
both lattice and impurity scattering need be considered, 
the relaxation time is given by 


1/r=1/7,4+-1/7, (4) 


where 7; and 7; are the lattice and impurity scattering 
terms, respectively. 

The method of carrying out the integrations which 
are necessary to evaluate the conductivity coefficients 
has already been described in our previous paper,' 
where expressions are given for the hole density #, 


4 Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 
®R.N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954). 
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zero-field electrical conductivity o;;, and Hall con- 
ductivity o;;: coefficients. The magnetoconductivity 
coefficients are evaluated by using the same general 
procedure. From symmetry considerations it can be 
shown that there may be a maximum of four different 
nonvanishing magnetoconductivity components for any 
cubic crystal.* Actually, however, measurements depend 
only on the sum of @ry,z and ozyz, $0 that measurements 
are determined by at most three independent param- 
eters. For the holes, whose energy surfaces are warped 
spheres centered at k=0, these become the following : 


O rere = —0.296ar7?(1—0.4295y+0.0188y2+-0.0103y4 
+-0,00249y4+-0,000474y5+0,0000857'+ ++), 

—0.213a(1—0,.2214y7+0.3838y?—0.0167y' 
+-0,00755'+-0.00066 1y°— 0.000190y8— - « - 


Trryy 


FT ayr=.148ay" (same y series aS Ozzzz), 


O ryzy = 0.213a(1— 0.05007 — 0.0469y2-+-0.00404 
—~0).00063y!+0.000114-7°+-0.0000047 8+ «+ + 
where 


me‘ exp(€,—er)/KT 
(KT) 89 (§—3r)(Aa B')}, 


h¢?(2my)! 


e, is the energy at the top of the valence band, er is the 
Fermi energy level, A is Boltzmann’s constant, T is 
the temperature, and I'(m) represents the gamma 
function. 

The number of terms in the above series that is 
necessary in any particular case depends on the value 
of the anisotropy parameter y. For the heavy holes in 
germanium, where y (= 2.1) is relatively large, terms 
above the sixth term contribute less than two percent. 

Once these conductivity coefficients have been found 
for both the heavy and light holes, the current density 
J, can be written as 


J =Z EAD pHjA rt ZijmEjMAn:::, (6) 


where the ¥ coefficients represent the sum of the in- 
dividual ¢ coefficients for the two kinds of holes, and F, 
and H, are the electric and magnetic field components ; 
respectively. Then following Abelés and Meiboom, Eq. 
(6) may be inverted to give the usual Hall and magneto- 
resistance coefficients in the inverse expansion. 


E, AyjJ ; + AijJ jit AijtmJ jH iH m + oor, (7) 
The A coefficients in Eq. (7) are determined in terms of 
the 2 coefficients by substituting Eq. (7) into Eq. (6) 
and equating terms of like orders in H. For reference 
these A’s, although already published,’ are given in 
Appendix B. 
The magnetoresistance coefficients are defined as® 


| 


(J,) 


p— po 1 | 
na | Un 
6G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951) 


(EiJi)n 


OF HOLES IN Ge 


AND Si 1531 
where p and po are the resistivities with and without 
the magnetic field. For the case in which the current 
and magnetic field are along cubic axes, examina 
tion of Eq. (7) shows that the longitudinal magne 


toresistance coefficient is 


M joo IT? (8) 


™ - 
“rerz/ 70, 


where oo=1/po, and that the transverse magnetoresist- 


ance coefficient is 


Myf® Liew /Law\' 
(9) 

7 06 ( aT) ) 
For the transverse case superscripts on the magneto 
resistance coefficient denote the magnetic-field direction 
and the subscripts the current direction.’ The coefh- 
cients for directions other than cubic may be found by 


transforming the 2’s to other coordinates. In this 
manner we find, for example, that 


M i10 I 
(LeszetZeewt (LaystZavsy) J; 


IT? 200 
M 310'” 1 


s ’ 
“irri f —rryy 


( ys 


Lays tla) | 


IT’ 205 


y 2 
wt Lik 
( ) ,? CER 
ay 
and in general, independent of specific model, M yoo'’/ H? 


= M 110° /H?. 
III. COMPARISON WITH EXPERIMENT 


The experimental data available at the present time 
for comparison with theory are somewhat limited, 
particularly in the region of low fields for which the 
theory is most suitable. Consequently, we shall compare 
the results of our analysis with the measurements 
reported by Pearson and Suhl® on p-type germanium 
at 77°K and 300°K and with the data of Pearson and 
Herring’ on p-type silicon at 78°K. 

Let us consider the magnetoresistance coefficients in 
germanium. As indicated previously, these coefficients 
depend strongly on the relaxation time 7. Assuming 
that r=/e~, it is evident that for calculations one needs 
to know four quantities, namely / and \ for the two 
kinds of holes. The simplest assumption that can be 
made concerning the relaxation time is that it is inde 
pendent of energy and the same for both the light and 
heavy holes. One might use this as an approximate 
representation of the situation at 77°K where actually 
the scattering consists of both lattice and impurity. 
In order to determine a suitable value of 7 for describing 
the situation, the relaxation time was determined by 
matching the largest coefficient, namely M joo°!®/H’, 
with the experimental data; this gave a value for 


1G. L. Pearson and C, Herring, Physica 20, 975 (1954). 
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Tanz I. Summary of low-field magnetoresistance 
calculations in germanium at 77°K. 


Light hole, 
impurity 
Energy scattered. 
Experimental independent Both holes Heavy hole, 
(Pearson relaxation impurity lattice 


Coefficient and Suhl) times scattered” scattered 


(M ioo/H*) X108 0.144 0.093 0,098 0,096 
(Miie/H*) X108 2.0 3.25 3.95 3.49 
(M voo*/ 11?) K108 30.4 30.4 30.4 30.4 
(M ioe! */H1*) X10" 27.0 27.4 27.0 27.0 
Re X108 44 2.95 2.2 2.1 


ri mrn @103 X10 see 
birt @4.0 X10 gec, 77 —4.9 X10 gex 
7, @4.7 K10°4 wec, Fu @ 0.46 X10 wee 
6 See reference 2, Table II 


r= 1.0310"? sec. Using this value of relaxation time, 
the other coefficients were calculated. The results are 
given in Table I; it is seen that the fit in this case is 
reasonable and that semiquantitatively the anisotropy 
features of the magnetoresistance coefficient are fairly 
well described. Included in Table I are results for other 
assumptions concerning the type of scattering. In these 
cases it is assumed that the relaxation times for the two 
holes are not necessarily equal. In order to obtain the 
appropriate values of relaxation parameters the theo- 
retical expressions for the two transverse magneto 
resistance coefficients are equated to the experimental 
values. This was the scheme utilized when impurity or 
lattice scattering was the principal mechanism for either 
one or both carriers. The energy-independent scattering 
time which in essence is a phenomenological approxima- 
tion to the true situation seems to give a slightly better 
description than the others when only one type of 
scattering is considered for each of the holes. 

In Table II we give a comparison between theory and 
experiment for germanium at 300°K. Following the 
argument proposed by Brooks* we have assumed in the 
case of lattice scattering that the relaxation time for 
both holes is the same. We have for purposes of com- 
parison also used an energy-independent relaxation 
time. Both sets of calculations again account semi- 
quantitatively for the anisotropy, with lattice scattering 
as one might expect giving a better value for Ro, the 
Hall coefficient. 


Tae Il. Summary of low-field magnetoresistance 
calculations in germanium at 300°K. 


Energy 
independent 
relaxation 
time 


Both holes 
lattice 
scattered* 


Experimental 
(Pearson 

Coefficient and Suhl) 
(M00/H*) x 10° 0.04 0.004 0.004 
(Miyo/H*) x 10° 0.21 0.12 
(M iooe?*/H*) 108 1.3 1.3 
(M i10!®/H*) & 108 1.3 Bf 
Ro X106 8.4 & 


*7_ 7H =1.51 X10 sec 
Dep mrn 2.11 X10" sec 


*H. Brooks, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. VII, p. 152. 
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We have made a similar comparison for silicon at 
78°K; the results are given in Table III. Without a 
knowledge of the Hall coefficient, it is difficult to calcu- 
late the scattering parameters for each of the carriers 
separately. Partly because of this and partly because of 
the experience in germanium where it was possible to 
make calculations and the 7’s came out nearly equal, 
we have made the simplifying assumption that even 
for the impurity case the average relaxation times for 
light and heavy holes are equal. Here again the most 
suitable value for the relaxation time was obtained by 
equating the experimental value of M io0"!°/H? to the 
theoretical expression. We have obtained again fairly 
good semiquantitative agreement between theory and 
experiment with a slightly better fit for the assumption 
of an energy-independent relaxation time. 

Pearson and Suhl also give the variation of magneto- 
resistance with magnetic field and this variation for the 
coefficient M jo0°°/H? at 77°K is given in Fig. 1. It is 
seen that M jo0!°/H? starts out at some value at H=0 
and then decreases, finally leveling off when the mag- 
netic field reaches about 4000 oersteds. At low fields 
both the light and heavy holes are effective in the 
magnetoresistance. As the field increases the light holes 
move in tighter orbits and their contribution to the 
magnetoresistance decreases. We have made calcula- 
tions of the changes in the transverse magnetoresistance 
coefficient with magnetic field considering that this 
change is due primarily to the light holes. In our first 
calculation we assumed spherical energy surfaces for 
the light holes and for both holes a constant relaxation 
time r= 1.03 107? sec (the value used in the calcula- 
tion of Table I). This value of 7 gave the curve labeled 1 
in Fig. 1. A better fit (curve 2) was obtained by choosing 
a lower value for r(=0.88X 10~'? sec). The third curve 
(curve 3) shows the effect of an approximate calculation 
which considers the slight warping of the energy surfaces 
of the light holes (r=0.88X 10~"? sec). It will be‘noted 
that the warping of the light hole effects primarily the 
low-field end of the magnetoresistance curve, the high- 
field end being determined principally by the heavy 
holes. 

Calculations of M o0°!®/H? as a function of the mag- 
netic field have also been made assuming constant 7 for 
the light hole and either lattice or impurity scattering 


TABLE III. Summary of magnetoresistance calculations 
in silicon at 78°K. 


Experi- 
mental 
Pearson and 
Herring 
(B = 4400 
gauss) 


Energy 
independent 
relaxation 
times® 


Both holes 
lattice 
scattered 


Both holes 
impurity 
Coefficient scattered» 
(M 100/H*) X10 0.5 0.018 0.012 0.014 
(M i10/H*) X10° 0.5 0.44 0.3 0.35 
(M ve /H*) K 108 1.6 1.6 1.6 1.6 
(M ve /H*) K 10° 2.0 1.6 1.6 1.6 


*r, 7H =7.7 X10" sec. 
>bF_ =FH =2,.63 X10™ sec, 
* 7. =Fn =5,14 X10 gec, 
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for the heavy hole, which throughout this range of 
magnetic field is in the low-field region. The results in 
either of these two cases, however, were not as good as 
the case where an energy-independent + was assumed 
for the heavy hole. This seems to indicate that the 
scattering is due actually to a combination of mecha- 
nisms where the relaxation time is given as in Eq. (4). 
Assuming that the heavy holes are scattered mainly by 
the impurities but with some small contributions from 
the lattice, the expression for the relaxation time 
becomes 


r=Ie!— (12/1). (11) 


Curve 4 in Fig. 1 is a plot of the results by assuming 
values for /; and 1; which give #;= 1.03 10~" sec and 
7,= 1.43 10~" sec for the heavy holes, and spherical 
energy surfaces and constant r= 1.05 10~"* sec for the 
light holes. It is seen that curve 4 gives the best fit to 
the experimental data. The assumption of energy- 
independent relaxation time for the light hole is only 
an approximation. A more exact representation for the 
light holes would be to assume that they are partly 
impurity and partly lattice scattered and to include the 
warping which although small is quite important as 
may be seen by a comparison of curves 2 and 3. Such 
a calculation may give a good quantitative agreement 
with experiment but is quite formidable and we have 
not attempted it. 

The variation of magnetoresistance with magnetic 
field at 300°K is also given by Pearson and Suhl. Their 
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Fic. 1, Variation of the transverse magnetoresistance coefficient 
with magnetic field at 77°K in Ge. Points are taken from data of 
Pearson and Suhl. Curves are obtained from our calculations and 
are labeled (1), (2), (3), and (4). (1) Spherical energy surfaces for 
light holes, warped energy surfaces for heavy holes, and energy- 
independent relaxation time (r=1.03X10" sec) for both. 
(2) Spherical energy surfaces for light holes, warped energy 
surfaces for heavy holes, and energy-independent relaxation time 
(r=0.88X 10" sec). (3) Warped energy surfaces and energy 
independent relaxation time (r=0.88X10™" sec) for both light 
and heavy holes. (4) Spherical energy surfaces and energy 
independent relaxation time (r= 1.0510" sec) for light holes, 
but warped energy surfaces with impurity scattering (7;= 1.03 
10-4 sec) and some lattice contribution (7;=1.43K10~" sec) 
for the heavy holes. 
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Fic. 2. Variation of the transverse magnetoresistance coefficient 
with magnetic field at 300°K in Ge. Points are taken from data of 
Pearson and Suhl. Curves are obtained from our calculations and 
are labeled (1), (2), and (3). (1) Spherical energy surfaces for 
light holes, warped energy surfaces for heavy holes, and energy 
independent relaxation time (r=2.29K10°" sec) for both 
(2) Spherical energy surfaces and lattice scattering (7=1.89 
X10-" sec) for both. (3) Spherical energy surfaces for light holes, 
warped energy surfaces for heavy holes, and lattice scattering 
(7 = 1.64 107 "* sec) for both 


experimental points along with three calculated curves 
are shown in Fig. 2. Curve 1 was obtained by assuming 
an energy-independent relaxation time r= 2.29 10~™" 
sec, spherical energy surfaces for the light holes and 
warped energy surfaces for the heavy holes. Using the 
expressions of Willardson, Harman, and Beer,’ i.e., 
assuming lattice scattering and spherical energy surfaces 
for the two types of holes with 7=1.89X10~™ sec, 
curve 2 was found. Curve 3 shows the results for the 
assumption of spherical energy surfaces for the light 
hole, warped energy surfaces for the heavy hole, lattice 
scattering for both holes, and 7= 1.64 10~-" sec. It is 
seen that curve 3 gives the best fit to the experimental 
points. 
IV. DISCUSSION 


We have calculated the directional effects of magneto- 
resistance in p-type germanium and silicon by assuming 
anisotropic energy surfaces, whose parameters were 
determined from microwave cyclotron resonance meas 
urements at 4°K and by making simplifying assump- 
tions about the scattering mechanisms. Thus, we have 
been able to account semiquantitatively for the ani- 
sotropy in the magnetoresistance. At 77°K in both 
germanium and silicon an energy-independent relaxa 
tion time gave a good approximation to the true 
situation. This may be fortuitous since for these ma 
terials in this temperature range the energy dependence 
due to lattice scattering (7;=/e~') and impurity 


* Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954) 


” This assumed energy dependence gives the mobility w~7T ** 
Since experimentally w~7"** in the lattice-scattering region, this 
assumed energy dependence is not strictly correct. H. Ehrenreich 
and A. W. Overhauser [Phys. Rev. 104, 649 (1956) ] are able to 
account for the correct temperature dependence in germanium by 
including optical as well as acoustical modes if they assume a 
Debye temperature 6= 300°K 
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scattering (7;=/e!) may compensate one another. In 
principle one should really consider a combination of 
impurity and lattice scattering for each of the carriers; 
this, however, is a tedious calculation and was not our 
immediate objective. Similar calculations in p-type 
300°K were carried out lattice 
scattering providing a slightly better fit than constant 7 
as one might expect. 

Using the assumptions discussed above, we have also 
calculated the variation of magnetoresistance with 
magnetic field at both 77°K and 300°K in germanium. 
At 77°K we found the best fit by assuming an energy- 
independent relaxation time for the light holes, a mix- 
ture of impurity and lattice scattering for the heavy 
holes, and that the change in the magnetoresistance 
with magnetic field is due primarily to the light holes. 
A good fit at 300°K was obtained on the assumption 
of lattice scattering for both types of holes. In most of 
these calculations of the variation of magnetoresistance 
with magnetic field we have assumed spherical energy 
surfaces for the light hole. This introduces an error at 
very low fields. Even though the warping of the light 
holes is small, neglecting it in germanium lowers the 
transverse magnetoresistance in the limit of zero field 
by about fifteen percent. 

The one disturbing feature of these calculations is 
that the calculated values of the longitudinal coefficient 
M \o/H* are consistently lower than the experimental 
values both for germanium and silicon. Similar results 
have been found for germanium by Goldberg, Adams, 
and Davis.'' As the temperature increases the agree- 
ment is less satisfactory. We have also made com- 
parisons with recent experimental results of Long!’ on 
higher resistivity silicon in which all the coefficients 
give good agreement again with the exception of 
M oo/H*. As can be seen from an examination of 
Eqs. (5) and (8), it is the longitudinal magnetoresistance 
coeflicient along a cubic axis which is most sensitive to 
anisotropy since its leading term goes as y’. The 
difficulty here is that magnetoresistance is really a 
measure of ratio r/m rather than the mass m, or 
curvature of the energy surfaces, so that one is not 
really able to separate the anisotropy of the scattering 
from that of the energy surfaces. In other words, we 
may have an anisotropy in the scattering as well as in 
the energy surfaces. Apparently the anisotropy of +/m 
is increasing with temperature. 

The significance of the calculations carried out in 
this paper is the fact that one can semiquantitatively 
account for the anisotropy of the magnetoresistance in 
p-type germanium and silicon by using the parameters 
which define the degenerate warped energy surfaces. In 
this instance we have used the results of cyclotron 
resonance measurements to demonstrate the situation. 


yermanium at with 


"' Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957) 
"G. D. Long (private communication) 
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However, in principle, one could perform similar calcula- 
tions from magnetoresistance data on new materials 
with the zinc blende structure, when cyclotron reso- 
nance experiments are not feasible, and determine the 
parameters of the energy surfaces within the limitations 
of the theory. 
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APPENDIX A. CONDUCTIVITY COEFFICIENTS 


The single-energy-surface conductivity coefficients 
are defined in the following manner : The current density 
ji per energy surface may be expressed as 
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In the above, 7 is the relaxation time, fo is the unper- 
turbed distribution function, ¢ is the energy, dV; is an 
element of volume in k space, and the remaining symbols 
have their usual meaning; the Einstein summation 
notation is used. 


where 


Fijl 


APPENDIX B. MAGNETORESISTANCE 
COEFFICIENTS 


The magnetoresistance coefficients obtained by sub- 
stituting Eq. (7) into Eq. (6) and equating like orders 
in H, but neglecting terms higher than H7?, are 
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Electron Spin Resonance of F Centers in Magnesium Oxide; 
Confirmation of the Spin of Magnesium-25* 
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An electron spin resonance (ESR) spectrum induced in magnesium oxide crystals by pile irradiation has 
been interpreted as arising from F centers. After an oxide ion is displaced from its normal position by 


neutrons, an electron donated by ever-present divalent impurities may become trapped at the vacancy 
centers having only Mg* and Mg** neighbors give a single ESR line with ¢ 
more Mg* neighbors give hyperfine patterns corresponding to the nuclear spin value of § 


Those 
y= 2.0023, while those with one or 
Che magnitudes of 


the isotropic and anisotropic parts of the hyperfine interaction show strong localization of the electron in the 


vacancy. 


BUNDANT evidence has been adduced by elec- 
tron spin resonance (ESR) measurements to 
substantiate the model of the F center in alkali halides 
as an electron trapped at a negative-ion vacancy.'™ In 
a remarkable application of the double-resonance tech- 
nique, Feher resolved the hyperfine structure of the 
(inhomogeneously broadened) F-center ESR line to 
display components arising from successive shells of 
alkali and halide ions.‘ In MgO the spectrum should be 
simpler since the only abundant (10.11%) isotope of 
nonzero spin is Mg”®. Since 53% of all magnesium ion 
octahedra should have only Mg” and Mg” (J=0), one 
should see a single narrow line for an electron in a 
negative-ion vacancy with such an environment. There 
are also centers with one or two Mg”® ions around the 
negative-ion vacancy, and these should give a six- or an 
eleven-line hyperfine pattern centered upon the strong 
component. Such centers constitute, respectively, 36 and 
10% of the total number. 

One might hope to see the electron spin resonance 
absorption of such centers in crystals of magnesium 
oxide heated in magnesium vapor or subjected to 
ultraviolet or x-irradiation. Experiments begun in 1953 
have failed to show lines attributable to / centers from 
such treatments.® Instead, one sees the effects of electron 
exchanges between the ever-present impurities of the 
iron group, which can exist in either the (+2) or the 
(+3) states.® The trivalent form may be accompanied 
by appreciable concentrations of posilive-ion vacancies,’ 
but we infer that the number of negalive-ion vacancies is 
usually very small. The density of negative-ion vacancies 
should be enhanced by neutron bombardment. After 
pile irradiation, Weeks and Silsbee noted a strong peak 


* This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research 

t Oak Ridge National Laboratory is operated by Union Carbide 
Nuclear Company for the U.S. Atomic Energy Commission 

1C, A. Hutchison, Phys. Rev. 75, 1769 (1949 

2 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 

3A. M. Portis, Phys. Rev. 91, 1071 (1953 

*G. Feher, Phys. Rev. 105, 1122 (1957). 

5J. L. Vivo, Ph.D. thesis, University of 
(unpublished 

® Wertz, Vivo Acrivos, and Auzins (to be published) 
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surrounded by apparently eight satellites, symmetrically 
but not uniformly spaced about the central line.’ The 
central line was observed independently at Oxford." 

In a subsequent study, two groups of crystals were 
subjected to an irradiation of 1X10" and 3X10" 
neutrons/cm*, respectively. The central line for each of 
these is isotropic within the accuracy of our measure 
ments and has a spectroscopic splitting factor g equal 
to 2,0023+0,0001. With the magnetic field applied 
perpendicular to a [100] axis, rotation of the crystal 
about this axis gives one set of six lines which is station 
ary and two other sets of six lines which vary in position, 
The splitting d of each of the three sextets as a function 
of orientation is given by: 


d= 4.00+-0,.47 (3 cos’?0— 1) gauss. 


Here @ is the angle between the field and the cubic axis 
[100], [010], or [001] appropriate to the particular 
sextet. The maximum deviation of observed separations 
from the values given by this equation is 0.1 gauss. The 
extreme separations of outermost members of a sextet 
vary between 17.6 and 24.7 gauss. We assume these 
values to correspond to angles of 90 and 0 degrees, re 
spectively, between the magnetic field and the symmetry 
axis for one Mg®® in an octahedron surrounding a 
negative-ion vacancy. Gourary and Adrian express the 
hyperfine interaction in F centers in terms of an iso 
tropic and a dipolar contribution, the latter containing a 
(3 cos’*?—1) factor.’° Feher observed a similar depend 
ence of the hyperfine lines from F centers in KCI.4 

As expected, the three sextets coincide when the 
magnetic field lies along a unit cube body diagonal 
({111 | axis). The ESR spectrum for this orientation is 
shown in Fig. 1, together with a sketch of the expected 
spectra for F centers with 0, 1, and 2 Mg** neighbors. 
The location and the uniformity of spacing and intensity 
of the members of the sextet are in satisfactory agree 
ment with expectation. 

One notes in Fig. 1 a number of extra lines half-way 

*R. A. Weeks and R. H. Silsbee, Oak Ridge National Labora 
tory ORNL-2188, 1956 (unpublished), p. 102 


*B. Bleaney (private communication 


” B.S. Gourary and F. J. Adrian, Phys. Rev. 105, 1189 (1957) 
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INTENSITY Mg”? Neighbors 


\ 2 


Fic. 1. The derivative of the electron spin resonance absorption 
spectrum of an electron trapped at a negative-ion vacancy 
(F center) in MgO. The trace shows a central component due to a 
trapped electron surrounded only by Mg and Mg** ions. With the 
magnetic field along a [111] axis there is a uniform sextet from 
centers with one Mg* neighbor. Some of the set of eleven lines 
from centers with two Mg™ neighbors are also seen. The expected 
spectra are shown below 


between some of the sextet components. Figure 2, taken 
(at the same orientation) at higher gain, shows these as 
well as a resolved set of two lines at either end of the 
sextet spectrum. Assuming a central line to coincide 
with the strong unsplit component, one has a set of 
eleven lines with a span just twice that of the coincident 
sextets. For other orientations, one would expect a large 
number of lines from centers having two Mg” neighbors, 
the spectrum depending both upon the location of these 
two ions relative to one another and upon the field 
direction. We are not optimistic about the possibility of 
experimentally resolving these lines for arbitrary 
orientations. 

When the magnetic field is along a [111] axis, the 
relative intensities of the components of the total 
F-center spectrum are in reasonable agreement with the 
predicted values. For unit intensity of the central line, 
one should have an intensity of 0.11 for the sextet lines 
and 0.0052n for the group of eleven lines, where 
n=1, 2, 3, 4, 5, 6, 5, ---1. This increase in intensity 
from the outer to the central components is very 
fortunate, for the weakest lines occur outside the sextets, 
while the strongest observable ones are on the tails of 
the intense central component. 

The number of F centers produced in the crystal 
whose F-center ESR spectra are shown was about 
1.4 10"/cm*. This value was obtained by comparison 


/ 


WEEKS, 


AND SILSBEE 

of the area under the (integral) absorption curve shown 
in Fig. 3(a) with that for 267 micrograms of the free 
radical diphenylpicrylhydrazy! shown in Fig. 3(b). This 
concentration corresponds to one F center produced for 
every 5.7 incident neutrons. The maximum concentra- 
tion of negative-ion vacancies producible in MgO by 
irradiation and their fractional occupation by electrons 
are to be the topic of further study. This system repre- 
sents an unusually favorable one for observing in com- 
parable environments the interaction of an unpaired 
electron with one or two nuclei. The observed hyperfine 
patterns definitely confirm the nuclear spin of $ for 
Mg”, in agreement with the prediction of the shell 
model. Ramsey had considered that this value was not 
fully established from an experimental standpoint." 
The value § had been inferred from application of the 
interval rule to optical hyperfine spectra.” 

All of these lines are easily saturated at room temper- 
ature in crystals having a low impurity content. This 
behavior would be expected for a center with g= 2.0023 
and a weak coupling with the lattice. At 9200 Mc/sec, 
with a microwave power of 0.3 mw, we have observed 
line widths (between points of maximum slope) to be 
the same for all measurable components. These widths 
have ranged from as low as 0.7 gauss in some crystals to 
0.9 gauss in others. Further studies of the relaxation 
behavior of this system are being undertaken. 

We take these data to confirm the correctness of the 
assignment of the ESR lines as due to F centers. A 
parallel study of electron spin resonance and optical 
absorption of / centers is under way and is expected to 
provide more detailed information. 





HFS FROM TWO “5Mqg IONS 


Fic. 2. At high gain the system of Fig. 1 shows ten of a set of 
eleven lines arising from an F center with two Mg*® neighbors. 
Some extraneous lines of other origin appear at the left, causing 
several lines to appear unduly intense. 


4 N. F. Ramsey, Nuclear Moments (John Wiley and Sons, Inc., 
New York, 1953), p. 79. 

” Crawford, Kelly, Schawlow, and Gray, Phys. Rev. 76, 1527 
(1949). 
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(b) 


Fic. 3. (a) Derivative (above) and integral ESR absorption 
curve (below) for the F center in MgO. The field is oriented along a 
[111] axis. (b) Integral (above) and derivative (below) ESR 
absorption curves for 267 wg of the free radical diphenylpicryl 
hydrazyl taken under the same experimental conditions as (a). 


The experimentally observed hyperfine interaction 
gives a severe test of theoretical ¥-center wave functions 
and can also serve to give useful qualitative information 
about the F center. The isotropic part of the hyperfine 
interaction implies a value of the square of the wave 
function at the Mg nucleus of |~(Mg) |?=0.276 10" 


cm™~* to be compared with the value |W(K) |*= 0.70% 10" 
cm™ for the F center in KCI.’ These values are to be 
contrasted with the free ion and atom values of 
\W( Mgrs) |?= 17.1 10% cm~*, and |W(Ky) |?= 7.5 10" 
cm“? These results clearly indicate the increased 
localization of the electron in the vacancy for the case of 
the oxide, due presumably to the larger Madelung 
energy in the divalent crystal. 

The anisotropic part of the hyperfine interaction may 
be interpreted, with more justification than is at first 
apparent, as the sum of a contribution from the dipolar 
interaction of the nucleus with a spherical dipole dis 
tribution centered on the vacancy, and a contribution 
from the p character of the F-center wave function very 
near the nucleus. The observed anisotropy corresponds 
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to the interaction of the nuclear moment with a moment 
of magnitude /@at the center of the vacancy with f= 2.5, 
and # the Bohr magneton. The dipolar interaction with 
the spherical charge distribution gives a computed / 
which is the fraction of the F-center charge included 
within a sphere of radius equal to nearest neighbor 
distance. This f must be less than one and this term 
cannot account for all of the observed anisotropy. As- 
suming the p character of the wave function near the 
Mg nucleus to be described approximately by an atomic 
3p function” with coefficient 6, the second contribution 
to the anisotropy may be expressed as an effective /, 
fap? : 4d*(1 iy 3 pb? 29.6b*. 


An LCAO (linear combination of atomic 
6 


> (avast bWsyp) was 
i=l 

considered, with the coefficients a and 6 chosen to give 
the correct normalization and isotropic hyperfine inter- 
action. These conditions were satisfied with the choices 
a=0.121 and b=0.146. The anisotropic hyperfine inter- 
action calculated with this wave function was one-half 
of the observed value. 

This disagreement is not surprising. First, the LCAO 
function is not orthogonal to the Mg core functions’ and 
hence cannot represent the true F-center function. 
Orthogonalization of this function to the cores, however, 
is expected to make the agreement worse rather than 
better. The principal reason for the disagreement is 
suggested by the large values of the overlap integrals. 
The LCAO approximation might be reasonable if the 
F-center electron spends most of its time near the Mg 
ions. However, in the normalization integral only 20% 
of the integral is from one center integrals and the 
remaining 80% is from overlap integrals. Hence the 
electron spends most of its time in the vacancy where 
the LCAO wave function cannot be expected to be 


orbitals) 


wave function of the form Wr 


appropriate. 

Note added in proof. 
center spectrum in MgO crystals heated in magnesium 
vapor and subjected to prolonged irradiation with 
50-kv x-rays. Rapid quenching of thin (0.2 mm) plates 
of MgO in water after heating to 1500°C has been found 
to provide enough negative ion vacancies so that sub 
sequent x-irradiation gives F centers. Alternatively, one 
may use 2537 A radiation instead of x-rays after quench 
ing. As a stringent test of identification of the central 


Recently we have found an F 


F-center line, the quenched crystal was ground to a 
powder. Addition of a good crystal showing F centers 
gave a combined ESR line of the expected amplitude 
with no apparent broadening. 
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Glycine silver nitrate, NHeCH,COOH - AgNO,, is ferroelectric below 


55°C. At —195°C the spontaneous 


polarization is 0.55 10~* coulomb/cm*, and the coercive field is 740 v/cm. The transition appears to be of 
second order. A differential thermal analysis does not reveal a specific heat anomaly. No dielectric anomalies 


appear between 4°K and 


55°C. The spontaneous polarization here, as in triglycine sulfate and isomorphs, 


is attributed to disturbance of the planarity of the glycine ion by the crystalline field. 


ATTHIAS et al.' discovered ferroelectricity in tri- 
glycine sulfate, (NH»CH»COOH),;:-H»SO,, and 

the isomorphous selenate, and Pepinsky ef al.’ prepared 
the corresponding fluoberyllate and found it to be 
ferroelectric as well. The structure of triglycine fluo- 
beryllate has subsequently been determined, and it is 
found that in the high-temperature phase (space group 
P2,/m) the glycines are disposed so that in each asym- 
metric unit of the cell there is one glycine in a mirror 





! 


~150 “100 


TEMPERATURE, °C 


Fic. 1 


Spontaneous polarization Ps of glycine silver nitrate 
measured along 6 axis, as a function of temperature 


TEMPERATURE, % 


}. 2. Dielectric constant « of glycine silver nitrate, as a function 
of temperature. 


* Research supported by contracts with the Air Force Office of 
Scientific Research and the Signal Corps Engineering Laboratory 

' Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956) 

* Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. IT, 2, 220 
(1957) 


plane, two glycines mirrored across the plane, and an 
SO, group astride the mirror plane. The spontaneous 
polarization is a consequence of a slight departure from 
mirror symmetry, below the Curie point. 

One would anticipate that a strictly coplanar arrange- 
ment of the C, N, and O atoms in glycine could readily 
be disturbed in a crystalline field, and as a consequence 
of the behavior of the triglycine sulfate series, it seemed 
worthwhile to prepare crystalline derivatives of various 
organic ions, the symmetries and dipolar characters of 
which might be altered by changes in crystalline fields, 
and to examine these dielectrically. 

Glycine silver nitrate, NH»CH,»,COOH -AgNOs, crys- 
tallizes with monoclinic symmetry, space group P2;/a, 
with cell constants a=5.53 A, b=19.58 A, c=5.51A, 
8= 100°. The density is 2.83 g/cm’, and there are four 
molecules per cell. Cleavage is perfect perpendicular to 
the a axis, and good perpendicular to c. Large, water- 
clear plate-like crystals were obtained in the dark from a 
saturated aqueous solution of stoichiometric amounts of 
glycine and silver nitrate, by the slow introduction of 
ethyl alcohol vapor. 

Dielectric examination of these crystals immediately 
revealed a ferroelectric transition at — 55°C. The spon- 
taneous polarization as a function of temperature, from 
room temperature to that of liquid nitrogen, is shown in 


18 0 


TEMPERATURE. °C 


Fic. 3. Coercive field £, of glycine silver nitrate along b axis, as a 
function of temperature. 
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GALVANOMETER 


20 
TEMPERATURE, °C 
Fic. 4. Differential thermal analysis: glycine silver nitrate 
compared to methylammonium aluminum sulfate alum (MASD) 
Ordinate=galvanometer deflection, in arbitrary units. Vertical 
dashed line indicates temperature of dielectric anomaly of glycine 
silver nitrate. 


Fig. 1; Fig. 2 shows the dielectric constant vs tempera- 
ture curve; and Fig. 3 gives the variation of coercive 
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SILVER NITRATE 1539 
field with temperature. ‘The spontaneous polarization is 
0.55 10~* coulomb/cm? at 195°C. The behavior of the 
spontaneous polarization as a function of temperature 
suggests that the transition is of second order. The 
195°C is 740 v/cm, and this field 
drops as the Curie temperature is approached, in a 
$ 


coercive field at 


manner suggestive of the behavior of triglycine sulfate. 
No dielectric anomalies appear between —55°C and 
4°K. 

The result of a differential thermal analysis is shown 
in Fig. 4. Methylammonium aluminum sulfate alum is 
used as reference material. If a thermal anomaly exists 
in glycine silver nitrate, its magnitude is less than the 
experimental error. 

An x-ray examination of the structure, both above 
and below the Curie point, is in progress. 


§3Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. (to be 


published 
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Remarks on Zener’s Classical Theory of the Temperature Dependence 
of Magnetic Anisotropy Energy 
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The temperature dependence of the first anisotropy constant for nickel is calculated by averaging the 


local anisotropy energy over a Langevin function 


curve is obtained for 7/@>0.3 


An estimate has been made of the variation of the local anisotropy constant with changes 


CCORDING to Zener’s theory! the macroscopic 
anisotropy energy, 


a 


K 1 (ay*a2? + @92a13? +3223") + + * «, 
of a cubic ferromagnetic crystal is the average of a local 
anisotropy, 


Cmag ky (ary*ar9” t ay*a;” + 3°1;") + alas 


which for any particular magnetic spin moment results 
from the interaction with the orbital moments of its 
neighbors, the average taken over the whole distribution 
of spin orientations corresponding to a given tempera- 
ture. Zener assumes k; to be constant [k;= K,(0) | and 
uses for representation of spin deviations a random- 
walk function of the form 


Z iAt23 
3 ca 


T,(0) 
*, Zener, Phys. Rev. 96, 1335 (1954 


n(nm+1)/2 
R(@) P,,(cos8), 


Reasonably good agreement with the experimental 
in volume 
which is a solution of the diffusion equation and is 


determined such as to give the correct average (cos@) 
I,(T)/1,(0). Thus Zener obtains 


K(T)= K,(0){1,(7)/1,(0)), 


a result which fits excellently to the experimental curve 
for iron, but fails completely in the case of nickel where 
one finds approximately K,(7)= K,(0){7,(7)/1,(0)}". 








Fic. 1 dependence of energy in Fe 


and Ni and 
distributed spins LEq. (1) ] 


\ 


Pemperature anisotropy 


(experimental) theoretical curve for Boltzmann 
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Since one cannot see any reason why the proposed 
model should hold for iron only, the writer supposes 
that the assumption k,= constant and the choice of the 
distribution function R(6) should be responsible for the 
failure of Zener’s theory in nickel. 

Now, first of all one has to point out that with a 
constant k,; any distribution function gives for small 
temperatures K,(T) = K,(0)({1,(7)/1,(0)}"®. For a proof 
of this fact, which does not need to be given here, the 
writer is indebted to Professor Zener. Only the random 
walk function, however, seems to yield the tenth power 
of 1,(T)/I,(0) for all temperatures up to the Curie 
point. If instead of the random walk function one 
inserts the conventional Boltzmann distribution 


jal.(7) 
| 


{(0)=c exp 


cos sind, 


)(;) 
T,(0) \? 
«(MY w 
I,(T) 


(Fig. 1), where @ is the Curie temperature and where, 
according to the Langevin-Weiss formula, 

30 1,(T) T I,(0) 
coth( ) ; 

T I,(0) 30 1,(T) 
Kquation (1) decreases at small 7 @’s like 
{/,(T), 1,(0)}", but becomes steeper at elevated tem- 
peratures and fits well to the experimental nickel curve 
for 7 6>0.3. If one inserts in Eq. (1) experimental 
values of /,(7)/7,(0), one obtains yet smaller values of 
K,(T) K,(0). Altogether this shows that the result of 
treating the Zener model depends decisively on the 
choice of the spin distribution function. 

Rebus sic stantibus, it seems desirable now to try 
quantum-statistical spin distributions which, as is well 
known, yield much better temperature curves of satura 
tion magnetization than classical distributions like 
Eq. (2). But such an attempt encounters considerable 
difficulties. One obtains the best J, vs T curves for j=}, 
i.e., one Bohr magneton per atom. Since in this case 
there are only two spin orientations, one parallel to the 
direction of spontaneous magnetization and one anti- 
parallel, Zener’s model gives no temperature dependence 
of anisotropy energy at all, because émsg is equal for 
both orientations. This seems to indicate that quantum- 
statistical distributions are not adequate for a treat- 
ment of our model. This does not necessarily contradict 
the fundamental concepts of the model. The fact that 


one obtains 


107 35 T 
K\(T)/K,\(0)=1 t (1 
360 9 6 


I(T) 
(2) 
T,(0) 


also 


just the case j= 4 gives the best saturation curves for 
nickel and iron, though neither in nickel nor in iron is 


the number of Bohr magnetons per atom one, but 


BRENNER 


rather 0.6 and 2.2, respectively, makes the assumption 
of discontinuous distributions of spin orientation doubt- 
ful in general. The assumption that an atomic magnetic 
moment in a field can assume only a limited number of 
orientations with respect to the direction of the field, 
holds rigorously only for free atomic moments, for 
example those of gas molecules. In analogy to the 
electronic energy levels, however, which broaden when 
atoms are brought together to form a crystal lattice, 
it should be possible that the orientation ranges of the 
atomic magnetic moments broaden too as a consequence 
of exchange and spin-orbit coupling with the neighbors. 
They may even form a quasi-continuum. The often 
successful application of Dirac’s exchange-energy ex- 
pression, 


E,=A > (8;-%&), (3) 
i,k 


e.g., in the theory of domain walls, emphasizes the 
assumption that—more than is hitherto usual—Eq. (3) 
may be considered not only as an operator but in a 
sufficient approximation as the real value of the ex- 
change interaction energy for any angle between 8; 
and s;. Then one has a lattice of magnetic spin moments 
which are coupled to one another by a sort of elastic 
binding and perform oscillations at raised temperature. 
This gives a picture of spin waves, not in the somehow 
abstract sense hitherto convenient, but spin waves as 
wavelike deviations of spin orientation. A ‘Debye 
theory” of these spin lattice oscillations with all its 
consequences (e.g., a zero-point oscillation at T=0) 
has not yet been developed. 

Such a theory may reveal structure-dependent differ- 
ences between the spin distributions of body-centered 
iron and face-centered nickel and thus within the frame- 
work of Zener’s model may explain partially the differ- 
ences in the temperature dependences of anisotropy 
energy. However, in addition, we should abandon the 
assumption k;=const, and consider a different tem- 
perature dependence of k; in Fe and Ni. A temperature 
dependence of k; is necessary from the following 


reasons: 


(1) k; must depend on temperature since spin-orbit 
interaction varies with increasing intensity of atomic 
vibrations. 

(2) In a number of metals and alloys (for ex- 
ample nickel) A, changes its sign. The average of 
hy (ay2ag?+-ay*a13?+ 32a"), however, has the same sign as 
k; has. If one sets ki= K,(0) a change of sign is not 
possible. 

(3) Magnetic anisotropy energy varies with increas- 
ing temperature also in consequence of lattice dilatation, 
During an isotropic dilatation of a cubic crystal,’ 
x= (AV/3Vo)bu% (where 6% is the Kronecker symbol), 
K, varies as 

AK, =b,(AV/Vo), 

2R. Becker and W. Déring, Ferromagnetismus (Verlag Julius 

Springer, Berlin, 1939), pp. 136, 298 





TEMPERATURE DEPENDENCE 
where 0}; is the third magnetoelastic constant.? If 
a=(dV,/dT), Vo is the volume expansion coefficient, we 
thus obtain for the thermal isotropic dilatation an 
additional temperature dependence of Ky: 


6K, bsadT. 


The constant 6; may be obtained from measurements of 
volume magnetostriction, but this procedure is difficult 
and the uncertainties are often as large as by itself. 
Becker and Déring* give on page 298, for room tem- 
perature, 

for Fe, 

for Ni. 


a=5.2X 10° erg/cm* 


, (4) 

bs= —1.2X 10° erg/cm’ 

It is very remarkable that the volume effect thus 

increases magnetic anisotropy (lattice dilatation makes 

K, more positive for iron, more negative for nickel). 

Since all anisotropy effects must decrease with infinitely 

increasing distance of the atoms, 6; should in both cases 

go through zero somewhere above room temperature 
(maybe above the Curie point). 

With (4) and ar.=3.5X107°/°K, an; 


one obtains 


4 10-°/°K, 
(Ie) 


(Ni) 


dK,/dT 
dK,/dT 


182 erg/cm® °K, 


48 erg/cm'® °K, 


as compared with the experimental values 


dK,/dT K, (Fe) 


750 erg/cm® 
dK ,/dT = 1000 erg/cm® °K. (Ni) 
The contribution of vacuum expansion to dK,/d7 at 
room temperature is therefore not negligible. 

As Dr. W. J. Carr has recently pointed out to the 
writer, the volume effect on K, appears to result from a 
volume dependence of k; as well as of the exchange 
integral and therefore of the saturation magnetization.® 
These two effects may not be separated by inspection 
of experimental data. In Zener’s theory the volume 
dependence of the exchange energy may perhaps be 
accounted for by inserting the experimental /,(7) as 
parameter. 


*W. J. Carr (private communication) 


OF MAGNETIC ANISOTROPY 
If we write 
K\(T)=ki(1,(T)/1,(0)}" 

(where n= 10 for iron, n= 21 for nickel), &; is in both 
cases approximately a constant according to experi 
ment. If, however, we give k; the meaning that it has 
in Zener’s model, it must depend on volume. This may 
be shown in the following way: 


nl dl, | 


.' oe 
I, dV | 


K, dV 


d In| ky | 
a 


K, 
can be brought into the form‘ 


OV/V 
tn 


bh, d\n ky =( 
Vo Bs 


ia n 


where K is the bulk modulus. 0(V/Vo)/0H was found 
by Snoek® to be (5—-5.3)K10~-" and 0.95 10~-" for 
iron and nickel, respectively (at room temperature). 


K, dV oH 


Thus we obtain 


d In ky 
d In| ky 


(Ie), 
(Ni) 


d(V 
UV 


Vo)+5.3 
Vo)+3.7 


96 
aa 


This should provide experimental evidence for the tem 
perature variance of k;. In a rather heuristic manner 
we may furthermore conclude from (5) that |y| in 
creases with increasing temperature in le and decreases 
in Ni. 

As long as more is not known about the temperature 
variation of bs, it is uncertain whether the differences 
between the temperature dependences of A,(Ke) and 
K,(Ni) may entirely be interpreted by means of this 
volume effect. But the 
temperature variation of the spin distribution (the 


it might be possible that 
exchange integral assumed to be constant) yields a 
ratio K,(7')/K,(0) which (except for very small tem 
peratures) decreases a little faster than {7,(7)/7,(0)}”', 
and that the comparatively small volume effect in 
nickel results in A,(7)/K,(0O)=(/,(7)/1,(0)}*, the 
large volume effect in iron, however, in K,(7')/K,(0) 

{7,(T)/T,(0)}*. 

*W. J. Carr, reference 3. See also Becker and Doéring, refer 


ence 2, p. 299. 
5 J. L. Snoek, Physica 4, 853 (1937) 
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Intrinsic electrical conductivity in n-type hexagonal silicon carbide single crystals has been measured. The 
method of measurement is discussed. The value for the band gap extrapolated to absolute zero, assuming 


intrinsic conductivity of the form o=constant Ke 


SE/I2kT has heen found to be AE(O) =3.14+0.2 ev. The 


conductivity intercept at T= is (1.340.7)K10' (ohm-cm)™ 


INTRODUCTION 


Ree a pure semiconductor, the electrical conductivity 
can be written 

o(T)=A(T)e-4 8/7, (1) 
The energy gap, AZ, may change gradually with tem- 
perature, If it is assumed that AL (7) = AE(0)+ 7, one 
can write 

a(T) (Tye B/2ke AE 2kT 

In the temperature range in which k7<AK(0)/2, the 
temperature dependence of A(T) may be neglected 
compared with that of the exponential. Hence, in this 
range one can write 

le /** = constant= a yo, (3) 
and consequently the temperature dependence of the 
intrinsic conductivity is given explicitly by 


a(T) =a we 88/247, (4) 


Phe presence of impurities modifies this form some 
what. As the temperature is decreased, the number of 
carriers excited directly from the valence band to the 
conduction band becomes small compared with the 
number due to impurities. In this extrinsic range, the 
temperature dependence of the conduc tivity is deter 
mined by that of the carrier mobilities and by the rate 
at which the free carriers condense on the impurity 
centers. The impurity density and the activation energy 
of the impurity electrons determine this rate. At low 
temperatures, the activation energies of the lower-lying 
impurity levels become the dominant influences upon 
the temperature dependence of the conductivity. 

When the only important source of carriers is the 
excitation from the valence band to the conduction 
band, because of either low impurity concentrations or 
high temperatures, the semiconductor is said to be 
intrinsic, Measurements of the temperature dependence 
of the electrical conductivity of silicon carbide that have 
been published to date have not detected this intrinsic 


behavior.'~* The present work has extended the data 
into the intrinsic region. 


EXPERIMENTAL ARRANGEMENT 


Two methods have been employed in this work. In 
each of these, ohmic contacts were made by placing 
small metallic pellets on the upper surface of a bar of 
n-type single-crystal silicon carbide and heating these to 
1900°C to 2300°C in a helium atmosphere. The ma- 
terials used for these pellets in the first method were Mo, 
W, a Mo-W alloy, and a Ta-W alloy with Mo solder. 
In the second, W was used exclusively. The single 
crystals of the hexagonal modification of silicon carbide 
used here were obtained from The Carborundum Com- 
pany, The Norton Company, and Dr. J. S. Prener of 
this Laboratory. The samples used were approximately 
5X24} mm. 

In the first method two contacts were alloyed to the 
silicon carbide. Mo or Mo-W alloy leads were then 
attached to these contacts. These were used as electrical 
connections and also as supports by which the sample 
was connected to two Mo rods. The sample, thus sus- 
pended, was inserted in a molybdenum-wound alumina 
tube furnace which was capable of heating the sample to 
1800°C in a hydrogen atmosphere. 

Temperature measurements in the range 25°C to 
1000°C were made using a Chromel-Alumel thermo- 
couple as an input to a Bristol ‘“Pyromaster” chart 
recorder. In the range 850°C to 1800°C a Leeds and 
Northrup disappearing-filament optical pyrometer was 
employed. The conductivity was measured by displaying 
the current-voltage characteristic on a DuMont 304 A 
cathode-ray oscilloscope with a 60-cycle sweep. Samples 
1 and 2 were studied in this method. However, this first 
method was discarded when it was found that, when 
heated to temperatures greater than about 1000°C, the 
alumina tube evolved a vapor which was detrimental to 
both the contacts and the sample itself. 

The second method was a four-probe measurement. 
Ohmic contacts were alloyed to the silicon carbide 
sample by heating it on a graphite strip heater to 
2200°C-2300°C with four tungsten pellets residing in a 


'G. Busch, Helv. Phys. Acta 19, 167 (1946 

* W. Saski, J. Phys. Soc. Japan 7, 107 (1952) 

3K. Kondo Rept. Inst. Sci. and Technol . Univ. Tokyo 4, 4 
(1950). 
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line on the top surface of the silicon carbide. The sample 
was then placed on a thin insulating stage of MgO which 
did not react with it at temperatures below 2000°C. The 
stage was in turn placed on a graphite heating strip 
which had been hollowed out to accommodate the stage 
and sample. Four tungsten probes were then brought 
into contact with the alloyed contacts. The arrange- 
ment is shown in Fig. 1. Alternating current was intro- 
duced through the end probes (A), while the two 
innermost probes (B) were used in measuring the 
potential difference across the sample. The current was 
determined by measuring the potential difference across 
a resistor which was in series with the sample. Potentials 
were measured with a Ballantine model 643 ac voltme- 
ter. The heating was done in a helium atmosphere. 
Temperatures were measured with the optical pyrome- 
ter. No provision was made in this case for thermocouple 
measurements below the range of the pyrometer. 
Samples 3, 4, 5, and 6 were studied in this manner.‘ 


RESULTS 


The intrinsic region was encountered at temperatures 
above 1400°C-1550°C, depending upon the sample 
purity. Measurements were extended to about 1970°C 
yielding data which possessed up to a decade of intrinsic 
slope. The measurements were repeatable as shown by 
sample 5 data. Data for all of the samples are shown in 
Fig. 2. The energy gap at absolute zero as calculated 
from the intrinsic slope, assuming that oj is a constant, 
is 3.1+0.2 ev. This value is in accord with that obtained 
by extrapolating the optical data of Choyke and Patrick 
to absolute zero.’ The 7 
(a0) of the extrapolation of the intrinsic 
(1.3+0.7) 104 (ohm cm)"'. 

The solid lines A and B in the figure represent the 


* conductivity intercept 


line is 


function 
a(T) eunl{ aN 1/b) 


+[E4N2(1-+1/b)*+ (ow/eun)*e 


SiC BAR WiTH 
ALLOYED W CONTACTS 


AS 
STRIP LC 


Arrangement used for measurements by the 
second method. 


GRAPHITE 


Kic. 1 


* Sample 5 represents data taken in a repeat run of Sample 4 


5 W. J. Choyke and L. Patrick, Phys. Rev. 105, 1721 (1957). 


CONDUCTIVITY 


IN SiC 
2000 1800 1600_ 400 __ 1200 1900 


SYMBOL SAMPLE NO, 
s ' 


Fic, 2 


Electrical conductivity vs 108/7 for n-type hexagonal single 
crystals of silicon carbide 


Embodied in this function are the assumptions: 
np=n/, T= €(UyN+ Upp), 
n Pt+N, o,=o0 ue °! eh 
n=p 


free-electron density, p 


n; (in the intrinsic range), 


where free-hole density, 


n,= free-electron density in the intrinsic range, V = con 
centration of ionized donor impurities (assumed to be 
independent of temperature), u,=electron mobility, 
bn/bp, and o,= conductivity in 


The following values have been 


p=hole mobility, b 
the intrinsic range. 


assumed: From Busch and Labhart,® 
pn=5.2%10°T~! cm?/volt sec, 

also 

| 1.0X10'* cm (line A), 

No 


| 1.010" cm™ (line B), 
a= 8.0K 10 (ohm-cm)~, 


It has been assumed that the ionization energy of the 
impurities is zero. Consequently in the extrinsic region 
the disagreement between this function and the data 
becomes great. However, the function and the data 
start to merge above 1200°C and both join the same 
intrinsic line. One can thus estimate that the impurity 


°G. Busch and H. Labhart, Helv. Phys. Acta 19, 463 (1946) 
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densities in the crystals studied were about 10'7—10'* 
cm, 

The data for sample 2 do not agree too well in the 
intrinsic range. This is the result of a decrease in sample 
cross section and contact area due to the vapor attack 
mentioned above, causing the conductivity calculated 


from the original dimensions to be low. 
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Range Straggling of High-Energy Electrons in Carbon* 


J. E. Leiss,t S 


PENNER,t AND C. S. 


ROBINSON 


Physics Research Laboratory, University of Illinois, Champaign, Illinois 
(Received May 13, 1957) 


\pproximate range straggling curves for the slowing down of high energy electrons in carbon have been 
calculated by a Monte Carlo technique using the University of Illinois digital computer. The effects of 
ionization straggling, radiation, and multiple scattering have been included. Calculations were made for 


incident electron energies from 5 to 55 Mey 


INTRODUCTION 


N connection with calculating counter efficiencies in 

an experiment involving the counting of positrons 
from the decay of u* mesons,' it has been necessary to 
know the range straggling of high-energy electrons and 
positrons in low-Z materials. To determine this, a 
Monte Carlo calculation has been performed using the 
University of Illinois digital computer. A previous more 
approximate calculation in this energy region has been 
made by Steinberger® for a special geometry. 

Since the single-collision cross sections of electrons 
with matter are rather well known, the most accurate 
way to perform this random sampling calculation is to 
follow a statistical sample of electrons through the 
material, collision by collision, until the energy of the 
electrons has been reduced to a sufficiently low value. 
With the speeds of currently available digital com 


puters, such a procedure is impractical because of the 


extremely large number of collisions. It is thus necessary 
to adopt a more appropriate calculational procedure. 

+ While analytical solutions are not available to the 
general problem of electron penetration through matter, 
at least at high energies where catastrophic* processes 
are reasonably probable, partial solutions to the diffu- 
sion problem have been made for thin foils.“ These 


* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research, and by the 
National Science Foundation 

t Now at National Bureau of Standards, Washington, D. C 

1 J. E. Leiss, Ph.D. thesis, University of Illinois, 1954 (unpub- 
lished); Leiss, Robinson, and Penner, Phys. Rev. 98, 201 (1955). 

2 J. Steinberger, Phys. Rev 75, 1139 (1949). 

‘By a catastrophic process we mean one in which a single 
collision can radically influence the subsequent history of the 
particle. 

4C.N. Yang, Phys. Rev. 84, 599 (1951 

‘|. Landau, J. Phys. U.S.S.R §, 201 (1954). 

‘|. Eyges, Phys. Rev. 76, 264 (1949) 


distributions have the general form of a “head” due to 
the addition of multiple collisions involving small but 
reasonably probable changes, and a “‘tail” due primarily 
to rare single collisions involving large changes. 

The procedure adopted for the calculations presented 
here is to break up the path of each particle into a large 
number of thin foils and to determine the ionization 
loss, radiation, and multiple scattering by random 
sampling of the thin-foil distribution functions. By 
following the path for each incident particle chosen, 
we can determine the penetration along the original 
direction of incidence. 


CALCULATIONAL PROCEDURE 


We adopt spherical coordinates (7,0,¢) and assume 
monoenergetic electrons incident in the +Z direction 
(@=0) upon a semi-infinite slab of material. Consider 
an increment A along the true path of the electron. In 
this increment of path the electron will suffer energy 
loss by ionization and by radiation and will suffer 
deflection due to multiple scattering, the amount of 
energy loss and of scattering being subject to statistical 
fluctuations. It is assumed for this calculation that 
these processes may be considered as independent. 
While this is a good assumption for small energy losses 
and scatterings, the validity of this assumption is 
questionable for large energy losses or scatterings since 
they correspond to discrete events and some degree of 
correlation exists between the different processes con- 
sidered. 

It is assumed that the true path length A may be 
approximated by the chord connecting the two ends of 
this increment of path. Thus the path of the electron is 
thought of as a series of straight-line segments of 
length A connected end to end. Yang‘ has estimated the 
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error in using the length A rather than the true path. 
For these calculations this error is less than one percent 
and is neglected. 

In the increment of path A; the electron is first 
allowed to lose energy by ionization at random accord- 
ing to a probability distribution to be described, the 
initial energy of the electron upon entering this path- 
length bin being used in the calculation. Using the 
energy at the end of the bin, one then allows the electron 
to radiate at random by using a different probability 
distribution. The average of the initial and final energies 
in this bin is then used to compute a random scattering 
at angle (0;,¢;) according to a Gaussian probability 
distribution’ in 6; and a uniform distribution in g,. The 
(0;,¢;) are measured relative to the direction (0,0) in 
which the electron was moving upon entering the path- 
length bin A;. The direction 9’ in which the electron is 
moving after this deflection, relative to the Z direction, 
is given by 


cOSO9’ = cosy Cos6,;-+ sin4 sind; cos ¢\. (1) 


The new angle (',¢0’) then becomes the incident angle 
(00,¢0) for the next path-length bin, etc. The motion 
along the Z direction in path-length increment A, is 
given by 
(6Z) = A, cosy’. (2) 
In this manner the electron is followed through the 
material from bin to bin, the energy and angle with 
which the electron leaves one bin becoming the input 
parameters for the next bin. The total distance of 
travel Z; along the Z direction at any one bin 7 is 
given by 


d 
Z;=), (8Z);. (3) 
i=l] 


For calculational simplicity we do not follow electrons 
that achieve a total deflection beyond 75°. Trial calcu 
lations indicate that the results are insensitive to the 
value of this cutoff. Similarly, we do not follow electrons 
below 1 Mev. The results do depend on the value of this 
energy cutoff, but the range of 1-Mev electrons is 
sufficiently small in comparison to the total distance 
achieved that may be considered as 
essentially stopped. 

In the present calculations the above procedure was 
carried out one thousand times for each incident electron 
energy, to obtain the range straggling distributions. ‘To 
give some idea of the computing times involved, con- 
sider the case of 50-Mev electrons. The average distance 
(Z) traveled by electrons of this energy in carbon of 
density 1.697 g/cm’ is about 13 cm. For 4;=4 cm there 
are about 50 path-length bins along the path. For each 
path-length bin four quantities were chosen at random 


the electrons 


7In a previous but similar unpublished calculation we found 
that the use of the multiple scattering theory of H. S. Snyder and 
W. T. Scott [Phys. Rev. 76, 220 (1949)] rather than the 
Gaussian approximation did not greatly influence the straggling 
distribution. 
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and six sines or cosines calculated, or a total of about 
2.5 10° operations for 1000 incident electrons. For the 
code written, each of these processes could be done in an 
average time of about 3.5 milliseconds. The total time 
is thus about 28 minutes for 50-Mev electrons, or an 
average of about 15 minutes per energy for the energies 
computed. 

It should be noted that this relatively short time per 
operation of 3.5 milliseconds was achieved by consulting 
probability tables previously placed in the computer. 
To do this it was necessary to use thin-foil distributions 
which could be represented to a large extent by uni 
versal probability tables. Sines and cosines were also 
obtained by consulting tables placed in the computer 
rather than using the usual series type of calculations. 
The saving in computing time from this procedure is 
about a factor of ten. 


Thin-Foil Straggling Distributions 


The three thin-foil straggling distributions used in 
these calculations are for ionization loss, radiation, and 
multiple scattering. The predominant one of these is 
ionization loss. For the case of carbon which was con- 
sidered here, radiation is not a predominant effect; 
however, the effects of radiation are quite noticeable on 
the straggling distributions, being primarily responsible 
for the loss of electrons early in their range. For these 
fairly high energies, multiple scattering has the primary 
effect of shortening the range of the electrons without 
greatly increasing the width of the straggling distri 
bution. 

The straggling distributions will now be considered. 


Ionization Loss 


The ionization straggling distribution used was that 
given by Landau® with some modification, Landau gave 
a universal straggling distribution which is a function 
of the most probable energy loss A/,, a parameter So 
which is proportional to the number of electrons in the 
foil and which is chosen such that the probability for a 
collision of energy loss S» is unity, and the actual 
energy loss AZ. The path-length bins A used were 4 cm 
carbon of density 1.697 g/cm’. For this case AL, = 0.588 
Mev and So=0.0325 Mev, where AE, is calculated by 
using the expression, 


AE, =0.1537(Z/XA)D[19.43+In(D/C)], (4) 


given by Goldwasser, Mills, and Hanson* who have 
experimentally confirmed the distribution of Landau 
for not too large energy losses and an incident electron 
energy of 15.7 Mev. Here D is the thickness of the foil 
in g/cm? and C is the density in g/cm*. The above 
expression for AZ, is corrected for the density effect. 
The large energy-loss tail on the Landau distribu 
tion was approximated by a function proportional to 


* Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1954) 
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(AK—AE,)* in the region AE=0.9 Mev to Eo, where 
Ko is the incident electron energy. Energy losses greater 
than /y were forbidden. If the energy loss AF is greater 
than /y/2, the energy of the secondary electron is 
approximately My—(Ak+AE,). In 
secondary electron was followed for the remainder of 
the path in the material rather than the original 


these cases the 


particle 

I'wo fits to this straggling tail were made, the first 
called the “high tail” being matched smoothly to the 
Landau distribution at AKk=0.9 Mev; the second 
called the “low tail” being only 53% as large as the 
high tail. Although the use of the low tail came about 
as a computing blunder, it is not obvious which tail 
should give the better approximation to the distribution 
which one should use for this problem. The probability 
per g/cm? for a positron of energy / to undergo a single 
collision from which either the electron or the positron 
1, is 


emerges with energy in dE’ at EL’, for B? 4 
doo (EE dk! = Wm 2k (EE) (EB) dE’ 
<[1—B'/E+ (B/E)? 1—2E'/E+2(E'/E)*), (5) 


where C=0.150Z/A g-! cm*. For electrons the same 
expression is obtained except that the factor [1—2E’/F 
+ 2(#'/E)* | is not present. Table I presents the proba 
bility of energy loss E’ for Eo=20 Mev in one 4-cm 
carbon bin, as calculated by the expressions above, for 
the low and high tail. Thus for this particular case, the 
high tail is closer to the exper ted value of the tail. 
Another useful comparison is to consider the average 
energy loss for these two distributions compared to 
that predicted theoretically. This comparison is given 
in Table IL where the density correction of Halpern 
and Hall" was applied to the theoretical values. The 
average energy loss per g/cm? (oi) used is that given 


by Rossi’ with /(Z) = 13.52: 


1 (6) 


B*)41?(Z) |—a}, B 


hoor = 20ma*{In[ 2? (me?)?*/ (1 


where a= 2.9 for electrons, a= 3.6 for positrons. From 
this table it is seen that neither of the two distributions 
gives the correct average energy loss at all energies; 
however, the distribution with the low tail gives a more 
nearly correct average energy loss, especially for the 
positron case for which these calculations were primarily 


made 


*B. Rossi, High Energy Particles (Prentice-Hall, Inc., New 
York, 1952) a 
 (Q, Halpern and H, Hall, Phys. Rev. 73, 477 
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This phase of these calculations has been left in a 
somewhat unsatisfactory state; however, it should be 
said that the effect of uncertainties in the high-energy- 
loss tail on the range straggling distributions calculated 
should not be too great because of the small probability 
of having energy losses in this tail region. The tail 
region of the ionization straggling distribution used 
starts at Ak=0.9 Mev. The probability of having 
energy loss in this region is about 12% in any one foil, 
while the probability of having an energy loss greater 
than 3 Mev is only about 0.2%. Thus a large pre- 
ponderance of the energy losses in this tail region are 
relatively small energy losses and should not be con- 
sidered as catastrophic events for these calculations. 
This leads to the conclusion that one should adjust the 
tail so as to attempt to keep the average ionization loss 
correct. For this reason most of these calculations have 
been made using the low tail. 


Radiation 


The radiation probability distribution used was the 
function mo2(/o,/,t) given by Eyges® for the values of 


the parameters a=0.25, b=4. For the bin width 
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A=4-cm carbon, this function becomes 


0.01278(1 py t eee, §=(7) 


where v=fractional energy lost by The 
quantity mo2(v)dv is the probability that an electron 
loses between v and v+-dy of its initial energy. Therefore, 
the energy remaining to the electron is (1—v)d. This 
function is considered accurate enough for these calcu- 
lations since in carbon radiation is not the major effect, 
although it is the primary process by which electrons are 
lost during the first portion of their range. As an ex- 
ample, the probability of a 20-Mev electron in one path- 
length bin having ionization loss >3 Mev is about 
0.2% while the probability of radiation loss >3 Mev is 

7%. Making the same comparison for energy loss 
>0.5 Mev, the probability of ionization >0.5 Mev is 
100%), while the probability of radiation loss >0.5 Mev 
is only 3.6%. The primary effect of radiation is thus to 
remove a small fraction of the electrons in each path- 


v)‘{In( 


to»(v)dy 


radiation. 


length bin. 


Multiple Scattering 


rhe multiple-scattering distribution assumed was 
that given by Rossi’: 


P(0)d0= (24X)~0,-' exp(—0*/20,2X), (8) 
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where 0,?= (21.2 Mev)?/(8cp)? and X is the thickness of 
the foil in radiation lengths (0.00951 for the bins 
considered). The quantity (8cp) was approximated by 
Er, the total energy of the electrons. The 20,’ instead of 
6,” in the denominator of the exponential arises because 
Rossi considers a projected scattering distribution while 
this calculation does not. 

The large-angle scattering tail, such as appears in the 
theories of Snyder and Scott!! or of Moliére,'? is not 
included in this distribution. This corresponds to the 
neglect of electron-nuclear collisions and should produce 
no large error.’ A proper way to include this type of 
event would be to consider the angle-energy relations of 
such collisions in detail. The probability of events which 
need to be considered in this way is sufficiently small 
that the extra effort was not considered justified. 


Results 


Figure 1 shows integral straggling distributions, 
R(Z,Eo), calculated for an incident electron or positron 
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Fic, 1 
electron or positron energy of 30 Mev showing the effects of each 
straggling effect. A and B are positron and electron ranges 
respectively, calculated from Eq. (6) and the density correction 
of Halpern and Hall. C, D, and £ include successively ionization, 
multiple scattering, and radiation straggling 


Integral range-straggling distributions for an incident 


energy of y= 30 Mev, where R(Z,/) is the fraction of 
the incident flux reaching Z or greater. Curves A to # 
show the effect of including the various straggling 
effects in the calculation. Curves A and B show the 
range calculated, neglecting straggling, for positrons and 
electrons respectively, using Eq. (6) and the density 
correction of Halpern and Hall’” in the expression 


1 
Reo 


The upper limit of integration of 1 Mev was chosen to 
agree with the energy limit adopted for the straggling 
calculations. Curves C, D, and E show the effect of 


1 Mev 
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Fic, 2 
electron or positron energy of 20 Mey 
using the low and high tails, respectively, of the 
straggling distributions 


Integral range-straggling distributions for an incident 
{ and B are calculated 
lonization 


adding successively ionization straggling, multiple scat 
tering, and radiation straggling. 

Defining an average energy loss as the initial energy 
divided by the average distance traveled in a straggling 
distribution, curves A, B, and C (which includes only 
ionization straggling) may be used to compare the 
average energy loss of electrons, positrons, and the 
ionization straggling distributions used. The average 
energy loss of curve C’ is 3.7% less than for curve A 
(positrons) and 7.0% less than of curve B (electrons). 
Since these calculations were intended primarily for 
positron ranges, this difference of 3.7% was not cor 
rected. (It is interesting to note that the experimental 
straggling data of Goldwasser ef al.* for both polystyrene 
and aluminum at 15.7 Mev and 9.6 Mev all show the 
most probable energy loss to be about 2 to 3% less than 
the most probable energy loss predicted with the Fermi 
density correction, The average discrepancy is 2.8% 
although this is near the limits of accuracy of the data.) 

Figure 2 shows the effect of using the ‘dow tail” 
(curve A) on the ionization straggling distribution com 
pared to the use of the “high tail” (curve B) for 
Ko= 20 Mev. The average energy loss differs in these 
two cases by about 8%, which is about the difference in 
the extrapolated ranges. As was expected, the difference 
between these two tails on the straggling distribution is 
primarily one of change in average energy loss, i.e., the 
two curves have essentially the same shape. Thus, from 
l'igs. 1 and 2 one would expect errors in the extrapolated 
range due to errors in the ionization distribution used 

than 3% 
One 


range for electrons to be about 3% less than that for 


to be less in the extrapolated range for 


positrons would also expect the extrapolated 


positrons. The latter statement is somewhat incorrect 
since the ionization straggling distribution for positrons 
should be slightly narrower than for electrons because 
the decreased high-energy tail for positron-electron 
scattering compared to electron-electron s¢ attering 
rhe authors are not aware of any published experi 
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hic. 3. Final integral range-straggling distributions for incident 
electron or positron energies from 5 to 55 Mev. Note that these 
distributions should actually be somewhat different for electrons 


and positrons 


mental data which can be compared with these calcula- 
tions directly. An attempt to compare with depth dose 
measurements was not very successful. This is to be 
expected since what is measured in depth dose measure- 
ments is not at all the same thing calculated here. The 
calculations presented here give the probability for an 


electron to reach a certain depth or greater, while 
depth dose measurements determine the ionization pro- 
duced at a certain depth. 

Figure 3 shows straggling distributions calculated for 
a series of incident electron energies from 5 Mev to 
55 Mev. These curves are all calculated by using the 
low ionization tail. The distributions for 5 Mev and 
10 Mev probably contain appreciable errors due to 
neglect of the diffusion of the electrons near the end of 
their range. These effects should become relatively 
smaller as the energy of the electrons is increased, Note 
that the electrons are considered to have stopped when 
their energy falls below 1 Mev. 

From the curves of Fig. 3 one may obtain Fig. 4, 
in which is plotted a curve of extrapolated range versus 
electron energy, which plot is well fitted by a straight 
line. An average energy loss calculated from the slope 
of this line is in good agreement with the average energy 
loss of electrons in this energy region. This js in apparent 
disagreement with the observations of Katz and Pen- 
fold® on the extrapolated range of electrons in alu- 


“1. Katzand A. S. Penfold, Revs. Modern Phys. 24, 28 (1952) 
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minum. These authors found the average energy loss 
calculated from a range-energy curve to be too large. 
That the agreement found in these calculations is 
purely accidental can be seen by an examination of 
Fig. 1, where it can be seen that an extrapolated range 
will depend strongly on the relative sizes of the spread 
due to ionization straggling and the range shortening 
due to multiple scattering. These calculations would 
thus tend to predict the observation of Katz and 
Penfold since in aluminum the range shortening due to 
multiple scattering would be relatively larger. 
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Fic. 4. Extrapolated range in carbon versus incident electron 
energy. The points are derived from Fig. 3. The straight line is a 
best fit to the points 


Tables of the straggling distributions shown in Fig. 3, 
in steps of }.cm and 1 Mev, may be obtained from the 
last-named author upon request. 
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A brief review is given of several theories of the thermoelectric power of alloys. The Friedel theory which 
states that the parameter AY = — (FE »—£o)(0 logAp/dF) is a constant is found to hold over a relatively 
wide range of compositions. The constant takes on values which depend upon the valence of the solute 
atom. A dependence upon the atomic number (or period) of the solute is also indicated 


INTRODUCTION 


N a recent paper,’ (hereafter referred to as Paper I), 
we have reported on the measurement of a number 
of electron transport properties of dilute magnesium 
alloys. In the present paper we will concern ourselves 
primarily with the electrical resistivity and thermo- 
electric power at room temperature. Since it has become 
commonplace to state that little is known about the 
thermoelectric power of alloys, it seems germane to 
review some of the recent theoretical investigations. 
Starting from the Boltzmann transport equation, 
Mott? derived the following expression for the absolute 
thermoelectric power at temperatures above the char- 
acteristic temperature 9. 


wer | 0 loga (I) | 


3le | Ok Fr Ep 
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wer 0 logp(£) | 
E=k 
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where 


de py ak)? dj 
a(E) f| r(k) ’ (2) 
h? Ok, gradi | 


and p=o™". In the above, the integration is over the 
surface of constant energy £, ¢ is the electronic charge, 
k and k, are the wave number and its x component, 
and r(k) is the relaxation time. The absolute thermo- 
electric power S, depends therefore upon the rate of 
change of o (or p) with £; in turn, a is determined by 
the mean free path and the effective mass of the 
electrons. 

Soon afterwards, Muto* obtained for the thermo- 
electric power of the junction of a pure metal and a 
dilute solid solution of that metal, the expression 


S = SD alloy — Sunstal 


| i =| 1 Tr (- dro 1 <r) 

3 le| '\dE/dk rot+1r\1o dk = rr dk 
1 Salkovitz, Schindler, and Kammer, Phys. Rev. 105, 887 (1957) 
2N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, New York, 1936); 


N. F. Mott, Proc. Roy. Soc. (London) A156, 368 (1936). 
3 T. Muto, Sci. Pop. Inst. Phys. Chem. Research 34, 741 (1937). 


(3) 


’ 
E=uEKp 


where ro is the relaxation time due to the thermal 
vibrations of the atoms situated at the lattice sites, 
and rr is the relaxation time due to impurities. 

With this analysis Muto was able to explain why the 
noble metals, on the one hand, are observed to have 
thermoelectric 
alkali metals, on the other, have thermoelectric powers 
with negative signs. Muto however did not attempt a 
quantitative comparison with the experimental data. 

At the 1947 Bristol Conference, Crussard‘ reported 
measurements of the influence of dilute alloying ele- 
ments on the power. Whereas it 1s 
known that the resistivity usually increases with alloy 
ing, Crussard showed this was not always the case for 
the thermoelectric As a result of this work 


powers with positive signs, and the 


thermoelectric 


power. 
Crussard stated a general law which he applied to 
aluminum alloys, namely, “if metal B is dissolved in 
small amounts in metal A, it will increase or decrease 
the thermoelectric power (of metal A), depending on 
whether B comes before or after A (in the groups of 
the periodic table with 8 columns). If A and B are in 
the same column, the effect is very small.” He further 
suggested that this behavior could arise due to the local 
influence of a foreign atom on the electron density, 
creating electrically charged centers, positive or nega 
tive, depending on the respective number of valence 
electrons of both metals. 

Galt® explained Crussard’s aluminum data in terms 
of the variation of the band structure of aluminum due 
to alloying. Employing the assumption that the Fermi 
energy /y depends upon the electron concentration of 
the alloy, and that the absolute value of the thermo- 
electric power S depends upon Ey, Galt concluded that 
a metal preceding aluminum should make it more 
negative, whereas a metal following aluminum should 
make it more positive. Thus, although the exact form 
of the variation of S with Hr could not be stated, the 
sign of the variation could, and it agreed with Crus- 
sard’s observations. 

More recently Friedel® has expressed the relative 


*C., Crussard, Conference on Strength of Solids Report, Bristol 
(Physical Society, London, 1948), p. 119 

* J. K, Galt, Phil. Mag. 40, 309 (1949) 

* J. Friedel, J. phys. radium 14, 561 (1953) 
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Thermo 
electrix 


Resistivity 


pr 
Alloying (10°* ohm 


agent 


Pure Mg 


power 
$300°K 
0.223 


Ag . + 0.015 
+-0.14% 
+0) 26% 
+ 0.575 
+ 0.795 


+1.79 


0.395 
1.834 
2.78 


+-0.375 
+0.630 
+ 1.12 
+ 3.03 


0.102 
0.112 
0.143 
0.255 
0.397 
0.462 


6.091 
7.088 
&.646 
9 O64 


+9.039 
+ 0.062 
+-0.067 
0.057 
0.158 
0.421 


5.198 
0,862 6.422 
1.46 7.617 
230 9.180 
4.01 10.287 
3.74 11.971 


0.36 
0.57 
0.91 
1.10 
1.48 


0.07 
0.03 


+0393 
+- 0.647 


1.32 8.772 
294 169 


0.57 
2.30 
1.98 
2.48 


0.047 786 0.174 

5 0.10 062 0.370 
4x1 0.17 452 0.382 
6 0.19 0.499 
7 0.29 0.618 5 
$82 0.54 0.909 x 
383 1.08 1.365 1 
384 2.04 11.646 1.625 2 
0.366 1.76 
0.502 201 
1.09] 2.49 


5.782 
6.467 
11,276 


65 4 0.24 
66 0.37 
388 1.32 


power data reported in this table were obtained 


* The thermoelectric 
The thermvelectric power 


relative to commercial purity Magnesium wires 
of specimen No. 1, pure magnesium, was also obtained relative to very 
high-purity copper wire from which the absolute value of Sye°K for pure 
magnesium 1.33 wv/¢ and tle 
¥ «1.20 


was calculated to be parameter 


variation in thermoelectric power with alloying as 
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where 


(hy Ko 


) ’ 
OCR; Ko) 


0 logAp 


AX (Ep— Eo) 
OC dey ko) 


Ey is the Fermi limit and £o is the energy at the 
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bottom of the conduction band. The bases for this 
relation were the use of the one-electron approximation, 
the condition that the temperature was greater than 
the Debye temperature, the validity of Eq. (1), and 
the assumption that Ly remains constant as long as the 
concentration is low, e.g., the impurities do not interact 
[ Friedel? }. 

Also starting from Eq. (1), Domenicali and Otter’ 
presented a semiempirical theory which relates the 
absolute thermoelectric power to the dependence on 
energy of the scattering cross section Q(£) of a lattice 
imperfection or impurity. Numerical values are deduced 
for the first few scattering coefficients in a Taylor’s 
expansion of Q(£) about the Fermi level of the pure 
solvent. In this analysis, it is assumed that as alloying 
takes place the Fermi level is displaced. Because of 
complexities inherent in treating a divalent metal and 
its alloys in this fashion, we have not used the Domeni- 
cali theory in our analysis. 


APPLICATION OF THE FRIEDEL THEORY 


The form of the Friedel theory is such that it is 
quite simple to investigate its applicability to dilute 
magnesium alloys, particularly with the data available 
in Paper I. To obtain the absolute value of the thermo- 
electric power of magnesium, the thermoelectric power 
was measured relative to a piece of high-purity copper 
wire which had in turn been compared with a standard 
platinum sample. The resulting value for pure mag- 
nesium was found to be —1.33 uv °C. The parameter 
X can be calculated directly from Eq. (1) by using the 
Fermi level of 6.4 ev as obtained by Trlifaj.? Knowing 
p, and the changes Ap and AS in the resistivity and 
thermoelectric power due to alloying, it is therefore 
possible to calculate AX for the series. The results are 
tabulated in Table I, and are plotted in Fig. 1. 

Three striking features of the data are evident in 
the graph: 

First, for a given alloying element the parameter AX 
tends to be constant. The extent to which AX is 
constant is surprising, and implies that there is little 
interaction between the impurity atoms even up to the 
neighborhood of the solubility limits of these alloy 
systems. (The scatter of the data for the whole mag- 
nesium-silver alloy series and at the very low concen- 
trations in the magnesium-tin alloys is probably a 
reflection of experimental errors.) 

Secondly, it is to be noted that the data fall into 
groups of curves. The curves representing the mono- 
valent additions silver and lithium lie below the curve 
representing the data obtained from divalent cadmium 
additions. Similarly the curves representing the tri- 
valent additions aluminum, indium, and thallium are 
all above the magnesium-cadmium curve, and the 


7 J. Friedel, Phil. Mag. 43, 153 (1952) 
®C, A. Domencali and F. A. Otter, Phys. Rev. 95, 1134 (1954) 
*M. Triifaj, Czechoslov. J. Phys. 1, 110 (1952). 
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curves representing the quadrivalent addition tin and 
lead are above these. In addition, the monovalent and 
divalent solutes produce a negative AX, whereas the 
trivalent and quadrivalent solutes produce a positive 
AX. 

Finally in each equal-valent group, the alloying 
addition with the largest atomic number (or weight) 
gives the smallest value of AX. 

Friedel'® has compiled values of AX for impurities 
in copper, silver and gold, and finds AX to be positive 
and of the order unity. This means that in alloys of 
noble metals Ap, the change in resistivity due to 
alloying, decreases slowly with increasing energy. When 
AX is negative, then Ap must increase with increasing 
energy. In the case of the magnesium alloys we find 
that when AZ is greater than zero, AX is also greater 
than zero, and vice versa. Here AZ is the difference in 
valence between solute and solvent. It is thus evident 
that for the trivalent and quadrivalent additions to 
magnesium, Ap decreases with increasing energy; for 
the divalent and monovalent additions, Ap increases 
with increasing energy. 


DISCUSSION 


In Paper I we demonstrated that the thermoelectric 
power for a given dilute magnesium alloy could be 
expressed as the sum of two contributions. One contri 
bution, S,, arises from the direct effect of electron 
concentration and is linear with concentration; the 
other, S;, arises from all other effects, notably the 
perturbation upon the ion-core potential. 

It is desirable, at this point to determine whether 
the Friedel model conflicts with the above. To do this, 
let us assume that we have a sample of pure magnesium. 
Its thermoelectric power is given by Eq. (1): 


—_(- —~) 
3/e OF 
If we add a solute, we may change the electronic 


concentration, which in turn will have an effect upon 
power. We may also produce a 


OMe 


the thermoelectric 
perturbation on the ion-core potential due to lattice 
strains, which will contribute to the thermoelectric 
power. The latter effect S; may be studied by adding 
cadmium to magnesium, because cadmium is divalent 
and therefore the electron concentration is not changed. 
If instead we add a trivalent solute, such as indium, 
the electronic concentration of the alloy does change. 
That portion of the thermoelectric power of the 
magnesium-indium alloys due to the (otal electron 
concentration may then be expressed as 


wT 0 log (p+ Ap,) | 


se | OF ? an 


” J. Friedel, Can. J. Phys. 34, 1190 (1956 
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where Ap, is the change in resistivity due to the change 
in the number of conduction electrons. The portion of 
the thermoelectric power due only to the change in 
electron concentration, which we label S,, is given by 


S25, 


Ap, OAp 
Sul ) { ( ) : (9) 
p , Ap, 3 »| p } Ap, Or 


It may be noted that in Paper I, we have taken 


Sites (8) 


Se= Salloy— 9Cd; (10) 


where Satioy 18 the measured thermoelectric power of a 
magnesium alloy of given solute concentration, Seq is 
the thermoelectric power of a magnesium-cadmium 
alloy of the same cadmium concentration. It is quite 
evident that S, in Eqs. (9) and (10) are identical. In 
Fig. 2 (identical with Fig. 14 in Paper I) are plotted 
the values of S, obtained for the various alloys by use 
of Eq. (10). It is seen that S, is proportional to the 
electron concentration and that the proportionality 
constant depends on AZ. Indeed if AZ is positive, S, is 
negative. Since Sy, is negative, then dAp/0F. is negative 
or Ap decreases with increasing energy as the above 
investigation of AX had indicated. If AZ is negative, 
then S, is positive. For this case, however, we can only 
say that Ap may increase or decrease with energy, 
although a limit exists on the extent to which dAp/dE 
may be negative. 

It appears evident then that the application of 
Friedel’s theory in no way negates the analysis given 
in Paper I. 

As stated above, for alloys of the noble metals 
Friedel has shown that AX has values in the neighbor 
hood of unity. It is pertinent, therefore, to inquire why 
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ATOMIC PERCENT ADDITION 


Fic, 2. Thermoelectric power relative to that of magnesium 
cadmium alloys (S,) versus composition. The breaks in the 
curves for MgIn, MgAl, MgPb, and MgSn are discussed in terms 
of Brillouin zone overlap in Paper I 


the various values for AX depending upon AZ, appear 
for the magnesium alloy system. In calculating the 
resistivity increment due to alloying, de Faget and 
Friedel assume a one-electron model, and use the 
partial-wave method to derive the effective scattering 
cross section of the impurity atoms. The latter quantity 
is given in terms of the phase shifts 4 arising in the 
scattering of an electron by a perturbing potential, V p. 
For this model it follows that 


46C 
Ap > l sin*(m, l 
A Ok y 


ni). (11) 


Here, C is the concentration of impurities, 2 is the 
atomic volume, and ky is the momentum of the 
conduction electrons at the Fermi limit. 

The value of the perturbing potential V p is given by 
applying the Friedel sum rule’ which states that this 
potential displaces in the Fermi gas a screening charge 
just equal to the excess (or deficient) nuclear charge AZ 
of the impurity. The charge displaced in the /th spher- 
ical harmonic is equal to (2/m)(2/+-1)ni(ka), so that 


AZ = (2/m)>- (214-1) i(k). (12) 


“ P. de Faget de Casteljau and J. Friedel, J. phys. radium 17, 
27 (1950). 
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Providing the assumed perturbing potential extends 
over the radius of the atomic sphere and obeys the 
above sum rule, the form of the potential does not seem 
to be important, at least for the copper alloys. Probably 
for this reason AX does not change with AZ in these 
alloys. Friedel? has informed us that in the case of 
aluminum alloys AX varies with AZ as well as in the 
magnesium alloys. Retaining the free-electron model, 
he suggests the variation in AX can be explained by 
considering a potential which is repulsive for AZ <0 
and attractive for AZ>0O. Even strongly attractive 
potentials give phase shifts 4, which decrease with 
increasing energy at the Fermi level. On the other 
hand, repulsive potentials strong enough to repel locally 
a charge |AZ|>1 would give negative phase shifts 
which increase in absolute magnitude at the Fermi 
level (see Mott and Massey") and would provide the 
proper dependence upon the sign of AZ. 

In addition, Blatt’ has suggested that for the 
magnesium alloys the value of AX may depend upon 
the shape of the well, which is influenced by the nature 
of the impurity. 


CONCLUSIONS 


It has been demonstrated that the Friedel theory of 
the thermoelectric power of alloys may be applied to 
dilute binary solid solutions of magnesium. The pa- 
rameter AX = — (Er— Eo) (0 logAp/d£) has been shown 
to be constant for a given alloy up to the neighborhood 
of the solubility limit of the alloy in question. The 
value of AX is significantly dependent upon AZ, the 
difference in valence between solute and solvent atoms. 
Finally there is a slight dependence, for a given value 
of AZ, upon the atomic number of the impurity atom, 
that is, upon the row in the periodic table to which the 
solute belongs. 
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In this investigation two (211) crystals in tantalum ribbon are 
used as emitter and collector in a three-element retarding-poten 
tial experiment. The electrons from one crystal are accelerated 
through a small aperture which, in conjunction with a strong axial 
magnetic field, collimates a beam and directs it to the collector 
crystal. The uniform work-function of single crystals, plane 
geometry, and the collimating magnetic field completely remove 
the deleterious effects of conventional retarding-potential experi- 
ments that prevent the exact determination of the energy dis 
tribution. The resulting retarding-potential plot indicates close 
agreement with the theoretically predicted two intersecting 
straight lines on semilogarithmic paper, with the transition region 
extending less than 20 mv. This indicates a Maxwellian distribu- 


I. INTRODUCTION 


HEN statistical mechanics and quantum condi- 

tions are applied to free electrons, the Fermi- 
Dirac distribution results. If the particle current that is 
derived from this distribution is used to calculate the 
thermionic current delivered over a barrier V volts 
above the Fermi level, the Richardson equation, 
J =4remk?T*/hé exp(—eV/kT), is obtained. With the 
constants evaluated, this equation is written more 
simply as J= AT? 10-”®"/?, where A is 120.4 amp/cm? 
°K. V (in volts) is the actual barrier measured from the 
Fermi level, over which an electron must go to be 
measured as electron current; it equals ¢+AV when a 
retarding potential of AV is added to the work-function 
¢ of the emitter. In this case if 


J = AT? 10-™9!T, (1) 
J Ji 10 MAV/T (2) 


where J, is the saturated current density, collected 
with an accelerating potential. Equations (1) and (2) 
are simplified and ideal. There are many known factors, 
such as space charge, Schottky effect, nonuniform 4¢, 
d/dT, geometry, reflection, and so forth, that prevent 
the experimentally measured current density from 
obeying these equations. Because of the large number of 
these factors, their exact role in explaining the deviation 
between experiment and theory is vague, especially 
when the degree and the presence of these factors are 
uncertain, 

The experimental temperature dependence of J, is 
quite satisfactorily given by Eq. (1). However, the two 

* This work, which was supported in part by the U. S. Army 
(Signal Corps), the U. S. Navy (Office of Naval Research), and 
the U.S. Air Force (Office of Scientific Research, Air Research and 
Development Command), is based on a thesis submitted to the 
Department of Physics, Massachusetts Institute of Technology, 
May, 1956, in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. 

Now at Ramo-Wooldridge Corporation, Los Angeles, Cali 

fornia. 


tion with no large energy-dependent reflection. A slowly varying 
6% reflection, as predicted by quantum mechanics, is observed 
The temperature, the saturated current density, and the tem 
perature derivative of the work-function, as found from different 
retarding-potential plots, are used in a Richardson analysis to 
derive the thermionic constants. For the clean (211) tantalum 
surface that was used, the work-function, which is practically 
temperature-independent, is 4.3524-0,01 volts, and the emission 
1 is 120 amp/cm? °K*. For differing surfaces resulting 
from stable layers of foreign adsorbed atoms, the A, as calculated 
from a Richardson plot, was demonstrated to differ from 120 
solely because of the temperature variation of the work-function 


constant 


thermionic constants, as determined from a Richardson 
plot, although they have been widely tabulated for 
many materials and are useful in allowing a user to 
calculate the current he might expect for a given tem 
perature, are not particularly meaningful. The constant 
A often differs from 120 by an order of magnitude, and 
the value of @ is not the true work-function. One 
consideration that is always present is the inherent 
temperature derivative of the emitter work-function, 
If ¢=¢0+aT is inserted in Eq. (1), we observe that 
the exponential term containing @ is just a constant, 
so that the experimental value of A should contain the 
factor 10°”, The experimentally observed @ is there- 
fore do, the work-function extrapolated to zero tempera- 
ture, or a7 volts different from the actual work- 
function. Also, most pure-metal emitters do not have a 
uniform work-function, since they are polycrystalline 
and the various exposed crystal faces have different 
work-functions. Because of the strong dependence of the 
current density upon the work-function, the measured 
composite current will come largely from the lower 
work-function areas, since the constant A is 
calculated by using the entire area, it will be low. The 
experimental value of @ will be some kind of average 
that is dependent on the patch distribution and the 
applied field. These points are discussed in detail by 


and 


Nottingham.! 

The deficiency of slow electrons in the energy dis 
tribution, as found earlier in this laboratory by Notting 
ham! and by Hutson,’ results in a loss of nearly 50% 
and would limit the experimental A to much less than 
120, even in the absence of the above-mentioned factors. 
The deficiency is quantitatively described as a reflection 
V/0.191), where V (in volts) is the en 
ergy of the electrons in excess of that needed to escape. 


equal to exp( 


This strong energy dependence (100% loss of electrons 


'W. B. Nottingham, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 21, pp. 16, 99 
2A. RK. Hutson, Phys. Rev. 98, 889 (1955) 
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hic. 1 illustrating how 
the magnetic field and the single aperture collimate the electrons, 
thereby defining the emitting area of the sampled current 


Schematic of the experimental tube 


with energy just sufficient to escape, decreasing to 37% 
loss at 0.191 
energy distribution. This would produce a retarding- 
potential plot that would not show log/ linearly in- 
creasing with AV and then abruptly saturating, as 
indicated in Eq. (2), but would show log/ having a 


volt) results also in a non-Maxwellian 


gradual transition, Again, there are many other factors 
that cause gradual transitions in retarding-potential 
plots: nonuniform work-function on either emitter or 
collector, geometry, space charge, and field-dependent 
trajectories. This experiment is able to use the retarding 
potential plot to confirm the ideal Maxwellian dis- 
tribution and deny the exp(V/0.191) reflection by 
eliminating these factors. Single crystals assure a uni- 
form work-function; plane-parallel geometry removes 
the for the that 
cylindrical geometry ; a third positive intervening elec- 
trode reduces space charge and keeps the field at the 
field 
allows the simple design, and also fixes the trajectories 


need corrections are necessary in 


emitter constant; and a strong axial magnet 


and conserves tangential components of the emission. 
Also, dp/dT can be measured by observing the change 
in contact potential as the current density and tempera- 
ture are being measured, so that the meaningful true 
constants can be calculated from a Richardson analysis. 


Il. DESCRIPTION OF THE EXPERIMENT 


The distinctive feature of this experiment is that it 
allows the available form of the crystals to be in- 
corporated simply into an ideal retarding-potential 
experiment. Although great care was exercised in ob 
taining the single crystals used in this experiment, small 
crystals that are quite adequate for general work 
function measurements or demonstration purposes are 
readily grown in tantalum ribbon by heating to above 
2500°K in a vacuum for an hour or more. Figure 1 
illustrates an experiment in which two of these small 
crystals can be mounted, directly heated, and used in 
a retarding-potential experiment, uninfluenced by the 
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foreign surrounding crystals and the voltage drop in 
the ribbon. Two ribbons containing single crystals in 
their centers are mounted face to face. Each ribbon is 
spot-welded to two parallel tungsten rods, which provide 
a convenient, rigid mounting, the necessary tension to 
keep the ribbons taut, and the electric conductance for 
heating. The collimation that is necessary to insure that 
all of the sampled current that is collected on the col- 
lector crystal originates from a known area of the 
emitter crystal is accomplished by the strong axial 
magnetic field and the single aperture. The aperture is 
in a positive shield between the two ribbons; a positive 
voltage on the shield accelerates electrons from the 
emitter. The strong magnetic field will constrain the 
electrons to move in tight spirals parallel to the magnetic 
field. Addition of energy to the electrons in a direction 
perpendicular to the field will result in circular motion 
with no net drift in that plane. The positive aperture 
and the emitter, in conjunction with the magnetic 
field, form a gun that directs a beam of electrons origi- 
nating from the emitter crystal toward the collector 
crystal. The cross section of the beam is just that of 
the aperture, which has a known area for determining 
the current density. This area is small, so that it is 
included completely by each crystal, and the 7R drop 
when the ribbon is directly heated is negligible. 

The pencil of electrons can then be analyzed by re- 
cording the collected current as a function of the 
retarding potential applied between the emitter and 
the collector. From a plot of this current, we can deter- 
mine the temperature, the amount of reflection, the 
saturated current density, and the contact potential 
(the difference in work-function measured by that 
potential which must be applied to make the retarding 
potential just equal to zero), 

The crystal direction used was the (211), since that 
direction is the one that almost always results. A lower 
work-function surface was desired, but none was ever 
found. Both crystals used were cut from the same single 
crystal, which was judged to be as perfect as possible 
by back-reflection Laue x-ray pictures and microscopic 
examination. The crystals were spot-welded into the 
centers of 0.003-inch by 0.042-inch by 0.75-inch ribbons. 
These ribbons had 1-mil tantalum potential leads spot- 
welded equidistantly from either side of the centers for 
monitoring the potential drop with a type A potenti- 
ometer, (The voltage drop during operation was about 
1 volt per inch; the current was about 6 amp.) The 
aperture was a rectangle, approximately 0.007 inch by 
0.024 inch, placed midway between the two ribbons at 
a distance of 0.3 inch from each. The ribbons and 
aperture were enclosed for shielding, with provision for 
viewing the ribbons for pyrometric confirmation of the 
temperature. The elements were mounted in a flattened 
portion of a Pyrex tube which could be placed between 
the jaws of a 3000-gauss permanent magnet. The 
experimental tube, a getter tube, and a Bayard-Alpert 
ionization gauge were thoroughly baked, processed, 
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and sealed off. Evaporated molybdenum and tungsten 
were the gettering agents. During the course of the 
experiment the total pressure (mostly helium) in the 
tube was approximately 1X10-" mm Hg, nitrogen 
equivalent. The pressure of adsorbable gases was lower 
than 1X10~" mm Hg, as judged by adsorption rates. 

Current for heating the filament was obtained from a 
6-volt storage battery and an electronic regulator that 
monitored the total emission current. The constancy of 
this regulated heating current could be monitored with 
a type K potentiometer across the potential leads. The 
collector current was measured by a vacuum-tube 
microammeter, which was maintained calibrated to a 
few tenths of 1%. The retarding potential obtained 
directly from a type A potentiometer was applied 
between the collector and the appropriate spot of an ex- 
ternal voltage divider across the emitter potential leads. 
The small drop across the microammeter was taken 
into account. 


III. DISCUSSION OF RESULTS 


If the theory outlined in Eq. (1) and Eq. (2) is cor- 
rect and if all of the usual disturbing factors are elimi 
nated in the design, the resulting retarding-potential 
current should have the same exponential dependence 


on the voltage characteristic of the temperature ex 
tending to the point of saturation. In Fig. 2 the resulting 


1.4 1.2 i é 4 
NEGATIVE VOLTAGE APPLIE THE ECTOR 
Fic. 2. Retarding-potential plot. The current obeys J=J, 

Xexp(—eAV/kT) over many orders of magnitude up to the 

point of complete saturation. The plus signs in the right-hand part 

of the abscissa refer to positive voltage applied to the collector 
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2 compared with the theo- 
0.191) reflection 


hic 


retical curves 


3, Expanded knee region of Fig 
with and without the exp | 


plot is shown. It is a straight line on semilogarithmic 
paper extending to approximately 10 mv of the inter 
section of the line with the saturated current value, 
Some curvature of this approximate magnitude is 
expected from the filament /R drop across the emitting 
region. Equally significant is the flatness of the saturated 
region. ‘This is rarely seen in retarding-potential experi 
ments, since the accelerating voltage usually manages 
to collect more current by influencing trajectories, 
reducing space charge, altering the average potential 
outside of patchy surfaces, and by other devious means 

ligure 3 shows the upper part of this retarding 
expanded and compared with the 


potent ial plot 


calculated currents that would be observed in a re 
the temperature-de 
().191), as 
The 


agreement of the experimental points with the theo 


tarding-potential experiment if 
pendent reflection of the form R=exp(—| 


found by Nottingham and Hutson, were present 


retical curve strongly indicates that this reflection doe: 
not exist and, therefore, that it does not influence the 
experimentally determined value of A. 

Information concerning a small reflection that has a 
slow energy dependence can be obtained by observing 
the collector current as a higher positive voltage i 
applied. With the potentials applied to the tube, the 
electrons reflected from the collector with no loss of 
a negligible chance of returning, while 


energy have 


secondary electrons that suffer a loss of a few volts are 
recollected, The observed increase of collector current 


with applied voltage, as seen in Fig. 4, can be explained 
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hic, 4, Transmission of impinging electrons into the collector 
This approximate 6% reflection at low energies, which disappears 
at high energies, agrees with the quantum-mechanical prediction. 


as follows: At low energy the approximate 6% reflection 
results in the collection of less than the impinging 
current. As more and more positive voltage is applied 
to the collector, the electrons enter with greater energy 
and the result is less reflection. This 6% reflection and 
this energy dependence are predicted by quantum 
mechanics.’ The small variation seen at low voltages 
resembles Bragg reflection, is sensitive to exact surface 
conditions, and remains unexplained. 
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Fic. 5. Typical family of retarding-potential plots from which 
all information is taken. Temperatures are calculated from the 
slopes. The temperature derivative of the work-function is seen 
as a shift of the contact potential, Current densities are just the 
current divided by the 1.07 10°" cm? area 


§(C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 
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The presence of a persistent impurity that would 
migrate onto the surface of the crystal and form a 
stable atomic-film emitter allowed the analysis of 
various surfaces other than the clean, pure-metal sur- 
face that was obtained after the impurity was removed 
by extremely vigorous heat treatment. The method of 
taking measurements and the analysis of one of these 
surfaces is illustrated as follows. Figure 5 shows a 
family of retarding-potential plots taken at different 
temperatures. The temperature was determined ana- 
lytically from measured values by averaging the slopes 
obtained by using measured points about two decades 
apart. This eliminated the necessity of correcting for 





Fic. 6. Richardson plots, based on data from Fig. 5. When 
saturated current densities are used, an A value of approximately 
1000 results because of dé/d7T. Current densities delivered over a 
temperature-independent barrier that is fixed by the negative 
collector yield an A value of 120 


the drop across the microammeter. The currents associ- 
ated with these temperatures, which are plotted on a 
Richardson plot, are both the measured values at the 
fixed applied retarding potential of —0.2 volt, as shown 
by the crosses, and the saturated current, as shown by 
dots. The knee of the curves lies progressively to the 
right for the higher temperatures, which indicates 
that the work-function of the emitter is decreasing, and 
the emission is increasing faster than it would if the 
work-function remained constant. This is demonstrated 
in the two Richardson plots shown in Fig. 6. The cur- 
rents taken at 0.2 volt have to go over a barrier that is 
determined by the collector work-function and the 
applied voltage. This barrier, which is always higher 
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than the emitter work-function, is constant during the 
experiment, and hence the current is unaffected by 
changes in the emitter work-function. These currents, 
divided by the area 1.07X10~* cm? to give current 
density J, when plotted on a Richardson plot, yield a 
straight line which gives ¢=4.58+0.02 volts and 
A =130+25 amp/cm? °K?. Since we have imposed the 
condition that d#/dT=0, these must be the real thermi- 
onic constants. When the saturated currents are plotted, 
however, the apparent work-function is not less—as we 
know it must be with the smaller barrier—but higher, 
and it is 4.74 volts. The associated A is 950 amp/cm? 
°K. In Fig. 7 the work-function, as calculated by meas- 
uring the distance of the knee from —0.20 volt and 
subtracting it from 4.58 volts, is plotted at the top. The 
solid line is the best linear representation of the points, 
neglecting the high-temperature point, which is prob- 
ably off because of slight space charge. This line gives 
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Fic. 7. The work-function of the two clean (211) crystals 
measured from the highest emitting temperature to room tem- 
perature. Also shown is the work-function of the atomic-film 
emitter which was used as an example. 


do/dT equal to —0.17 XK 10~ volt per degree. Modifying 
the A by the factor 10° again yields a true A of 
130 amp/cm* °K. Here is an example of how a simple 
Richardson plot, in which only the temperature and 
the saturated current density are used, yields an errone- 
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ous work-function and A value, solely because of the 
temperature variation of the emitter work-function. 
Similar analyses on all of the composite surfaces that 
were encountered yielded corrected A values of ap- 
proximately 120 amp/cm? °K. 

From runs similar to those shown in Fig. 5, but with 
the exception that a clean filament is used, a Richardson 
plot was made. The temperature derivative of the 
work-function was barely detectable; therefore the 
saturated current density used for the plot should yield 
the real emission constants. The ¢ came out to be 4.36 
volts; the A value, 110. To extend the measurement of 
the work-function from the lowest emitting tempera 
ture to room temperature, the opposite ribbon was 
operated as the emitter at a constant high temperature 
(to mask small currents) while the contact potential 

yas monitored as the temperature of the collector was 
varied. The temperature derivative of the work-function 
was detectably negative, but was less than 5 mv in the 
1000° range from 300°K to 1300°K. This was done with 
both filaments. The work-function from room tempera- 
ture up to the highest emitting temperatures is plotted 
in Fig. 7. Although the two crystals were presumably 
originally identical, their work-function differed by 15 
mv. This disagreement probably results from different 
effects of the rigorous processing and dc smoothing 
effects‘ from the heating current. The average work- 
function is 4.352+0.01 volts with an A value of 120+ 20 
amp/cm? °K*, Whenever d¢/dT is inferred from the 
shift of the contact potential, a small correction, 
because of the variable thermal emf of the hot emitter, 
has to be applied. Conflicting data in published results 
make the value of this correction unknown. It is 
reasonably small and was not applied here, Another 
factor that would make the exact determination of A 
differ from 120 would be the known small value of re- 
flection of 6%. However, from the above analysis it is 
impossible to determine A to this degree of accuracy. 
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Intermetallic compounds between alkaline earths and noble metals have been discovered. They crystallize 
in the cubic Laves phase. Superconductivity is found in the rhodium and iridium systems. 


I’ has been established’ earlier that no metallic 
systems with less than two or more than eight 
valence electrons per atom become superconducting 
above 1°K. The alkaline earths which have two valence 
electrons per atom are thus on the borderline and would 
therefore become superconducting only at very low 
temperatures, if at all. As also noted before, the only 
superconducting compounds of the alkaline earths that 
were known were those that formed with bismuth,?# 
namely those given in Table I. Since bismuth itself is a 
superconductor,‘ many bismuth compounds are super 
conducting and, therefore, these alkaline earth com- 
pounds were not very informative as to the effect of the 
alkaline earths themselves. 

lor that reason we tried to find intermetallic com- 
pounds of the alkaline earth metals with other metals 
which would have an average valence electron per atom 
concentration that would fall in the range favorable for 
elevated superconducting transition temperatures. This 
implied that the average value had to be slightly below 
3, 5, or 7. Those intermetallic phases were discovered by 


the combination of 


AB,: A=calcium, strontium, barium, 
B= rhodium, palladium, iridium, platinum, 


Panie I. Superconducting alkaline earth—bismuth compounds 


Transition temperature Reference 


1.7°K 2 
5. 62°K 3 
500K 4 


Cabi 
Srbi 
Babi 


' KR. T. Matthias, Phys. Rev. 92, 874 (1953 

?N. Alekseyevsky, J. Explt. Theoret. Phys. 20, 863 (1950 

‘B. T. Matthias and J. K. Hulm, Phys. Rev. 87, 799 (1952 
‘For a summary on superconducting bismuth, see C. J. Gorter, 
of Low Temperature Physics (Interscience Publishers, Inc., 


1955), Vol. 1 


Progres 


New York 


with the exception of Balr,. No compounds between 
alkaline earths and noble metals have been fully re- 
ported in the literature.* We prepared all compounds in 
iron crucibles under a helium atmosphere. Their crystal 
structure has cubic symmetry, isomorphous to MgCup, 
the cubic Laves phase. Five of these intermetallic 
systems were in fact superconductors and their transi- 
tion temperatures are given in Table IT. The compounds 
TABLE II 


Transition temperatures in °K of superconducting 
alkaline earth compounds 


Rho 


6.2 


are well defined and have sharp transition temperatures. 
The exception is Calrg. In this system a wide homo- 
geneity range exists with a corresponding variation of 
the transition temperature. When the initial compo- 
sition is of stoichiometric proportions, the transition 
temperature is at the highest value. 

The corresponding compounds with palladium and 
platinum, though isomorphous are not superconducting 
above 1.02°K. This is not too surprising considering 
their electron concentration is 7.33 electrons per atom as 
compared to 6.67 for the superconductors, a value much 
more favorable for the occurrence of superconductivity. 

The crystallographic aspects of these compounds are 
being reported by E. A. Wood and V. B. Compton.® 


* After present investigation was completed, Th. Heumann and 
M. Kniepmeyer [Z. anorg. u. allgem. Chem, 290, 191-204 (1957) ] 
published a paper on the structure of the compounds of strontium 
with palladium, platinum, rhodium, and iridium. 

*E. A. Wood and V. B. Compton, Acta Cryst. (to be 
published) 
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This paper discusses two types of rf magnetic resonance experiments involving optical pumping in alkali 
vapor which have recently been suggested by Dehmelt. These experiments are, respectively, observation of 
a change of intensity at resonance of the transmitted pumping light, and observation of high frequency 
intensity modulation in a second light beam (the “cross beam” Ihe method 
of pumping used here is reviewed, together with some of the special assumptions on which it is based. The 
function of the light in monitoring population differences is treated as a separate matter from the pumping 
function; it is shown that the observed changes in transmitted light intensity can be correlated in a simple 
way with other observables of a spin system, and this leads to a simple explanation of the high-frequency 


incident at an angle to the first 


modulation effects. A system of spin-} particles subject to optical pumping and monitoring is then treated 


phenomenologically. The resulting equations have the same form as Bloch’s equations except that 
time constants must include effects of the incident light, and (2) 


(1) the 
there is an additional term due to the cross 


beam which, however, is shown to have no effect on the shape of the resonance 


The apparatus is described, together with experimental conditions under which signals have been observed 


Possible applications of the technique include magnetic-tield measurements, and studi 


of alkali metal isotopes 


I, INTRODUCTION 
N a recent paper, Dehmelt! described an optical 
pumping experiment which demonstrated a thermal 

relaxation time of about 0.2 second for the magnetic 
moments of sodium atoms in relatively high-pressure 
argon buffer gas, together with a means of detecting the 
pumping process with very high signal-to-noise ratio. 
The detection method was that of monitoring the 
transmitted light, whose intensity depends upon devia- 
tions from the population equilibrium established by 
the pumping process. Although this paper described 
only a reorientation process, it was suggested that the 
method could be applied to magnetic resonance, and in 
fact this was actually done soon afterwards.’ More 
recently, Dehmelt has suggested* a novel method for 
detecting magnetic resonance by the Larmor frequency 
modulation of a light beam placed at right angles to the 
magnetic field, an effect which has also been demon- 
strated recently.‘ The purpose of this paper is to discuss 
the demonstration experiments of both magnetic reso 
nance phenomena, together with some phenomeno 
logical theory capable of predicting with reasonable 
accuracy the signal intensities and conditions under 
which signals can be expected. In the concluding 
remarks a number of possible applications of this experi- 
ment is discussed. Many of these applications involve 
considerable refinement of the apparatus, in particular 
the development of a light-filtering system and pro 
duction of a magnetic field whose homogeneity is con 
siderably greater than has ever before been required in 
experiments of this type. Rather than wait until the 
apparatus was developed to this point, we felt it to be 
desirable to publish the work that has been performed 
up to now. 

1H. G. Dehmelt, Phys. Rev. 105, 1487 (1957 

*H. G. Dehmelt (private communication) 

4H. G. Dehmelt, Phys. Rev. 105, 1924 (1957) 


‘W. Bell and A. Bloom, Bull. Am. Phys. Soc 
(1957). 


sof atomic constants 


Il. PUMPING PROCESS 


Fairly complete descriptions and histories of optical 
pumping as applicable to these experiments have 
been given previously by Kastler,® Hawkins® and by 
Dehmelt,' and the process will be briefly summarized 
here. The pumping process employs circularly polarized 
light transmitted along the direction of a magneti« 
field, producing transitions Am=-+-1, for example, for 
which the transition probabilities from the various 
Zeeman sublevels of the ground state are different for 
some levels than for others. Because of the presence of 
the relatively high-pressure buffer gas, the optically 
excited atoms have extremely short relaxation times for 
within the Zeeman the 
excited states themselves, and therefore it is likely that 


disorientation sublevels of 
considerable disorientation and loss of phase memory 
occurs for these excited atoms before they are able to re 
emit their optical energy and return to the ground 
state.’ This allows one to make the simplifying assump 
tion that all sublevels of the ground state have an equal 
probability of being repopulated by the returning atoms, 
The pumping process can then be described entirely in 
terms of transition probabilities for optical excitation 
from the various ground-state sublevels, and, because 
the lifetime in the optically excited state is short, can 
be treated macroscopically in terms of an equivalent 
relaxation process between ground-state sublevels 
Dehmelt! has indeed shown experimentally the expo 
nential approach to equilibrium characteristic of such 
processes. In this way we hope to sidestep a problem 
mentioned by Sagalyn,® namely, that the picture of an 
atom “jumping” between quantum levels is rather naive 


and a rigorous treatment of optical double-resonance 


» A. Kastler, Proc, Phys. $ London 
Soc. Am. 47, 460 (1957 

°W. B. Hawkins, Phys. Rev. 98, 478 (19 

’P. L. Bender, thesis, Princeton 
lished 

*P. Sagalyn, Phys. Rev. 94, 885 


A67, 853 (1954 


J. Opt 


Universit 1956 (unpub 


1954 
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Taste I. Unnormalized relative transition probabilities 
(Am=-+-1) for D, and D, light (or their equivalents in the other 
alkali metals). The pumping rate P; for any level is obtained by 
weighting the intensities of the D; and D, components by the 
coefficients given below 


dD, 
(254-#Py) 


Di 
(454-7 P49) 


~ 
S 


mm mw &wWH 
Mb w NWRUO 


no 


problems has not yet been developed. By treating the 
optical pumping as a relaxation process, we can avoid 
the use of any specific model. We merely assert that if 
a rigorous theory were available it could be used to 
obtain a time-dependent perturbation solution of the 
wave equation, perhaps similar to that of Wangsness 
and Bloch* for thermal processes, which would include 
terms linear in time (relaxation terms) and higher order 
terms which we have reason to believe are very small. 
There may also exist relatively large secular terms, 
giving rise to shifts in resonant frequencies, but we 
need not be concerned about them here. 

The relative transition probabilities for optical excita- 
tion from the various F, m sublevels of the S; ground 
state to the Py and Py excited states can be calculated 
by a straightforward application of the matrix elements 
for electric dipole excitation (Am= +1) and the Wigner 
coefficients (Imm \IJ Fm). They have been calcu- 
lated by Dehmelt! for the case /= 4 and are presented 
here in a somewhat different form in Table I. Table I 
also lists the case for J=0, or for nuclear spin un- 
coupled from electron spin, which is applicable in strong 
magnetic fields. If P,; is the pumping rate out of the 
ith level, and a, is the population of this level then the 
net pumping process can be described by the following 
system of equations: 


da;/dt= —a:P.+-n'Doa;P;, 
>a, =A 05 


where n is the number of levels in the S; ground state, 
Ay is the total population of the sample, and the 
summation term in Eq. (1) is based on the previously 
expressed assumption that re-emission from the optically 
excited state is the same to all sublevels of the ground 
state. From Eqs. (1) and (2) we arrive at the following 
result for the equilibrium population difference, without 


*R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 
” FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935). 
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thermal relaxation, between any two states: 


Ad(P—P>-)/L (PP). (3) 


aj— a; 


This expression, which is somewhat more general than 
a similar expression given by Dehmelt, is applicable to 
any situation where the P; are known for each of the 
ground-state sublevels and applies not only for cases of 
D, and D, radiation or its equivalent, but for any other 
radiation which might be present to excite optical 
transitions. It can also be applied to include the effect 
of incompletely circularly polarized light and the effect 
of trapped resonance radiation which is necessarily 
unpolarized. 

It is evident from an inspection of Eq. (3) and 
Table I that the end result of pumping with pure 
circularly polarized D, light is to place the entire 
population Ao in the state F=2, m=2, except for the 
effect of thermal relaxation processes. This is true not 
only in the case of weak magnetic fields but also in 
strong magnetic fields where J and J are nearly de- 
coupled. In that case the optical pumping process acts 
directly only on the electronic angular momentum; 
however, it is interesting to examine the indirect effect 
on the nuclear moment. This is most easily accomplished 
by a “circuit diagram” of the type suggested by Bloch"! 
for a study of the Overhauser effect. Figure 1 shows the 
circuit based on the assumption that the chief relaxation 
mechanism available to the nucleus is the spin-flip 
exchange generated by the hyperfine coupling with the 
surrounding electron, and that this relaxation mecha- 
nism is strong compared to direct nuclear interactions 
with extra-atomic surroundings. The “battery” across 
each pair of electronic levels corresponds to the optical 
pumping process. It is evident that the effect of the 
hyperfine relaxation process is to place all the “batteries” 
in series resulting in an overwhelming alignment in the 
upper energy state. 

Although the condition of nearly 100% population 
in the F=2, m=2 level may be highly desirable for 
certain types of experiments, the actual condition using 
unfiltered light from the usual alkali metal vapor dis- 
charge is that the intensities of both lines are very 
nearly equal.* Let us use Q to denote the fractional 
intensity difference between the two lines: 


Q=[9(D2)—9(D,) /9 (D2), 


where 9 = intensity. If |Q|<1, then it can be calculated 
from Table I and Eq. (3) that the population difference 
(in weak fields) between any two adjacent levels is 
about the same for all such combinations and is approxi- 
mately equal to QA9/48. This indicates that we are 
actually observing a rather small net population differ- 
ence, and the fact that signal-to-noise ratios are as high 
as they are at the present time gives considerable 
promise for those experiments where an appreciably 


" F, Bloch, Phys. Rev. 102, 104 (1956) 
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large population difference (10% or greater) can be 
achieved. 


III. MONITORING PROCESS 


Let us now consider the other function of the light 
that of monitoring the orientation of the sample. If we 
observe the intensity of the transmitted light beam 
relative to a constant input, we can observe the removal 
of energy from the incident beam. This effect we shall 
call the “signal” and denote by the symbol 8. If we 
omit the purely geometrical factors which are constant 
for a given experimental setup, then 


$=DaP,, (4) 


a statement which is true regardless of any assumptions 
which one might make regarding the role of the light 
in a pumping process. The form of Eq. (4) suggests the 
trace of an operator product and, indeed, if the a; are 
the diagonal elements of a spin density matrix, p, then 
(4) is true even if p has nonvanishing off-diagonal 
elements. However, we can generalize even further and 
define, for any kind of incident light, a “monitoring 
operator” P such that 


$ (P) Tr(Pp), (5) 
and if the nature of the light is completely specified so 
that the components of P are known, then § becomes an 
observable of the system p. Fano" has shown that, for a 
system described in terms of n states, there are n* inde- 
pendent operators including the identity operator. Any 
monitoring operator, therefore, can be expressed in 
terms of the identity operator plus familiar observables 
such as the multipoles and, furthermore, must satisfy 
the same transformation relationships as these ob- 
servables.* (The identity operator must be included 
because TrP>0O by definition.) Dehmelt has shown* 
that for pure circularly polarized D, light incident on 
a hypothetical sodium atom of spin 4, the monitoring 
operator has the form (1—p-@), where p is the direction 
defined by the polarization of the light, and the com- 
ponents of @ are the Pauli spin operators. Here the 
corresponding signal is related directly to the magnetic 
dipole moment of the sample in the direction of the 
light beam. However, the method is quite general and 
one can easily devise experiments where the signal 
gives information about quadrupole or higher moments 
of the system.” 4 

In our experiments we have a primary light beam 


1210. Fano, Revs. Modern Phys. 29, 74 (1957). 

* Note added in proof.— This statement is true if the line width 
of the incident light is broad compared to the level splittings. More 
generally, however, it is valid only if the light contains frequency 
and polarization components corresponding to all the optical 
transitions implied by the transformed monitoring operator 

8 Strictly speaking, optical monitoring gives direct information 
only about population of spin states, and indirect information 
about electromagnetic moments only if the moments are already 
known to be associated with the spin. Thus, for example, the 
strength of the signal bears no direct relationship to the magnitude 
of the magnetic moment of the atom 
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Fic. 1. “Circuit diagram” to describe optical pumping 
in strong magnetic fields 


(the z beam), which performs the optical pumping and 
whose signal gives information about the z component 
of magnetic moment, M,. ‘There may be another light 
beam—the cross beam or x beam—-whose signal is 
related to M, in exactly the same way that the z beam 
signal is related to M,. If there is Larmor precession 
about the z axis then the « beam will be modulated at 
the corresponding frequency. ‘This signal will depend 
directly on M, and not on dM,/dl as is the case when 
the magnetic moment is coupled rf-wise to a detecting 
coil or cavity; there is therefore no frequency de- 
pendence of the type usually encountered in magnetic 
resonance, 

Although the «x beam is intended for monitoring 
purposes only, we must inquire about any pumping 
effects it may have. There are two such effects. First of 
all, it attempts to set up an orientation in the x dire 
tion. This effect is obviously very small unless the 
x beam is of such intensity that it can produce essen- 
tially complete orientation in a fraction of a Larmor 
cycle. Secondly it acts somewhat to the detriment of 
the pumping process generated by the z beam. In the 
representation in which the Hamiltonian is diagonal, 
the x-beam monitoring operator has large off-diagonal 
elements and acts equally on pairs of levels. This tends 
to equalize the populations of the ground state sub 
levels while shortening their over-all lifetimes. These 
points are illustrated in the phenomenological descrip 
tion which follows. 


IV. PHENOMENOLOGICAL EQUATIONS 


We shall describe the behavior of the spin system in 
terms of phenomenological equations for a system of 
particles of spin 4, with the hope that it will be a fairly 
good approximation for the resonance behavior of the 
more complex system which actually exists. In general, 
this approximation can be expected to hold under 
operating conditions such that only population differ 
ences between the two levels directly concerned in the 
resonance need be considered. 
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The phenomenological behavior can be thought of as 
being composed of two parts—the magnetic and thermal 
relaxation parts common to all spin systems, and the 
part due to optical pumping. For the magnetic and 
thermal description we shall use Bloch’s equations 
with the Boltzmann population factor set equal to one, 
since its effect is obviously small compared to effects 
of optical pumping. For the optical effects consider 
only two Zeeman levels, a and 8; then Eqs. (1) and (2) 
can be rewritten in the following form for the z light 

alone: 
(dM,/dl) oumping= (Mo— M,) Ps, (6a) 

where!® 
P,=4(PatPr), 

M,=da— 4%, 


Mh Ao(Ps 


(6b) 


P.)/(PstPa). 


A similar relation holds for the x beam alone: 


M.)P:. (6c) 


(dM ,/dl) pumping= (No 


(If the two light beams have the same spectral quality 
then INy=IMe’ and P,/P, is merely the ratio of in 
tensities of the two beams.) In addition we need equa- 
tions describing the effect of the 7 light on M,, where 
177: 


dM ,/dt+-M (P ;=9. (6d) 


By combining the Bloch equations with Eqs. (6) we 
arrive at our phenomenological equations of motion of 


the macroscopic moment: 


dM,/dt+7{HXM],4+-M,/S2=Mo'/S2, (7a) 
dM,/di+y(HXM],4+M,/S.=0, 


dM ,/dt+y HX M J.4+-M,/S:=Mo/Si, 


(7b) 
(7c) 
where we define 

Si= (Pst P+ Tr") 

So (Pp. + PA T3 1) 9 

Mo =Mo’P2S2, Mo=MoP,Si. (8) 
We can neglect the term on the right-hand side of 
Ky. (7a) (this will be justified later), and in that case 
qs. (7) become identical to the Bloch equations if we 
substitute S,, S» for T;, 7, of Bloch’s equations. The 
observed signals in the phototubes are given by ex 


pressions like Eq. (4) which, when rewritten using the 


detinitions of (6) and (8), become 
(Ya) 


$,=Aol, 
AoP 


Wo M.P;/Ao, 


WoM,P,/Ao. (9b) 


On substituting into Eq. (7) and setting the derivatives 


“EF. Bloch, Phys. Rev. 70, 460 (1946 

'* We use symbols like M, which normally represent magnetic 
moment only for the sake of familiarity, since here they really 
represent population differences only. See reference 13 
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equal to zero, we obtain the slow-passage signals: 
vyH Sf1 t+ (S,Aw)? |}M oP My /A 0 


Sz 
1 + (S2Aw)*+77H 7S So 


Xcos(wt+¢), (10a) 


[1 + (S,Aw)? |MoPSMo/A 0 


5, AoP, — (10b) 


1+ (S:dw)?+y2H 25182 


where //, is a rotating rf field and all other terms not 
defined elsewhere are as defined originally by Bloch." 
The phase term ¢ can also be determined from Bloch’s 
original equations. 

Equations (8) and (10) clearly indicate the com- 
petition between the pumping action of the z light and 
the degrading effects of the thermal relaxation and the 
x beam. They also show the way in which the optical 
pumping broadens the line. If we vary the intensity of 
the x beam, and hence P,, keeping all other quanti- 
ties constant, the maximum high-frequency signal 
1$.—AoP,| occurs when 


PP=(P,ATY')(P.4Tr). (11) 
In practice, where P, is large compared to the thermal 
relaxation rates, this indicates that both light beams 
should have about the same amplitude. In that case 
the observed z-beam signal has twice the width and 
half the amplitude that would be expected from the 
signal observed when the z beam is used alone. 

We now return to the question of the term on the 
right-hand side of Eq. (7a), and show why we have been 
justified in neglecting it.’® Let us specialize Eq. (7) to 
the case of a dc magnetic field H,= Ho and an alter- 
nating rf field H,= 2H, coswt. The “x beam” may lie 
anywhere in the xy plane although we shall continue to 
denote it by the subscript x. Let us define P= _M,+iM,, 
then the phenomenological equations become 


dF /dt+-1yHoF'+ F/S2.—iyH\M, (e*'+e—*) 


Mie" ‘So, ( 1 2a) 


dM,/dt+-M,/S\—}iyH,(F—F*) (e*'+e“") 


=M,/S,, (12b) 


where the phase term e“* indicates the direction of the x 
beam. We now analyze F and M, in terms of Fourier 
coefficients, 


x 


> m,0*!, 


n* Z 


(13) 


If we substitute Eq. (13) into (12) we can equate 
those terms with like values of e'"#‘, since the equalities 
must hold at all times. As a result we obtain recursion 


'® The following treatment is similar to one suggested by E. T. 
Jaynes (unpublished work). 
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formulas of the following form: 


(inw+So7!+-1y~Ho) fn— ivy (mai t+masyr) 
Mi'S: (14a) 


f 11°" f n :*) 


MoS; Sno. (14b) 


1s pie 
5 nce", 


(inwt+S')mn—hivyHy(friit frie 


Similar, but somewhat simpler equations are obtained if 
a rotating rf field is used instead of the alternating one. 

For our purposes, the most interesting point about 
Eqs. (14) is that the second inhomogeneous term, 
P.M 0, defines the terms Meyen aNd foaq but not their 
converses. The first inhomogeneous term P,M 96 ,0e"*, on 
the other hand, defines the terms moaq and foyen. There 
is no mechanism within the framework of these equa- 
tions whereby the two sets of terms can interact. Thus 
the first inhomogeneous term can produce signals in the 
modulation of the x beam with frequency components 
0, 2wo, 4wo, etc., but cannot affect the term at the 
Larmor frequency itself. Therefore, if the output of the 
phototube monitoring the « beam is tuned so as to 
accept only frequencies of the order of wo and not other 
frequencies, then the perturbation of the x beam cannot 
change the shape of the resonance in any way. Similar 
considerations hold for observing the z-beam signal at 
low frequencies. On the other hand, if one were to 
attempt detection under conditions of very weak ex- 
ternal magnetic fields, then it might be difficult to 
filter out the unwanted terms and some perturbation in 
the detected signals might be observed. 


V. EXPERIMENTS 


A block diagram of the relatively simple experimental 
apparatus is shown in Fig. 2. The part of the apparatus 
which employs the beam parallel to Ho, together with 
associated sweep or field-reversal coils (not shown in 
the figure), is similar to that used by Dehmelt.' The 
cross beam and its associated electronic apparatus is 
the new part of the experiment. Although the word 
“sodium” is used in the figure, identical experiments 
have been performed with potassium and presumably 
could also be done in rubidium and cesium. It is possible 
to observe signals in the cross beam if this beam is 
originally unpolarized but an analyzer is placed in front 
of the photocell so that the photocell sees only one 
component of circular polarization. This occurs because 
each component of circular polarization in the un- 
polarized cross beam is modulated merely by the 
presence of a precessing orientation, although the 
modulations are 180° out of phase and therefore cannot 
be detected in the unpolarized light beam. Detection of 
the precession by this method is not as useful as by 
that using polarized light, since the unused component 
of polarization depumps the sample. 

It has been™pointed out by Dehmelt? and can be 
seen from the analysis of Secs. II and III, that the two 
beams in the cross-beam experiment could be replaced 
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by a single beam oriented at about 45° to 
magnetic field, Such an arrangement 
reduced signal-to-noise ratio and the experiment has not 


would 


been attempted. 

The samples used in these experiments were made 
from one-liter Pyrex flasks which, in some cases, were 
glazed with a thin layer of fused potassium fluoborate 
(KBF4) to keep the alkali metal from discoloring the 
glass.'7 The flasks were sealed off with the metal 
deposited as a thin layer in the neck and with spec 
troscop\ grade argon at a pressure (at room tem 
perature) of about 30 mm Hg. The optimum operating 
temperatures for the absorption cells appeared to be 
about 140°C for sodium and 65°C for potassium. In both 
cases these correspond to equilibrium vapor pressures 
of about 2 10~® mm Hg for the metals concerned. The 
mean free path of a photon at the center of the optical 
resonance is, according to a calculation by Hawkins,® 
about 0.1 cm at these pressures. ‘The actual mean free 
path appeared to be about 15 cm. The reasons for the 
discrepancy are not entirely clear but probably include 
the following as contributing factors: (1) broadening of 
the absorption line by the buffer gas, over and above the 
usual Doppler broadening, thus reducing the absorption 
cross section per atom ; (2) arelatively small evaporating 
surface area of the metal; and (3) the possible existence 
of part of the vapor in diatomic form. No differences in 
behavior have been observed between glazed or un 
glazed cells, nor have any aging effects been observed 

One of the advantages of the cross-beam method of 
detecting magnetic resonance in alkali vapor is the fact 
that the observed signal is at the Larmor frequency 
(in this case 360 kc/sec) and not at de or a relatively 
low sweep frequency where the photocell detection is 
subject to interference from microphonics and extra 
neous sources of variable light. We have been able to 
observe the cross-beam signal not only in the presence 
of light from 60-cycle fluorescent lamps, which com 
pletely obliterates the z-beam signal, but we have even 
detected the signal when the discharge lamps them 


selves were excited from 60-cycle ac. Figure 3 shows 


‘7 This process was kindly suggested by Mr. P. EF. Dittman of 


Corning Glass Works 





BELL 


Fic. 3. Oscilloscope traces of resonance signals from cross beam 
(above) and z beam (below) as a function of rf field intensity 
(increasing left to right). The light beam geometries were such 
that P, ~ P, 10°? sec 


typical oscilloscope signals employing a 60-cycle sweep 
modulation, from both the x-beam and z-beam signals. 
The first two sets of traces indicate that, as the rf level 
is increased, the cross-beam signal increases at a rate 
faster than the z-beam signal. This is to be expected 
from the form of Bloch’s equations, which predict a 
quadratic dependence of (M»—M,) and a linear de- 
pendence of M,, on weak rf. There is an indication of 
structure in the pictures third from the left, corre- 
sponding to “optimum” rf. The actual hyperfine struc- 
ture to be expected from sodium if line widths were 
infinitely narrow is shown in Fig. 4. Although field 
homogeneity is not yet sufficient to resolve individual 
lines there is a definite indication that there is resolution 
of the two over-all structures corresponding to P=2 
and F=1, This is further substantiated by the fact 
that this type of structure is not observed in the 
potassium samples, where the hyperfine structure does 
not split itself into two groups this way. These obser- 
together with of resonance 
position as a function of frequency, indicate that the 


vations, measurements 
line width of the observed resonances is of the order of 
1000 cps. It is believed that this width is caused almost 
entirely by field inhomogeneity. The principal con- 
tributors to the inhomogeneity are the ferromagnetic 


components of the lamps and the photocells, which in 
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Fic. 4. Theoretical resonance spectrum for Na and K in a field Ho 
of 0.513 gauss. Solid lines are f= 2; dashed lines are F= 1. 
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the present optical system are necessarily close to the 
absorption cell. 

Of particular interest in Fig. 3 is the signal-to-noise 
ratio which can be obtained even under conditions of 
unfiltered light. The z-beam signals, shown on the 
bottom, were taken with no band-width limiting in the 
photocell amplifier or oscilloscope except for the natural 
band width of the amplifier itself, which was about 
30 kc/sec. The x-beam traces, showing a somewhat 
poorer signal-to-noise ratio, were taken through a band 
pass of about 1000 cps following the diode detector. The 
reasons for the poorer signal-to-noise ratio in the cross 
beam are probably the following: (1) smaller effective 
volume of the absorption cell (the intersection of the 
two beams), and (2) a poor impedance match between 
the photocell and its load, which consisted of a tuned 
circuit whose resonant impedance was about 2000 ohms. 
On the basis of impedance matching alone it is calcu- 
lated that the cross-beam signal-to-noise ratio should be 
reduced a factor of 10 from that of the z beam, which is 
in reasonable agreement with experiment. 

An interesting variant of the cross-beam experiment 
is produced by connecting the output of the rf amplifier 
of the cross-beam photocell to the rf coil itself. This 
provides an oscillator whose frequency of oscillation is 
determined by the peak of the resonance curve, pre- 
sumably in this case some average of the Larmor 
frequencies of the hyperfine lines. It can be easily 
demonstrated in the laboratory that the oscillation 
frequency of this system is determined by and follows 
variations in the magnetic field. 


VI. POSSIBLE APPLICATIONS 


The most obvious application of this experimental 
method is to the precise measurements of weak magnetic 
fields. An interesting factor in its usefulness is the fact 
that the intensity of the observed optical signals is 
independent of the value of the magnetic field, provided 
only that the field is small compared to the hyperfine 
structure constant so that optical transition proba- 
bilities are approximately constant as a function of 
magnetic field, and not so small as to be comparable to 
the line width. The existing apparatus has been used 
quite satisfactorily for this purpose and it is believed 
that one can do even better by proper design and 
filtering of the light. Considerable improvement can 
also be achieved as magnetic-field homogeneity over the 
sample is brought under control. When the line structure 
is well resolved it will be possible to make an accurate 
measurement of g factors of the various alkali metals 
by comparing the resonant frequencies of the metals 
between themselves and with protons in the same 
magnetic field. Because the resonance frequency de- 
pends on the g factor to first order in weak fields, and 
because the lines are so narrow, it is believed that the 
g factors can be measured to an order of magnitude 
greater accuracy than has been possible up to now. The 





MAGNETIC RESONANCE 
hyperfine splittings will also give information regarding 
the hyperfine structure constant and magnetic moments 
of the nuclei; however, it is not likely that these meas- 
urements can be made to any greater accuracy than by 
existing methods. 
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The dipole polarizability ag and the quadrupole polarizability a, have been calculated for several ions by 
solving the Schrédinger equation satisfied by the first-order perturbation of the wave functions of the 
electrons of the core. The results for ag of the helium-like ions are in good agreement with those obtained 
previously by an analytic method. The calculated quadrupole polarizability a, of the alkali ions increases 
very rapidly with increasing Z, from 0.056 A® for Nat to 7.80 A® for Cs*. 


I. INTRODUCTION 


HE electronic polarizabilities of a number of ions 
have been calculated previously by means of a 
numerical solution of the Schrédinger equation satisfied 
by the perturbation of the wave functions of the 
electrons of the core.’ For the unperturbed wave func- 
tions, the Hartree or Hartree-Fock wave functions of the 
core were used. The calculated results for the dipole 
polarizability aa were shown to be in reasonable agree- 
ment with the experimental data. The purpose of this 
paper is to give the results of additional calculations of 
the dipole polarizability ag of the helium-like ions and of 
the quadrupole polarizability a, of several helium-like 
and alkali ions. 


II. DIPOLE POLARIZABILITY 


The method of calculation of ag was the same as that 
used in I. Thus, for the helium-like ions, which involve 
only the 1s— excitation, ag is given by 


(1) 


@ 
Qd (8/3) f t' ott’), o-+17dr, 


0 


where «’ is r times the radial 1s function, normalized 
according to: Jo” (u’o)*dr= 1; u's, o+1 isr times the radial 
part of the 1s—p perturbation, and is determined by 


gf 2 
seo coca 
dr’ 
*The work done at Brookhaven National Laboratory was 
carried out under the auspices of the U. S. Atomic Energy Com 
mission. 
t Supported by the Office of Naval Research. 
1 R. M. Sternheimer, Phys. Rev. 96, 951 (1954). This paper will 
be referred to as I. 


+Vo BW 00 =u of. (2) 


In Eq. (2), Vo is the spherical potential and Xo is the 
unperturbed 1s eigenvalue. Actually the function, 


ps Vo— Eo (3) 


(1/1u'o) (d?u'o/dr*), 


is obtained directly from the second derivative of u’o, as 
shown by Eq. (53) of I. We note that Eq. (1) gives ag in 
units dy° (@4= Bohr radius) and must be multiplied by 
(0.529)*=0.148 to obtain ag in units A‘, 

For the helium-like ions, values of ag have been 
presented in Table II of I. In obtaining these values, 
t’1,0-+1 was not derived by numerical solution of the 
Schrédinger Eq. (2), but was obtained analytically in 
the following manner. One notes that for a hydrogeni« 
wave function u’o, 

Zr), (4) 


, 
uo 


2Z'r exp/( 
with atomic number Z, the perturbation is given by 


t's, 0-01=Z 4?(14+-4Z4r) exp(—Zr). (5) 
The zero-order wave functions “’y for the helium-like 
ions which were used in I and in the present work are 
the wave functions obtained by Léwdin,’ which are of 


the following form: 


u'o= ¢i{.2Z,'" exp(— Zr) }4+-co[ 2Z2'7 exp(—Zy) ], (6) 
where Z, and Z, are two effective values of the atomic 
number; c; and ¢, are coefficients. In the work of I we 
assumed that #’;, 0.41 is given to a good approximation by 
a linear combination of the functions (5), corresponding 


to Z, and Z,, i.e., we took [see Eq. (71) of T]: 


ei Z; ty? (1 + 4Z,r) exp(—Z,r) | 
+ eof Zz v? (14+-4Zy) exp/( 


, 
U 1.0417 


Zy)\. (7) 


2 P. O. Léwdin, Phys. Rev. 90, 120 (1953) 
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TABLE I, Calculated values of the dipole polarizability ag and 
quadrupole polarizability a, of several helium-like ions. The 
second column lists the present values obtained from a numerical 
olution of Eqs. (2) and (10), while the third column gives the 
values determined analytically in I. The values of ag and a, are in 
units A’ and A®, respectively 


’ 


Jon Numerical Analytic 


ag(H 13.4 16.1 

cog (He 0.224 0.256 
ag(La 0.0307 0.0316 
ay (Be &.25K10% 8.3xK10% 


71.1 

0.101 
4.7710 * 
6.40% 10 * 


a, (Hl 
My He 
aL 


a TT 
4 


66.5 
0.0993 
4.73% 10 
6.37 K10* 


that for the case of Lit and 
presumably the helium-like 


(Bett, BY, C*), the approximation of using Eq. (7) for 


It was shown in I 
also for heavier ions 
u';.o+1 introduces a negligible error in the calculated 
value of ag. Thus for Lit, the value of ag obtained by 
means of Eq. (7) is 0.0316 A*® as compared to a value of 
0.0306 A® gotten by solving Eq. (2) numerically for 
te'1,001, With Vo—o the 
Liwdin function u’5 by means of Eq. (3) 


Recently Wikner and Das* have obtained values of 


determined directly from 


aa for the helium-like ions by means of a variational 
method. In order to compare with their results, it 
seemed of interest to recalculate the values of ag for 
several helium-like ions by numerical solution of the 
Schrédinger equation. The procedure of the numerical 
integration has been described‘ in I. The results are 


given in the upper part of Table I, which lists both the 


present values obtained numerically and the previous 


values of I, It is seen that the previously used analytic 
approximation is already quite good for He, where the 
error is only 5%. For Bet*, the analytic approximation 
agrees within 1%, with the numerical result, so that the 
values given in I for ay of B** and C*t, (0.00308 A*® and 
0.00139 A®, respectively) are probably also accurate 
within 1%. The only case where there is an appreciable 
discrepancy between the two results is that of H~, where 
the extended charge distribution is probably responsible 
for the inaccuracy of the analytic approximation. Thus 
the maximum of u’; 0.4, for H” occurs at r=6day, and 
there are significant contributions to the integral of (1) 
up to radii r~ lay 

Phe present results are in good agreement with the 


* These authors 


variational results of Wikner and Das 
have used for uw’) the wave functions of Green, Mulder, 
Lewis, and Woll,® which differ slightly from the Léwdin 
functions’ used in the present work, They have obtained 
the following values for ay (in units A*); for H~: 14.88; 
for He: 0.218; for Lit: 0.0305; for Bet 0.00813; for 


3K. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957). I 
would like to thank Dr. Das for sending me a copy of this paper 
before public ation 

* Reference 1, p. 955 

*’ Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 


757 (1954 


STERNHEIMER 


B** : 0.00303. Except for H~, the agreement between 
these values and ours is very good. Wikner and Das’ 
have given a critical comparison of these calculated 
results with the experimental values of ag for the 
helium-like ions. 


Ill. QUADRUPOLE POLARIZABILITY 


The quadrupole polarizability’ a, measures the 
quadrupole moment induced in the ion Qing by an ex- 
ternally applied field gradient 0/,/dx, in the same 
manner as the ordinary (dipole) polarizability aq is 
related to the induced dipole moment. The quantity a, 
is defined as follows’: 

CV ind 
(8) 
OF. ,/ Ox 


Values of a, for several helium-like ions and for Nat and 
(s* have been previously obtained (see Table III of I). 
For the helium-like ions, a, (in units d@y°) is given by! 


t 


Qa (8 5) f uy’ | oo dr, (9) 


where w’; 9.» is r times the radial wave function for the 


Is—sd perturbation ; 1’), 92 is determined by: 


ri ka 6) 
( | + Vo Ps) 009 = th of”. 
dr? r 


In the work of I, «’;,0.2 was not obtained from Eq. (10) 
for the helium-like ions, but instead, in the same manner 
as for ay, use was made of the analytic form of #’), 042 for 


(10) 


the case of a hydrogenic field [see Eq. (102) of I}. Thus 
u’:. 029 Was taken as 


, 
U \, H-»2 


el $2, (14 9Zir) exp(— Zr) | 
+ cof 422-43 (1+ 4Zor) exp(— Zur) |, (11) 
where ¢,, ¢2, Z;, and Z, are the parameters of the 
Léwdin wave function, Eq. (6). In order to determine 
the accuracy of Eq. (11) for u’1,0.2, we have obtained 
uw’: o42 by solving Eq. (10) numerically. The resulting 
values of a, are listed in the lower part of Table I, 
together with the values previously obtained by means 
of the w’1,049 of Eq. (11). It is seen that for H~, the 
analytic method overestimates a, by 7%, but that for 
He, the analytic approximation is already very good. 
For Lit and Be** the error is less than 1%, and there- 
fore, the values for B*+ and C*, given in Table III of I 
are probably accurate to within 1% (1.40 10~4 A® and 
4.31 107° A® for B** and C**, respectively). 
Results for a, for Nat and Cst have been obtained in 
I. These values have been recalculated to somewhat 
higher accuracy in the present work, and we have also 
obtained results for Cl-, K*, Cut, and Rb*. For these 
ions with several closed shells, only the outermost shell 


6 J. E. Mayer and M. G. Mayer, Phys. Rev. 43, 605 (1933) 
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makes a significant contribution! to a,. It has been 
shown in I that a, is given by 
72 


8 48 
(Jo+2)nos +( J 01 t J +3 


by 25 pa nop 


144 
+( / 2» J 2 »~T Ina) 9 (12) 
8 35 nod 


where mo is the principal quantum number of the 
highest filled shell, J; is the radial integral corre- 
sponding to the nol—l' excitation. J;+1 is given by 


Z 


Jiav i) uw’ ut’ Lewd, 


(13) 


where w’y is the unperturbed radial mol wave function 
and wu’; ;., is the radial wave function for the pertur- 
bation and is determined by the equation: 


a (4 1) 


y / 
0 Ko U1. lol’ 
r? 


u'y(r?—(r*)nolbw). (14) 
Here (r*)noi is the average value of r’ over the unper 
turbed function wu’. As is seen from Eq. (14), this term 
enters only for myp—>p and nod—d excitations. 

Equation (14) was integrated numerically in all cases. 
For Nat, Cl-, Kt, and Cut, the Hartree-Fock func- 
tions’~!° were used for the «’y. For Rb* and Cs*, only 
Hartree functions (excluding exchange effects) are avail- 
able." The nop—p and nod—d perturbations wu’), 14; 
have been previously obtained by Sternheimer and 
Foley.” For ihe perturbations with l’#1, the calculations 
were carried out as follows. First Eq. (14) was inte- 
grated numerically inward starting from large r. Then 
Eq. (14) was integrated outward starting from small r 
by means of an appropriate power series expansion. The 
two solutions were joined at an intermediate radius 
(r~0.5ay), and the resulting function uw’; .. was used 
in Eq. (13) to obtain J;,,. It may be noted that the 
inward integration must be repeated several times with 
various assumed values of uv’), 14, (7) at the large radius 
r, at which the integration is started. Unless uv’), 41 (11) 
has the correct value, the function «’;, 4, (r) will diverge 
near r=(. Of course, the actual solution is found by 
the procedure of joining with the internal solution at 
small r..This situation is similar to that which arises in 

’V. Fock and M 
(1934) 

*D. R. Hartree and W 
A156, 45 (1936). 

*D. R. Hartree and W 
A166, 450 (1938) 

1]. R. Hartree and W. Hartree, Proc. Roy. Soc 
A157, 490 (1936) 

TD. R. Hartree, Proc. Roy. Soc 

2 T). R. Hartree, Proc. Roy. Soc 

18 R, M. Sternheimer and H. M 
(1956). 


Petrashen, Physik. Z. Sowjetunion 6, 368 


Hartree, Proc. Roy. Soc. (London 


Hartree, Proc Loy. Soe London) 


(London) 
(London) A151, 96 (1935) 


(London) A143, 506 (1934 
Foley, Phys. Rev. 102, 731 
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TABLE IT. Calculated values of the quadrupole polarizability a, 
The rows above ag list the contributions tO a@g ol the various modes 
of excitation of the (outermost) shell with highest principal 
quantum number mo. All values are in units A® 


Rb* Cs" 
0.324 O.884 
0.759 = 1.702 
1.907 §.21 


lon Na* Cl ’ Cu’ 


0.0133 
0.0173 
0.0256 


0.00451 
0.00380 
0.00937 
0.840 
0,192 
0.230 
1.280 


Q, Nos 
tg( Nop 
(ty ( Nop 


(q\ nol 
tg (nod 
cg (nod 


aq 0.0562 2.990 


the calculation of the dipole polarizability [Eq. (58) 
of I ].4 

The results of the calculations of a, 
Table II. It each of the terms is 
accurate to +5%, For Nat and Cs*, the present results 
differ very little from those previously published! (a, for 
Nat=0.0562 A® as compared to the previous value 
0.058 A®; for Cs*: 7.80 A® as compared to 7.62 A®), The 
significant increase of a, in going from Kt to Cl~ shows 


are given in 


is estimated that 


that @, is very sensitive to the radius of the charge 
distribution. There is also a large increase with in 
creasing Z for the alkali ions, in going from Nat to Cs' 

For the case of Cut, it may be noted that the inner 
the nyo=3 35 and Sp, 
which is due almost entirely 


electrons among group, 1eé., 
contribute very little to a,, 

to the 3d electrons. This result is in accordance with the 
fact that a, [ (9*)not P/(AE), 


where (AF) isa mean energy denominator for quadrupole 


depends essentially’ on 


excitation. The value of [ (r*)not |? is a factor of ~4 times 
larger for 3d than for 3s and 3p. Moreover (AZ) is con 
siderably larger for 3s and 3p than for 3d (~10 ry for 3s 
and 3p, as compared to $1 ry for 3d). Within the 3d 
group, the 3d—s term is ~4 times larger than the 3d-0d 
or 3d—g term. This is due to the fact that the energy of 
the 45 state /y, is very close to the 3d energy ya. Thus 
u’; o+9 for the 3d—+s excitation contains a contribution 
14,U'», 44, Where w’o, 4, is the unperturbed 45 function and 
the coefficient a4, is given by 


(4 | f U'o, 347°’ ua [ Kaa) (15) 


The 4s eigenfunction wu’ 4, has been calculated for the 
same effective potential Vo in which the 3d electrons 
move, and it was found that /44,— Hy¢= 0.334 ry. (The 
Hartree-Fock eigenvalue’® /y, is 1.613 ry, so that 
| ae 1.279 ry in the effective-field approximation.) 
The integral fo% ’o, ,a7’u'o, 4.dr was found to be — 2.020, 
so that the 4s term of 1’; » 2.020/0.334)u', 4, 

6.0489, 4,. A comparison of a4,u'o,4, with the com 
plete perturbation 4’; 2.0 shows clearly that the 4s term 


IS ( 


almost completely accounts for the total 1’; 2.0, a8 was 
expected from the smallness of the energy denominator 
Thus 44,u’o, 4, is very close to u’;, 949 for all values of r. 


The ratio p= a4,u'o, 4,/U' 1. 2-00 is 0.984 at the outermost 
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(fourth) maximum of wo, 4, at r= 2.0aq; p is 0.964 at the 
third maximum of u’» 4, at r=0.55ay, and p=0.912 at 
r=4ay. Another way of showing the predominance of 
the 4s term consists in evaluating the 3d—>4s contribu- 
tion to ay, which is equal to 


(8/5) (0.0415) (2.020)?/0.334 
0.811 A®. 


a4(3d—4s) 
(16) 


Here 0.0415 = (0.529)° is a factor needed to convert to 
units A*, Comparison with Table II shows that 
a,(3d—»4s) accounts for 0.811/0.840= 0,965 of the com- 
plete 3d—+s term. 

The large magnitude of the 3d-+4s excitation raises 
the question as to the applicability of the first-order 
perturbation theory which has been used here. In 
particular, the difference E4,— 44 depends sensitively 
on the effective potential Vo» used in the calculations, 
and one may inquire about the magnitude of the 
induced quadrupole moment (j,4 for the case that the 
3d and 4s states are exactly degenerate (H,a= E,,).'4 In 
this case, following the usual methods of perturbation 
theory, one must solve the secular determinant": 

Hi, aa Ey Hi av 
|} =(). 


IH; bb | OA 


(17) 
I), ba 


Here Hi ce, Hid, are matrix elements of the 
perturbation /7,, and /, is the first-order change of the 
energy due to H,. For a unit point charge placed along 


the positive x axis at «= R, H, is given by' 


Hy (r?/R*) (3 cos*®—1), (18) 


where @ is the angle between the radius vector (of length 
r) and the x axis. In Eq. (18), H; is given in Rydberg 
units, ifr and R# are in units ay. We denote the 3d state 
by a and the 4s state by b. It may be noted that the only 
3d state of interest here is the state with magneti 
quantum number m= 0. One obtains 


z 


Hy, aa (4/ 7)R f uo, saqr'dr 
0 


—0.734R*rydberg, (19) 


x 


Hi ab Hy, ba " (2/54)R f u's», ga?’ o, 4dr 


0 


1.806R *rydberg, (20) 


Hy, y= 0. (21) 
In Eqs. (19) and (20), the factors 4/7 and 2/5! arise 
from the integration over the angular wave functions. 
The integral fo” uo, 3dr over the Hartree-Fock func- 


“7 wish to thank Professor R. H. Dalitz for suggesting to me a 
consideration of the case of degenerate 3d and 4s levels. 

1® See, for example, Eyring, Walter, and Kimball, Quantum 
Chemistry (John Wiley and Sons, Inc., New York and London, 
1944), p. 96. 
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tion" has the value 1.285ay’. Upon solving Eq. (17), one 
obtains two roots: E\g=—2.210R%, E,g=1476R“* 
rydbergs. The wave function y, corresponding to the 
lower energy £4 is found to be’*: 


Vo=0.77 5934, 0— 0.6334, (22) 


where W3a,0 and Ws, are the unperturbed 3d function 
(with m=0) and the 4s function, respectively. In order 
to obtain the induced quadrupole moment Qing, we note 
that if the 3d electrons with m=0 had the wave function 
Wsa,0, the total quadrupole moment of the ion would be 
zero, because of the equal population of the 3d, m=0, 
+1, and +2 states which results in spherical symmetry. 
Thus the replacement of 34, 0 by Wa leads to a quadrupole 
moment: 


Ons 2f W.-Vaat)(3 cos 1)dV =2.960r, (23) 


where the factor 2 arises from the presence of the two 
electrons with m=0, The numerical result 2.96a,? for 
Qina is obtained in a straightforward manner, using the 
values of fo” uo, gar°dr=1.285ay’ and Jo” u'o, sar’, 4dr 

— 2.020a,’. 

Equation (23) gives the maximum value of Qing due 
to the 3d—+4s excitation. In order to determine whether 
the first-order perturbation result for a,(3d—4s) 

().811 A® is adequate in a typical case, we will obtain 
the corresponding value of Qing and compare it with 
(23). It will be assumed that the external charge (e.g., 
the neighboring ion in a polar molecule) is at a distance 
R= 5ay= 2.65 A. By virtue of Eq. (8), Qina is given by 


2a, (2)(0.811) 
R 2.658 


Oina 0.0871 A?=0.31lay’, (24) 


which is a factor of ~10 smaller than the maximum 
value 2.96ay”. Another way of making the comparison 
is to obtain the 4s admixture coefficient 64, which is 
found to be 


Hy, ab 1.806 
b,,=-— -=—- ——= —(,0431, (25) 
Eu Esa (125) (0.334) 
where Eq. (20) has been used. It may be noted that 4, 
differs from a4, of Eq. (15) by a factor (2/5#)R-, which 
comes from the integration over the angular wave 
functions and the definition of H, (Eq. (18) }. 

The results of Eqs. (24) and (25) show that Qing and 
b,, are sufficiently small that the first-order perturbation 
value a,(3d—+4s)=0.811 A® is expected to be quite 
accurate. Actually, one can carry out an exact treatment 
of the 3d—4s admixture also when the zero-order 
energies 34 and ,, are different. One obtains a secular 
determinant similar to (17). Upon taking the next 
higher order term in the admixture, one finds that b,, is 
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changed by an amount 
(Hy, bb~ Hy, aa HM), ab 


5b4, . (26) 
(E4.— Esa)? 


lami. 


Upon including 6b,, and a term («0,,*) due to the 
normalization of the perturbed wave function, one 
obtains Q ina= 0.303ay*, so that the correction to (24) is 
less than 3%. This conclusion depends, of course, on the 
value of Ey,— ya. If this energy difference were sub- 
stantially less than 0.3 ry, the actual Qing would be 
appreciably smaller than the first-order result and 
would have to be obtained from an exact calculation of 
the 4s admixture. 

As has been discussed in I, the induced quadrupole 
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moment contributes to the spectral term defects of the 
alkalis, for which it gives of the order of 10 to 30% of the 
amount contributed by the induced dipole moment.® 
The perturbed wave functions obtained in the present 
work may also be of interest in the construction of 


appropriate wave functions for polar molecules.'* 
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Inelastic Scattering of 20-kev Electrons in Metal Vapors* 
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The low-energy losses of 20-kev electrons passing through the vapors of Zn, Cd, Hg, Na, K, Mg, Ca, 
Sb, Pb, and KCl, have been measured by using an electrostatic analyzer previously used for measuring 
electron energy losses in thin metal films. The atomic transitions corresponding to the measured energy 
losses are in many cases fairly easily established. However, there remain some which are questionable due 
to the fact that there is more than one feasible transition with energy differences of the order of the given 
energy loss. It is established that the principal interaction results in the excitation from the ground state 


of the neutral atom to the first excited level 
predominate 


INTRODUCTION 


ROM the time that Franck and Hertz! first demon- 

strated in 1914 the existence of quantized inelastic 
collisions between electrons and gas atoms, many ex- 
periments were performed to measure such quanta of 
energy loss. This work was summarized up to 1925 by 
Compton and Mohler.’ Brode,* in 1933, reviewed the 
study of the collisions of electrons with atoms, and more 
recently Massey and Burhop‘ have brought this infor- 
mation up to date. The energy losses have been called 
resonance losses and critical potentials. Most of the 
measurements were made for the permanent gases 
although a few were made for the metal vapors. All of 
these measurements were made at very low primary- 
electron energies, generally not extending beyond the 
value of the first ionization potential of the atom. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1J. Franck and G. Hertz, Verhandl. deut 
457 (1914). 

*?K. T. Compton and F. L 
(U.S.) Bull. 48, Vol. 9 (1924-1925). 
3 R. B. Brode, Revs. Modern Phys. 5, 257 (1933 


physik. Ges. 16, 


Mohler, National Research Council 


4H. S. W. Massey and E. H. S. Burhop, Mlectronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, England, 1952). 


the resonance excitation. It is also found that dipole excitations 


The measurements to be described were performed 
with primary electrons of 20-kev energy, principally 
because we were interested in obtaining the energy 
losses in metal vapors under the same conditions as 
our measurements previously reported® for the energy 
losses of 20-30 kev electrons in thin metal films.* With 
high-energy electrons one is not limited, in principle, to 
exciting only dipole and higher multipole transitions as 
is the case with electromagnetic radiation; it should be 
possible to excite monopole transitions as well.’ 
However, the Born approximation predicts that dipole 
excitations of the atomic electrons should predominate. 
Fano® has described the relative probabilities of 
excitation and ionization when a high-energy electron 
(1-100 kev) interacts with hydrogen atoms. In Il'ig. 
Flectronics 
Press, Inc., 


’ Marton, Leder, and Mendlowitz in Advances in 
and Electron Physics, edited by L. Marton (Academic 
New York, 1955), Vol 8 p 183 

6K. J. Sternglass, Nature 178, 1387 (1956), has 
measurement of the energy losses of electrons in metal vapors 
provide a test for distinguishing between individual atomic and 
collective losses of electrons in thin solid film 

7In ‘what follows, all transitions other than 
referred to as optically forbidden or forbidden transition 

*U. Fano in Radiation Biology, edited by A. Hollaender 
(McGraw-Hill Book Company, Inc., New York, 1954), Vol. 1, p. 56 
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1-38(a) of his article® it is shown that the probability 
of excitation of the first excited level should be appreci- 
ably greater than for any other inelastic interaction. It 
is also shown that the total probability for all other 
excitations is still slightly greater than for ionization. 
It was our purpose to determine whether the most 
prominent excitation would be to the first excited level. 

We have attempted to determine exactly which other 
transitions in the metal vapor result in the energy losses 
found by us. It will be seen that this is not always pos- 
sible to do since there are many cases where more than 
one type of transition can be a feasible cause of the 
energy loss 


APPARATUS AND EXPERIMENTAL METHODS 


The apparatus used for these measurements was 
essentially the same as that used by us for the measure 
ments of the characteristic energy losses of electrons 
described in some detail previously.° The object 
chamber of the earlier apparatus was replaced for these 
measurements by an oven chamber for producing the 
metal vapor. A diagram of the arrangement is shown 
on Fig. 1. A 20-kev electron beam generated by the 
electron gun passed through two apertures in the oven 
wall, encountering the metal vapor in the process. The 
electrons then entered the analyzer, which was of the 
Mollenstedt type,’ through a 5-micron slit where they 
were separated into the component velocities. The 
analyzer had a resolution of approximately 1 ev at 20 
kev. The energy-loss spectra were.recorded on a photo 
graphic plate and then traced by means of ah automatic 
ree ording mic rophotometer. 

The oven assembly was fashioned somewhat after 
that described by Lew" and is shown on Fig. 2. The 
oven itself was made from a Monel rod 3 inch in diam 
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Diagram of apparatus for measuring energy losses 
of electrons in metal vapors. 


*(G. Mollenstedt, Optik 5, 499 (1949) 
” H. Lew, Phys. Rev. 91, 619,(1953), 
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eter and the inside removed to leave a 0.010-inch wall. 
At one end a }-inch shaft J inch long was left for making 
electrical connection to the oven. The other end was 
fitted with a plug having a }-inch shaft 13 inches long. 
Perpendicular to the axis of the oven and at the center 
two 0,010-inch holes were drilled through the oven 
wall through which the electron beam could pass. The 
unit was clamped on the }-inch shafts between copper 
blocks soldered to copper tubing going back to the 
mounting plate. To allow for expansion of the oven, 
one clamp was left slightly loose and was connected by 
a strap to another clamp on the oven shaft making 
electrical connection. The copper tubing was used to 
carry electrical power to the oven, one pair of the tubes 
being insulated from the mounting plate, and to cool 
the copper mounting blocks as well as the tubing itself. 
‘The assembly at the mounting-plate end was such that 
the oven could be rotated as well as moved in and out 


—~le 4 ™ 
poverty 
ae ria 


tubing ~ 


electron 4 
path a 


Fic. 2. Oven assembly showing the method of mounting 


and the current and cooling leads. 


in order to position the 0.010-inch apertures with 
respect to the electron beam. 

A current of 200 amperes at 5 volts could bring the 
oven to a temperature of approximately 1000° C. This 
power was obtained from a half-wave rectifier with a 
maximum output of 200 amperes at 10 volts. The metal 
to be evaporated was placed in the oven in contact with 
the oven wall except in the case of the mercury measure- 
ments where a ceramic boat the 
mercury. The hottest part of the oven was at the center 
where the 0.010-inch apertues were located so that no 
clogging of these apertures resulted. Condensation of 
the residual metal generally occurred at the ends of the 
oven when the oven was brought to room temperature. 

Since we were only interested in obtaining energy-loss 
values and their relative intensities the pressure of the 
metal vapor was not accurately controlled or measured. 
A rough calculation indicated that to obtain approxi- 
mately the same number of atoms in the half-inch path 
length as would be encountered in 100 angstroms of a 
solid film it was necessary to operate at a point on the 


was used to hold 
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vapor-pressure curve where the temperature in degrees 
centigrade was numerically approximately one-eighth 
the vapor pressure in microns. The oven current was 
therefore brought to a point where the temperature was 
estimated from the color of the oven as being the one 
desired. Because of the magnetic field produced by the 
current passing through the oven and because of the 
expansion of the oven due to heating, it was found that 
the electron gun had to be adjusted under operating 
conditions to bring the electron beam through the two 
0.010-inch apertures of the oven with maximum inten- 
sity. After this adjustment was made, several photo- 
graphic exposures were made with different time ex- 
posures varying from 15 seconds to 2 minutes in order 
to obtain measurements of both the strongest and 
weakest energy-loss lines. The photographic plates 
were then traced with a microphotometer, and the 
energy-loss values determined from these traces. A 
photograph of the calcium energy-loss spectrum is 
shown on Fig. 3. The series of equally spaced lines to 
the right are the 6-volt calibration markers and the 
lines on the left represent the energy losses, with the 
uppermost line the zero-loss beam. 

Before each run on a metal sample the empty oven 
was heated in vacuum to approximately 1000° C for 
several minutes to assure that the oven was clean. It 
was also found necessary to operate at a vacuum of 
110° mm Hg or better in order not to obtain energy 
losses in the residual air of the vacuum. At a pressure 
of greater than 1X10~° mm Hg, an energy loss of 12.9 
ev was obtained which was attributed to the residual 
nitrogen in the system.'"' Despite our precautions, it is 
believed that some of the energy losses found at ap- 
proximately this value in the metal vapors may be due 
to this cause. 

Several sources of error entered into the measure- 
ments. The calibration voltages were obtained from a 
bank of 6-volt batteries. Their values were measured 
with a Millivac model MV-17B vacuum-tube voltmeter 
which was calibrated with a Leeds and Northrup poten- 
tiometer. The smallest division on the scale used was 
0.2 volt so that we can estimate an error in reading of 
0.02 volt. This would give 0.33% error in a 6-volt 
reading. Another source of error was in estimating the 
centers of the loss lines and calibration lines. An esti- 
mate of this error would be on the order of 0.2 mm. 
Since the calibration was approximately 0.25 volt/mm 
(depending on the setting of the analyzer slit) this 
would give an error of approximately 0.05 volt or 0.83% 
error in a 6-volt loss. Finally there was the error in 
reading the scale with which the distances between 
peaks was measured. This error was also estimated as 
0.2 mm so that from this source there was an additional 
error of 0.83%. The total error from all these sources 
could, therefore, be on the order of 2%. One other 
source of error was not corrected for except as noted in 


EF. Rudberg, Proc. Roy. Soc. (London) A129, 628 (1930) 
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Fic. 3. Photograph of the calcium energy-loss spectrum, The 
series of equally spaced lines on the right are the 6-volt calibration 
markers, and the lines on the left represent the energy losses with 
the uppermost line the zero loss line 


the discussion of the results. ‘This occurred when two 
loss lines lay close to each other. If both losses were of 
nearly equal intensity, then the trace would tend to 
show them drawn together so that the low-lying one 
would be somewhat higher and the high-lying one 
somewhat lower. If one loss was weaker than the other, 
the weaker one would appear at a higher value in the 
tracing if it was on a rising slope of the strong loss and 
lower if it was on a decreasing slope of the strong loss. 

All of the energy-loss distributions shown are com 
posite figures. They are made up from three to six 
different microphotometer traces of photographs made 
at several different time exposures. The vertical scales 
of intensity are not significant since they represent the 
somewhat logarithmic microphotometer response to the 
photographic plates. 

RESULTS 
1. Zinc, Cadmium, and Mercury 


The outer structures of the atoms of these three 
materials are similar since they have a filled 3d level 
and two s electrons. Because of this similarity in 
structure, we might expect the energy losses in their 
vapors to be similar. For this reason we discuss them 
together, and make some attempt to use the data from 
all three metal vapors to clarify the explanations of the 
individual losses. The energy-loss spectra are shown in 
Figs. 4, 5, and 6, The first energy loss in Hg is at 4.9 ev 
which corresponds” to the intercombination transition 
6'Sy—6*P,°. This transition has a low probability as 
seen from Fig. 6. In the cases of Zn and Cd the corre 
sponding transition was not observed. The next energy 
losses are the most probable for all three vapors. In the 
case of Hg it it quite evident that the 6.6-ev loss is due 
to the transition from the ground state of the neutral 
atom to the 6'P,° level. No energy loss corresponding 
to the transition from the ground state of the ionized 
atom to the 6 7/;° level (7.5 ev) was found. In the cases 
of Zn and Cd this transition in the ionized atom is much 


2 All of the energy level values used in the following discussion 
are taken from Alomic Energy Levels, National Bureau of Stand 
ards Circular No. 467, edited by C. E. Moore (1 Government 
Printing Office, Washington, D.C., 1948) 
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Fic, 4. Energy-loss distribution of 20-kev electrons in zinc 
vapor. The ordinate marked “intensity” represents the intensity 
in terms of the logarithmic response of the microphotometer to 
the photographic plate 


closer in value to the first transition in the neutral 
atom, so we must take these into account as being 
possible explanations of the 5.9-ev losses in Zn and Cd. 
However, on the basis of the Hg data, the first transition 
in the ionized atom must have a very low probability 
so that we assign the 5,9-ev losses in Zn and Cd to the 
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neutral-atom transitions 4 'Sy—4'P,° and 5 '!Sy-5 'P,°. 
The next loss in Hg at 9.8 ev has been explained in 
several ways in the past. Foard" attributes this loss to 
two excitations of the 4.9-ev type while Vetterlein" 
states that this loss is due to the average of the excita- 
tions to the 8'P,° (9.7 ev) and 9'P,° (9.9 ev) levels. 
The explanation of Foard does not appear to be suitable 
since the 9.8-ev loss has a higher probability than the 
4.9-ev loss. This is also borne out by the Zn and Cd 
data since the 7.8-ev loss in Zn and the 8.0-ev loss in 
Cd, which are similar to the 9.8-ev loss in Hg, appear 
while the intercombination losses corresponding to the 
4.9-ev loss of Hg do not appear. The Vetterlein explana- 
tion is perhaps closer to the correct answer (his 8 'P,° 
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6. Energy-loss distribution of 20-kev electrons in mercury 


vapor. The ordinate is the same as in Fig. 5. 
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value which he calls 4'P,° is incorrect) although it is 
our belief that this loss can be explained by the single 
transition 6 'Sy—8 'P,°=9.5 ev. The equivalent transi- 
tion can also explain the 8.0-ev loss found in Cd. 
However, for Zn the 7.8-ev loss is best explained by the 
transition 4'S»y—5 'P,°. Why this discrepancy occurs is 
not at all clear at this time. 

The second most probable energy losses found were 
those at 11.8 ev in Zn, 12.9 ev in Cd, and 11.0 ev in Hg. 
In each case the transition n 'Sy—n' *P)° (n=4, 5, and 6 
for Zn, Cd, and Hg, respectively) is very close to the 
measured values. This is an inner shell excitation (from 
the d shell instead of the s shell). There are other pos- 
sible transitions which would give values of the order 


4 C, W. Foard, Phys. Rev. 35, 1187 (1930). 
“ P. Vetterlein, Ann. Physik 35, 187 (1939) 
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TABLE I. Energy losses of 20-kev electrons in zinc vapor. The 
first two columns give the transitions from the ground state of the 
neutral atom and ionized atom to the designated excited states 
The third column gives the corresponding excited-level energies, 
and the fourth column the measured energy losses. 


Energy 
loss 


(ev) 


Ionized Excited 
atom level 
44S; to ev) 


Neutral 
atom 
4'S¢ to 
41P\0 5.8 
4*Py 6.1/ 


~ 


5.9 


5 1p, 
2& (41 P,") 
4’ spo 
4 1p, + 5 Ip, 
2x (5 1P,°) 
3X (4'P,°) 
4 ipo } 4’ spo 
4X (4'P;°) 


> oo 


i ee 
wNnN wee 
Nuk Oa =~ 


of magnitude of the measured ones. The only other one 
common to all three metals is the transition  'Sy-> 
(n+1)' 'P® (which also is an inner-shell excitation), but 
in each case it appears to be too much different from the 
measured values to be a likely explanation for the 
energy loss. For Zn it is 0.65 ev too low, for Cd 0.8 ev 
too low, and for Hg 0.35 ev too high. In the case of Zn 
there is undoubtedly a contribution from two of the 
first dipole transitions in the neutral atom since this 
should occur at 11.6 ev. It is also probable that the next 
losses in Cd and Hg at 11.2 ev and 13.2 ev, respectively, 
are also due to two such transitions. The 13.7-ev loss in 
Zn and the 16.4-ev loss in Hg appear to be due to the 
first dipole transition plus the second dipole transition 
of the neutral atom. These sums give 13.6 ev and 16.2 ev 
compared to the measured losses of 13.7 ev and 16.2 ev. 
We did not find a similar energy loss (which should have 
occurred at 13.5 ev) in Cd vapor. This was probably 
due to the fact that the strong 12.9-ev loss lies so close 
to the value of this loss that we could not resolve it. In 
the case of Hg there are several forbidden transitions 
in the ionized atom which may contribute to the 16.4-ev 
loss. For Zn similar forbidden transitions may account 
for the 15.4-ev loss, although two transitions of the 
type 4'Sy-5 'P,° also are equal to 15.6 ev. Here again 
it appears that two transitions contribute to the energy 
loss. In the case of Cd no energy loss corresponding to 
the above forbidden transitions in the ion was found. 


TABLE II. Energy losses of 20-kev electrons in cadmium vapor 
The column headings are the same as for Table I. 


Energy 
loss 
(ev) 


Excited 
level 
(ev) 
5.4 
5.8/ 
8.1 
10.8 
12.8 
16.2 
16 2/ 
18.2 
21.6 


Ionized 
atom 
5 2S4 to 


Neutral 
atom 
5 'Se6 to 


wre 5.9 
8.0 
11.2 
12.9 


16.6 


18.3 
22.8 


5 *Py 
7'P,® 
2 (5 'P;’) 
5/ apy 
2X (7 'P,°) 
3 (5 'P,*) 
51p,°+5/ 8p 
4x | 5! 74°) 
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TABLE ILI. Energy losses of 20-kev electrons in mercury vapor 
The column headings are the same as for Table I 


Ionized Excited Energy 
atom level losa 
6 454 to (ev (ev) 


Neutral 
atom 
6'Se to 
4.8 
6.0 
98 
11.0 
13.2 
16.4 
17.7 


20.2 


6 spo 1.9 
6 Ip, 
81 Po 
6 *P\o 
2x 6 1P,°) 
6'P+8'P\Y 
6 ipo +. 6 spo 
3X (6'P,°) 


In order to account for the energy loss of 16.6 ev in 
Cd we assume two transitions of the type 5 \So-+7 'P,° 
(16.2 ev). Another way of explaining this loss would be 
to postulate three of the first dipole transitions in the 
neutral atom (also equal to 16.2 ev). Again it is possible 
that the energy loss observed is a superposition of both 
types of events. This is somewhat borne out by the next 
group of energy losses in all three metal vapors which 
seem to be clearly due to the sum of the first neutral 
atom dipole transition plus the transition n 'Sy-en’ *P| 
(n=4, 5, and 6). In the case of Zn we superimpose 
three of the first neutral-atom dipole transitions (equal 
to 17.4 ev). The same three transitions account for the 
20.1-ev loss in Hg. The last energy losses found in Zn 
and Cd are probably accounted for by four of the above 
transitions. These were quite weak in the photographic 
plate and so their accuracy is considerably less than for 
the other losses. The results are given in Tables I, LI, 


and II. 
2. Sodium and Potassium 


The low-lying losses in Na and K vapor can be 
assigned to transitions in the neutral atom. However, in 
both materials, particularly in K, there are a number of 
large losses which can only be explained by transitions 
in the ionized atom. Unfortunately, the data on the 
atomic energy levels in the ionized atom are incom 
plete, and, therefore, the assignments are open to 
question. ‘The first, and strongest, loss in each metal 
m*P) (n=3 and 4) 


The second energy loss is not so easily determined since 


vapor is due to the transition » 4S; 


TABLE IV. Energy losses of 20-kev electrons in sodium vapor. The 


column headings are the same as for Table I 


iinergy 


los 


Ionized 
atom 
2 'Se to “V (ev 
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atom 


5 454 to 


32p yo 2.3 
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3*py+43 
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7. Knergy-loss distribution of 20-kev electrons in sodium 
vapor. The ordinate is the same as in Fig. 5. 


there are several feasible transitions, both dipole and 
monopole, lying very close together, Since the first loss 
has such a high probability, it is most likely that what 
we have observed is the sum of two of the first transi 
tions superimposed on the weaker transitions n 7S; 
(n+ 2) *P)°. Whether the forbidden transitions shown in 
Table IV contribute to this loss cannot be stated with 
certainty 
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All of the next energy losses are above the first ioniza- 
tion potential. The 6.3-ev loss in Na can probably be 
accounted for as being due either to three of the first 
transition, or, if the second loss is not due to two such 
transitions, as the sum of the first transition plus the 
second. In K the 7.8-ev loss is considerably greater 
than three of the first losses so that this loss does not 
correspond to the Na loss of 6.3 ev. The only possibility 
that we can find is that it may be due to one loss of the 
first kind (1.6 ev) plus two of the second (3.3 ev) 
giving a total loss of 8.2 ev. This assumes, as was done 
above for Na, that the second loss is not due to two 
of the first dipole excitations in the neutral atom. The 
13.0-ev loss cannot be explained in terms of the earlier 
losses, and is also too low to be due to inner-shell 
excitation, It is possible.that it is due to some double 
excitation process for which the level is not given in the 
tables, or it may be due to excitation in the residual 
gas of the vacuum as pointed out earlier. 

Since the designations for the levels in the ionized 
atoms of Na and K are given in Alomic Energy Levels 
in jf coupling notation, we shall, for convenience of 
discussion, designate the levels as L', L’, etc. The outer- 
most configuration of ionized Na is 2°, and the first 
excitation (denoted by L') will change this configuration 
to 2p °3s. The energy value for this is given as ~33 ev. 
‘Therefore, we will consider the measured loss of ~31 ev 
as being due to this excitation. The energy loss of ~34 
ev is then considered as being due to the sum of two 
excitations, the first one in the neutral atom plus that 
due to L in the ionized atom. 

In K we find several more ionized-atom losses than 
in Na. The first three levels in ionized K we will desig- 
nate as L! (3p°3d and 3p*4s), L’ (3p°4p), and L* (3p°4d 
and 3p°5s). The outermost configuration of singly 
ionized K is 3p*. The energy loss of 19.0 ev can be 


explained as being due to the average of two excitations. 
‘The first is an inner-level excitation in the neutral atom, 


1 *S,-+2’ *P 
ev). The second loss in the high loss group at 22.8 ev 


18.7 ev, and the second is to L! (~20.5 


Tasie V. Energy losses of 20-kev electrons in potassium vapor. 
The column headings are the same as for Table I. 


Energy 
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(ev) 
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level 
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Ionized 
atom 
35S to 


Neutral 
atom 
4 454 to 


4*py LZ 
6*Py 
64S; 
4D 
2X (4 * Py’) 
4°*PP+-2x (3.3) 
4’ 2py 
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4°*Pp4 
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is due to excitation to 1? (~23 ev) with, possibly, some 
influence from the sum of the first neutral-atom excita- 
tion and the excitation to L' (total of ~22 ev). The 
third loss of 24.6 ev is accounted for by the sum of the 
first neutral-atom excitation plus the excitation to L’, 
The next loss of 26.2 ev is accounted for by the excita- 
tion to L’, and the last loss of 28.5 ev is attributed to 
the first neutral-atom excitation plus the excitation to 
L’, We have listed the energy-loss values and the 
possible levels for Na and K in Tables IV and V. The 
energy-loss spectra are shown in Figs. 7 and 8. 


3. Magnesium and Calcium 


Although Mg and Ca are in the same group of the 
periodic table, we should not expect their behavior to 
be entirely similar since the outer level structure is 
somewhat different. In Mg the outer levels are 2p* 35? 
and in Ca they are 3p° 4s, with the difference that in Ca 
there is a 3d level between the 3p and 4s levels. The 
energy-loss spectra are given in Figs. 9 and 10. In the 
case of Ca it is fairly clear-cut that the first loss is due 
solely to the resonance transition 4 'Sy-—4 'P,°, although 
one must consider the first dipole transition in the ion 
4°S;-4*P,° as possibly contributing to the loss. For 
Mg these two transitions lie much closer together being 
3 S93 ' PY =4.3 ev 3 °S;-+3 *P)’=4.4 ev. The 
6.4-ev loss in Mg appears to be due either to the 
forbidden 3S, 3'So— 
4'D,=6.6 ev while the 4.5-ev loss'® in Ca appears to 
be due to the forbidden transition 4 '\S»y—-4 !D.=4.6 ev 
although the forbidden transition 4 'Sy—-5 'So=4.1 ev 
may also contribute. The Ca loss of 6.0 ev and the Mg 


and 


transition 5'18)=6.5 ev or 


loss of 8.7 ev are believed to be due to two of the first 
dipole transitions. There is also the possibility that two 
of the first dipole excitations in the ion may enter into 
these losses, 

The final loss found in Mg is not easily explained, but 
may be due to some combination of the transitions 


indicated in Table VI. The 8.0-ev loss in Ca is a weak 


rasie VI. Energy losses of 20-kev electrons in magnesium vapor 
The column headings are the same as for Table I 


Neutral 
atom 
4186 to 


3 1p, 41.3 

3 2p 4.4 

51S 6.5 
4'D, 6.6 
2% (3 1p, £6 
) 
13.2 
13.0/ 
13.2 


Ionized Excited Energy 
atom level loss 
3254 to fev) (ev) 


3X (3 'P;°) 

3x (3 2P,P 
2% (5185) 
2X (4'D2) 


16 Although we give 4.5 ev as the value of this loss, its actual 
value is probably several tenths of a volt less since the loss line 
appears on the rising slope of the following strong loss line at 
6.0 ev. 
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Fic. 9. Energy-loss distribution of 20-kev electrons in magnesium 

vapor, The ordinate is the same as in Fig. 5 
broad line showing some asymmetry. For this reason, 
we believe that it may be the result of the superposition 
of the three widely spread transitions shown in ‘Table 
VII. It is also possible that this loss and the following 
one at 12.1 ev may be due to double excitation processes 
for which values have not been given in the levels 
tables. Two losses found in Ca at 30.9 and 33.0 ev are 
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Fic. 10, Energy-loss distribution of 20-kev electrons in calcium 


vapor. The ordinate is the same as in Fig. 5 
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1G, 11, Energy-loss distribution of 20-kev electrons in antimony 
vapor. The dashed lines show the positions of several loss peaks 
which were weak and could not be reproduced consistently. The 
ordinate is the same as in Fig. 5 


probably due to inner-shell excitation. For instance, 
there is given in the atomic levels tables an inner-shell 
transition for potassium where one of the 3p electrons 
is excited to the 4s level. This requires 19.7 ev. Since the 
4s level in neutral Ca is filled, a similar excitation would 
be from the 3p level to the 4p level so that the excited- 
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lic, 12. Energy-loss distribution of 20-kev electrons in lead vapor. 
The ordinate is the same as in Fig. 5. 
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atom configuration would then be 3p° 4s? 4p. Such a 
transition could reasonably require the 30.9 ev which 
we have found as a loss of the primary electron. The 
33.0-ev loss could then be explained in the same way as 
an excitation of the 3p electron to the 4d level which 
would require on the order of two volts more than 
excitation to the 4 level. 


4. Antimony 


The energy-loss spectrum in antimony vapor is 
shown in Fig. 11. The two losses appearing at 6.7 and 
7.9 ev are of the same intensity and lie close together. 
Under such conditions there is a tendency for the loss 
lines to “draw together” due to overlap of the tails of 
the individual distributions. If this were corrected for, 
the 6.7-ev loss would be several tenths of a volt less 
and the 7.9-ev loss several tenths of a volt higher. The 
first loss is due to the transitions 5 4S;°->+2 ‘Py in the 


TABLE VII. Energy losses of 20-kev electrons in calcium vapor. 
The column headings are the same as for Table I. The last two 
lines represent the inner-shell excitations. 


Energy 
loss 
(ev) 


Neutral 
atom 
4'So to 


4 1p,o 


Ionized Excited 
atom level 
44S; to (ev) 


i) 
= 


4 2p, 
5 195 
4'°D 
2x (4 1p,®) 


St be be Wt 


2x (42Py) 
528, 


3x (4 'P,°) 
2 (5 4S) 
4AIPYP+5'So 


RNS DA 


“3 0S SO 
v © 


3p* 4s*-+3 p® 457 4p 
3p® 4s*-+3 p® 4s? 4d 


neutral atom. The second transition in the neutral 
atom requires 7.9 ev and the first transition in the 
ionized atom, 5*Py—>5*D,° requires 8.2 ev. It would 
appear that the second energy loss of 7.9 ev is due to 
the second neutral-atom transition except for the fact 
that the second loss is probably closer to the 8.2-ev value 
when corrected and that it is unlikely that the second 
transition in the neutral atom would have the same 
probability as the first. There is also the possibility that 
this loss is due to a combination of the neutral-atom 
and ionized-atom excitation. The loss of 33 ev is prob- 
ably due to an inner-shell excitation. The x-ray levels 
for the N4 and N, absorptions are given'® as 32 and 
33 ev, so that the loss we have measured is probably 
due to one of these. This would be an excitation of one 
of the 4d electrons. 

Several other weak loss lines were observed, but could 
not be repeated with consistency. The spectrum usually 
showed the asymmetrical character indicated in Fig. 12, 


© Y. Cauchois, J. phys. radium 16, 253 (1955). 
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but occasionally on the “tail” several weak “bumps” 
occurred. They are indicated in the figure by dashed 
lines. Because these loss lines were very weak the 
accuracy of their measurement was correspondingly 
less than for the other losses. There were five of these 
losses. One at 9.6 ev could be due to the second transi- 
tion in the ionized atom at 9.0 ev. A second loss at 11.8 
ev could be correlated with forbidden transitions of 
11.3 and 11.4 ev in the ionized atom while a fourth loss 
of 14.4 ev could be due to the sum of the strong 6.7- 
and 7.9-ev losses (total 14.6 ev). The third and fifth 
weak losses were at 12.4 and 16.3 ev and could be 
attributed to two transitions of each of the two strong 
losses respectively. (These would give approximately 12 
and 16 ev.) However, because these five weak losses are 
questionable, we have shown in Table VIII only the 
two strong losses and the 33-ev loss. 


5. Lead 


From the energy-loss spectrum shown in Fig. 12, 


we see that there is a loss occurring 1.3 ev below the 
strongest loss line. To explain this loss we postulate an 


TABLE VIII. Energy losses of 20-kev electrons in antimony 
vapor. The column headings are the same as for Table I. The last 
line represents the inner-shell excitation 


Ionized Excited Energy 
atom level loss 
5 #Po to (ev) (ev 


Neutral 
atom 
5 454° to 


64P 5/2 6.0 
7 ‘Pp, 2 79 

5#D,° 8.2) 
4d" Ss? Sp*—+4a” 532 5p! 


intermediate step. The ground state of the neutral lead 
atom is 6s? 6p? *Po. We assume that we first have the 
transition 6*P»y—-6*P, taking place. Then the 4.3-ev 
loss can be explained as being due to the transition of 
the excited electron from the 6*P, level to the 6*D,° 
level (equal to 4.7 ev). The other losses, with the ex- 
ception of the 12.4- and 20.3-ev losses, appear to be due 


to the superposition of two losses resulting from a 
dipole and an optically forbidden transition respec- 
tively. The 5.6-ev loss can be correlated with the 


average of the losses resulting from the transitions 
6 * P56 *D) and 6 *Py7 * Py in the neutral atom, while 
the 8.9-ev loss is the average of the transitions 
6 *P;°— 6 *D, and 6 ?P,;'—7 *P, in the ionized atom. The 
losses at 11.2 and 18.1 ev can then be due to twice the 
above two losses, or to the sums of the dipole and for- 
bidden transitions. It is also possible that the optically 
forbidden transition in the ionized atom, 6?7Pj°->5 *Fy 

11.5 ev, may contribute to the 11.2-ev loss. 

The energy loss at 12.4 ev cannot be definitely 
accounted for. The third dipole transition and a for- 
bidden transition in the ionized atom are of the right 
order of magnitude, being 12.9 and 12.8 ev, respec 
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TABLE IX. Energy losses of 20-kev electrons in lead vapor. The 
column headings are the same as for Table VIII 


Ionized Excited Energy 
atom level loss 
6 *P;® to , (ev 


Neutral 
atom 
6 *Po to 


6'*P;-6*D?P ‘ 4.3 
37),o ‘ 
com ' 4 5.6 
6*D, 
7 pp 
2X (6 °D,°) 
2X (7 *Po) 
6*D, +7 *Po 
5 °F, ° 
6 af , ? 
8*Dy 
2X (6414) 
2X (7 *P)?) 
6*Dy+7*PY 
5d” 6s? 6p?-+5Sd" 6s" 6p 


oN Nh 
coxaut 


3 
00 eh 


tively. Another possible explanation is that it is due to 
energy loss in the residual air in the vacuum chamber, 
as explained earlier. The loss of 20.3 ev is attributed 
to inner-shell excitation, The x-ray value for the O45 
shell is given’? as 22 ev. This would be an excitation of 
one of the 5d electrons. These energy losses are given 
in Table IX, 
6. Potassium Chloride 


The energy losses in KCl vapor were measured to 
find out how similar they might be to the losses in 
potassium vapor. It was found that, in general, the 
energy-loss spectra were the same. The strong resonance 
loss of 1.7 ev and the following loss at 3.3 ev found in 
potassium appeared equally strong in the KCI vapor 
at 1.6 and 3.1 ev. On the other hand, a 5.8-ev loss was 
found in KCI which was not found in potassium, The 
following loss of 7.8 ev in potassium occurs in the KCI 
spectrum at 8.4 ev. Of the next six losses in potassium 
five were found in the KCI vapor. It is perhaps inter 
esting to note that the losses in KCl between 12.4 and 
25.8 ev all lie 0.4 to 0.7 ev lower than the equivalent 
losses in potassium. In ‘Table X we have listed the 
energy losses in both potassium and KCI, and in Fig. 13 
the energy-loss spectrum of KCI is given 


Energy losses of 20-kev electrons in potassium chloride 


TABLE X 


vapor compared to the energy losses in potassium vapor 


Energy losses (ev) 


17 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952) 
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hic. 13, Energy-loss distribution of 20-key electrons in potas 
sium chloride vapor, The ordinate is the same as in Fig. 5 


REMARKS 


‘The measurements show, as the Born approximation 
predicts, that 
although some optically forbidden excitation does occur, 
particularly in the high-Z metals. This is especially 
noticeable in the case of lead where each energy loss 
results from a combination of a monopole and a dipole 


dipole excitation does predominate 


excitation 

Our data also verify that the principal interaction is 
excitation to the first excited level—the resonance ex 
citation, One exception to this rule was found in the 
case of Sb where the second loss was of equal intensity 
to the first. ‘This may be due to one of two causes; (1) 
the loss line was due to two losses, as shown in ‘Table 
VIII, whose combined intensities brought the intensity 
of the second loss line equal to the first loss ; (2) the 
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first excitation in the ionized Sb has the same prob- 
ability as the first excitation in the neutral atom. Our 
data also show that ionization plays an insignificant 
role in the spectral distribution as compared to exci- 
tation. This is due to the fact that the primary electrons 
can lose any amount of energy above the ionization 
potential up to the primary energy in the ionizing 
process. ‘Therefore, under our measuring conditions, 
the intensity contribution to the energy-loss spectrum 
from electrons which have lost energy due to ionization 
will be spread over an energy range of 20 000 ev. Con- 
sequently, we find no rise in the background intensity 
of the energy-loss distribution as we approach the 
ionization potential such as one might expect to observe 
when working with much lower primary energies. 

The transitions corresponding to the measured energy 
losses are in many cases fairly easily established. A 
number of the energy losses could only be explained on 
the basis that the incident electron had caused two or 
three distinctly different transitions, or two or three 
transitions of the same kind in its traversal of the 
vapor. Since we were measuring the energy losses in a 
small solid angle in the zero direction, we had no way 
of distinguishing the forbidden and dipole transitions. 
It would be of great interest to measure the energy 
losses in metal vapors as a function of angle in an 
effort to separate the forbidden and dipole excitations. 
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In a three-level maser, a transition between two energy levels 
is saturated in order to produce an induced emission of power at 
a lower frequency corresponding to a transition between an inter 
mediate energy level and one or the other of the two saturated 
levels. In this paper, certain effects are discussed which cannot be 
predicted from a theory in which the population differences alone 


are considered in this process. For instance, it is shown that, in 


some cases it is possible to obtain for the same system an induced 
emission of power at two frequencies given by the resonances 
between the intermediate energy level and both of the saturated 
levels. Also, it is shown that, even in the absence of inhomogeneous 
broadening of the spectral line, one can obtain a net induced 
emission at some portions of a resonant line and a net absorption 


INTRODUCTION 


“MM SER” action, the amplification of microwave 
power by means of stimulated emission of 
resonant radiation, was demonstrated some time ago 
for a beam of ammonia gas.’ Another possibility for 
producing a similar effect is provided by a system 
where three energy levels are available such that a 
transition is allowed between the lowest and the highest 
of the three levels. If this transition is saturated by 
means of a large power, then a transition between the 
intermediate level and one or the other of the two 
saturated levels can be made to result in a net emission 
of radiation. When such emission is strong enough to 
overcome all losses of radiation, the system will become 
unstable and it can be used as an amplifier. 

A three-level maser system of this type was discussed 
by Basov and Prokhorov,’ who suggested its use in a 
molecular beam apparatus. Bloembergen has discussed 
the application of this technique to paramagnetic solids® 
and such a system is reported to have been operated by 
Scovil, Feher, and Seidel.‘ 

A semiclassical treatment of the 
amplification of the microwave power can be given in 
terms of the averages of the population differences of 


mechanism of 


the various levels in the presence of the saturating 
power. However, a detailed analysis of the subject 
reveals certain features which are not predictable from 
such a treatment. For instance, it is shown in Sec. II] 
of the present paper that one could have a situation 
where even in the absence of inhomogeneous broadening 
of the spectral line, the induced power at the amplifying 
transition would appear in both emission and absorption 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Force Office of Scientific Research 
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at other frequencies within the line widths. Such eflects become 
important even in early stages of saturation in cases where 7 = / 
which is true for ordinary gaseous systems and individual spin 
solids \ 


complete theory is discussed for a gaseous system and extended 


systems in a majority of very dilute paramagnetic 


to two limiting cases of paramagnetic materials with 7) = 7» and 
T.<«T, for each individual spin system. Furthermore, it is shown 
that for a 
induced power over the entire line is in full agreement with the 


saturating field of fixed frequency, the integral of 
results of a semiclassical treatment in which the population dif 
Some to the 


practicability of certain systems of this type 


ferences alone are considered remarks are made a 


phases within different portions of the line widths 
Such a result cannot be predicted on the basis of a 
change in the population differences alone. The presence 
of the saturating power will give rise to an admixture 
of the two saturated states such that in some cases it 
becomes inappropriate to distinguish the two states in 
order to speak in terms of the population differences 
involving these two levels 

The line shape at the amplifying frequency, and its 
dependence on the intensity and frequency of the 
saturating power as derived in this paper, at first sight 
may seem to contradict the results obtained from a 
treatment based on the population differences alone. 
However, it is shown that for the saturating power at a 
fixed frequency, the integral of the induced power over 
the entire line at the amplifying frequency, is in full 
agreement with the semiclassical calculations. 

The purpose of the present paper is to present some 
aspects of the quantum-mechanical effects involved in 
a three-level maser. In order to reduce the problem to 
its essential points, first a complete analysis will be 
given, specifically for a gaseous system where the effects 
of the type mentioned above become of importance 
from early stages of saturation. Furthermore, the line 
and the thermal-relaxation 


structure processes, as 


applied to the three-level maser, are less involved in a 
gas than other systems such as paramagnetic solids 
This aspect of the gaseous system makes it possible to 
give a systematic interpretation for various terms which 
unavoidably appear in a lengthy expression for the final 
results. Sections I] through IV are devoted to this case 
It is hoped that the detailed presentation of a gaseous 
system in this paper will give a better emphasis to the 
physical picture of the quantum-mechanical aspects of 
the problem. In Sec. \ 
include two limiting cases for paramagnetic solids; 
and 7,<7), for each 
individual spin system. In Sec. VI some remarks are 


the results are extended to 


namely, the cases with 7\= 7, 
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made as to the extent of practicability of certain maser 
systems of this type. 


Il. SATURATION EFFECT IN A GAS 


In this section, a method is described for calculation 
of the saturation effect in the resonant absorption of 
microwave power by a gas. Later in the paper, these 
calculations are extended to the case of the three-level 
system, 

The molecular collisions will be assumed to be hard 
collisions, i.e., it will be assumed that the process of 
radiation is entirely interrupted upon each collision. A 
molecule which has undergone a collision will be found 
with an arbitrary phase in one of the stationary states 
of the isolated molecular energy states.® Let us consider 
two stationary states, y, and y», with y, having a 
higher energy than W,. Furthermore, assume that a 
transition is allowed between these two states and 
that a large radiation field is applied at a frequency near 
the resonance of this transition. 

Immediately after a collision at a time fo, a molecule 
which is found in one of these two states will be affected 
by the presence of the radiation field and at a later 
time /, its wave function will take the form 


lo) h Wa 
+ b(t—to) exp] 


ty) expl tka (t 
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iki, (t lo) h Wo 
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° © _ ° 
and is a mixture of the two states. The equations of 
motion for a and 6 are: 


pi(w’—wo’)t 
a yhe silat in 


bh y*ae i(@’ wor)t 

where hwy’ = Ey— Ea, y= warlio’/2h, the radiation field 
having the form E’= Eo’ sinw’t and ya, being the matrix 
element between the two states of the dipole moment 
in the direction of /o’. It is assumed that no diagonal 
matrix elements exist for the dipole moment. In these 
equations the nonresonant terms of the form e**(’t#0! 
are ignored since they form rapidly varying perturba- 
tions and for y<wo' their effects are negligible. 

If. at the time f& the molecule is in the state P=yYz, 
the solution to the above equations becomes 


,. tie) 


‘Generally speaking, the wave function describing the state 
of each molecule is a mixture of the stationary states with arbi 
trary phase factors. The mixed wave function is such that the 
average, over statistical ensembles, of the probability of finding 
a molecule in a given stationary state is proportional to the 
Boltzmann distribution function. However, for the purposes of 
this paper, the random nature of the phase factors makes it 
possible to assume that the molecules exist in pure states with a 
Boltzmann population distribution 
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¥=4L(w'— wo’)? +4yy* J}. 


The number of molecules which collide in a time 
interval dtp short compared with the mean collision 
time 7, but long compared with the duration of each 
collision, is Vdto/r, where N is the total number of the 
molecules. A fraction, f, of these molecules, after col- 
lision, is found in a particular energy state, say E,. This 
fraction is given by f=gae~"e!*?/>° g,e~*s/*?, where g, 
is the degeneracy of the ith energy state and we assume 
a large number of energy states are available with 
energy separations in the microwave range. In other 
words, the total number of molecules which have 
undergone a collision in the time interval dt) and are 
found in a given energy state Wa is madto/r, where na 
is the population of this state given by the Boltzmann 
distribution. The presence or absence of the strong 
radiation field has a negligible effect on the fraction f 
for gases considered in this paper. In particular, when 
the partition function is small, only a small fraction of 
the molecules exist in the states subject to the radiation 
field. Considering that the molecular collisions for the 
states having energy separations in the microwave 
region are diabatic in nature, a collision produces transi- 
tion to any one of the many near-by energy states. 
Therefore, the presence of the radiation field cannot 
appreciably affect the distribution of the Ndfo/r mole- 
cules immediately after the collisions while only a small 
fraction of these molecules before collision have been 
disturbed by its presence. Even though, on the average, 
the population difference of the two states is affected by 
the applied field, immediately after collision a Boltz- 
mann population distribution will be assumed for all 
States. 

The assumption of random collisions with a mean 
collision time r implies that the fraction of the mole- 
cules which have made a collision at a time ¢ and last 
for a time t—fy before making a second collision in a 
time interval dt is (dt/r)e~"-@!, 

Considering that at the end of this time the prob- 
ability of the exchange of a photon with the radiation 
field for those molecules which at the time ¢ are in 
either of the two states ~, or W is |b(t—to)|*, where 
b(i—t) is given by Eq. (1b), one obtains for the net 
absorbed power, 
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. D 


hv ¢' 
P = (N%a—M) J |b(t—to) |*e (t )/*d Ly 


2r| | hv 
= (Na—M) , (2) 
1+ (w’ —wo')?r?+-41?| y|? 


Notice that in this treatment, the Boltzmann popu- 
lations m, and mp, appear in Eq. (2) because the popu- 
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lation distribution immediately after collisions is 
assumed to be a Boltzmann distribution and inde- 
pendent of the intensity of the applied radiation field. 
The saturation term in this equation arises from the 
fact that the transition probability is a periodic function 
of time, with a period which is a decreasing function of 
the strength of the applied field. Therefore, its average 
over the time distribution of collisions asymptotically 
approaches the value 4 when the intensity of the res- 
onating power is increased. 

If one is interested in evaluating the average of the 
population difference between the two states subject 
to the radiation field, the above technique will yield 


1 t 
T o 
Ke (t-& td (3) 


(w’ —wo')*7?-+-1 
= (Na—- M)- 
1+ (w’ —wo")?r?+-4| y|?7? 


The argument for the validity of this equation follows 
from noting that for the molecules mgdlo/r which have 
made a collision at time fp and are found in the state Wa, 
the probability of their being found in the same state 
at the time ¢ of a second collision is [1— |b(t—to) |? }. 
Also, within this time interval those molecules which 
were found in the state y, immediately after collisions 
have a probability of |b(¢—t) |? of being found in the 
state Yq. Furthermore, this procedure yields 


Nig tNyp=dgtn, (4) 


as expected. 

These results are in agreement with derivations given 
previously® for the power saturation by means of other 
treatments. 


Ill. THE THREE-LEVEL SYSTEM 


Let us suppose that a third energy level exists which 


lies somewhere in between the two levels subject to 
the saturating power. Let us change our notation 
slightly and designate the three states by yy, Yo, and ps 
(Fig. 1). We assume that the saturating field is given 
by £’ Ey! sinw’t, with w’ (E3—E,)/n. 
Let us assume that a weak rf field E= Eo sinwt is applied 
at a frequency w close to wo= (E2— E,)/h. 

To begin with, let us summarize some of the relevant 
results of the semiclassical treatment of the problem as 


close to wo 


mentioned in the Introduction 

In the absence of the saturating field and for the 
weak field at the frequency w 
from (2), is 


Wo, the power absorbed, 


P= (n\— ny) 2hv x\?7, (5) 

6C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), Chap. 13 
The parameter ¢ in the Eqs. (13)-(74) through (13) (79) of this 
reference should be replaced by 21. 
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Fic. 1, States involved in 
the three-level system. 


where |x|?= |py2|*A?/(4h"), and it is assumed that 
r*| x|"<1, When a large saturating power is present at 
a frequency w’, the effect of this power on the induced 
transitions between y, and yw, can be visualized roughly 
by noting that from (3) and (4), fi, decreases as the 
saturating power is increased. If, in Eq. (5), we sub 
stitute %, for m,, since under our assumptions m is not 
affected by the saturating field, it is then possible to 
obtain a situation where fi; < my, resulting in an induced 
emission of power, The expression for the emitted power 
at the frequency w= wo in terms of the saturating field 


intensity and for w’=w’, calculated as just outlined, is 


4| y|2x?— p(2+4| y| 272) 


P= (no—na)hv| x\?7 (6) 


1-+4] y|*r? 

where |y|?= | uy3,°2"/(4h*), and p= (ny—mz)/ (m2 
(Note that |y'* is proportional to the intensity of the 
saturating power.) This equation will be used later in 
comparing the limiting cases of the calculations which 


Ny). 


follow. 

According to this equation, the threshold for the 
saturating power at which the absorption reduces to 
zero and the emission just begins is given by 


p/l p). (7) 


This relation indicates that an induced emission can be 


2\y|'r? 


obtained at a resonance frequency corresponding to the 
energy separation of the states 1 and 2, if the parameter 
p is less than unity. Notice that for the cases where 
the energy separations are less than k7’, one obtains 
pO (Ba £1)/ (Es 


can occur if the middle energy level is at most halfway 


ky), which means that such emission 


between the energies of the states 1 and 3. Obviously, 
if p>1, then an emission instead may be obtained at 
the resonance frequency of the states 2 and 3. 

The optimum emitted power as a function of | y|#7? 
is obtained when this quantity becomes very large 
compared to unity, in which case (6) reduces to 


P= 2[ na—4(my+mg) lhv| x27. (8) 


‘These results are obtainable, in exactly the same 


forms, from the treatment given by Bloembergen® for 
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the paramagnetic solids, if one assumes that the rate of 


thermal felaxation is the same between various energy 
states. 

In thig analysis, however, the quantum-mechanical 
effects which influence the line shape at the amplifying 
frequency are ignored. In order to allow for such effects, 
we proceed as follows. 

Let us consider a molecule which immediately after 
a collision is found in the state W.. After a certain time, 
as a result of the rf field at frequency w, its quantum 
state becomes a mixture of the states y; and YW. On the 
other hand, such a mixed state is connected to the 
state W, via the radiation field at frequency w’. Therefore 
a molecule which initially is found in the state y2 has a 
finite transition probability to the state Ws before its 
next collision. If at the time t the state of the system 
is described by ~=yo, then at a later time /, Y becomes 

ik 
y= a,(l—lo) exp] — (t—to) Wi4t-a2(l—lo) 
h 
ik; 


ik; 
exp “(t to) ys t+as(t ~ lo) exp - (t " lo) W>. 


h h 


Let us designate by P,;(t—to) the probability of a 
system which at the initial time ¢ is in the state y;, and 
at a later time, ¢, makes a transition to the state w,. 
Then Pog= | a3(t—ty) |? and Po, a;(t—to)|?, where as 
and a, are the probability amplitudes as given in the 
above wave function subject to the initial conditions: 
ay (t—to) = ag(t—to) =O and ao(t—by)=1 for t= ty. Po Is 
the probability of a direct transition between states y2 
and y; and is accompanied by emission of a photon at 
the frequency w. On the other hand, P23 corresponds to 
a double photon exchange with the two radiation fields 
which induce the transition: one photon emitted at the 
frequency w and one absorbed at the frequency w’. 
Such a process is quite similar to the multiple-quantum 
transitions reported by various authors.’ The only 
difference is that in our case the intermediate energy 
state which serves to connect the initial and the final 
states has the lowest energy and the resonance condition 
is satisfied when the applied fields have their respective 
frequencies close to wo and wo’. Thus, instead of absorp- 
tion of two quanta [ see reference 7h one photon is 
emitted whereas a second one is absorbed. ‘The induced 
absorption and emission of radiation can be shown 
further by means of a study of the average of the dipole 
moment over the wave function, ¥, describing the mixed 


P'52(t—to) = | ae(t—to) |? 


(2) (t—to)/2 | 


| y |? |x| 2rsin?L (y 
t 


JAVAN 


states. From the expressions given below, one can 
evaluate the probability amplitudes a,, a2, and a; and 
show that the average dipole moment consists of two 
oscillating components at frequencies w and w’ with such 
a phase relation to the applied fields that if it corre- 
sponds to an absorbing system at frequency w’, it will 
correspond to an emitting system at frequency w. 

The reverse processes to the transitions defined by 
P2, and P»,; arise from the system which immediately 
after collisions at the time ¢) are found in the state Wz 
or y, and at a later time, /, make a transition to the 
state Wo. It is intuitively obvious that the transition 
probabilities for the latter processes, Ps. and P:, 
satisfy the relations P32(t—to) = P23(t— to) and P2;(t—ty) 

Py.(t—to). This point is discussed further in the 
appendix of this paper. 

In order to solve for the P;,’s as defined above in 
terms of the applied field strengths and frequencies, let 
us consider the Schrédinger equation for the coefficients 
4;, a2, and ds: 


c . 
i; xare' wo)t_t ya;e' wo se 


(ig= — x* aye 1 (o-oo) t 


a3= —y*aye i(w’—wo’ a 


where *=py2M%o/(2h) and y= 43h’ / (2h) as before. 

In these equations the nonresonant terms, such as 
et'(e'te0)! are ignored as they form rapidly varying 
perturbations and their effects are negligible. 

A general solution to these equations can be obtained 
for arbitrary values of x and y. However, such a solution 
involves the roots of a polynomial of the third degree 
which cannot be put in a closed form if x is large and 
comparable to y. This solution is given in the appendix 
of the present paper. For small values of x, a solution 
correct to the first order in x can be calculated con- 
veniently as described below, if the initial conditions 
are taken as those corresponding to Px. and Py». 

Let us consider that a molecule at the initial time 
is in the state Y=; then from (9) one obtains 


t 


do(l—lpo) -a f aye~ *(e~wo) dy! 
to 


If [(w (w'—wo') |x is small compared to |; 
a,(t—to) can be solved by ignoring the terms in x in (9) 
and its solution is a;(t—ro)= —b*(t—to) where b(t—to) 


is given in Eq. (1b). From this and the above equation, 


Wy} 


one obtains 


sin’[ (y+ £2) (t—to)/2 | 


(y—2)? (y+)? 


cos*(y(t— 


t 


? See, for instance, V 


to)) +4{cosl(y —2)(t—to) ]4+-cos[l (y +2) (t—to) }} 


oa , (11) 
v— 


Hughes and L. Grabner, Phys. Rev. 79, 829 (1950). 
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where 2=}(w’—wo')—(w—wo), and ¥ 
initially in the state y 

sin’[ (y— 2) (t—to) 


—ty) = |x|" (1+<a)? - a) 
‘ (y—2)? 


Pyolt 


cosy (t —to) 


-(1—a?) 


where a= (w'—wo )/(2y). The approximation used in 
the derivation of the above equations is entirely valid 
for the case under consideration in this paper, since at 
the conclusion x will be taken as arbitrarily small for 
an evaluation of the condition for a_ self-sustained 
oscillation at frequency w, and we shall not be concerned 
with the saturation effect at the amplifying frequency. 
Also, it should be mentioned that these solutions happen 
to be correct for arbitrary values of x and y when 


(w’ — wo’) — (w—wo) =0, and if y is taken as 


BL (w’ — wo’ )?-+4(| «|2+ | |?) J. 


This condition is satisfied in particular when both the 
applied fields have frequencies at their respective 
resonances. 

From the above equations, the net induced absorption 
or emission of power at the frequency w is calculated as 
follows: 

First let us consider only the transition probabilitise 
between states 2 and 1. According to the discussions 
presented in Sec. IT, immediately after collisions, the 
population distribution is given by a Boltzmann dis- 
tribution which prescribes a larger number of such 
systems in state 1 compared to systems in state 2, 
Since P2(t— to) = P2(t—to), such transitions will always 
result in a net absorption of power at frequency w 
given by 

t 


hy 
P= (mm N»)~ f Pyo(t—bo)e "dg. = (13) 


Tr aL 


The process which results is a net emission of power 
at this frequency, however, arises from transition prob- 
abilities P23 and Py. which correspond respectively to 
emission and absorption of photons of frequency w in 
the double-quantum transitions as described above. 
According to the Boltzmann population distribution 
N2> nz, and since Po3(t— to) = P32(t—to) the net emitted 
power due to this process is 


hy é 
f P32(t—to)e~ "to. (14) 


." t 


P,=(n2—MN,) 


In other words, this is a process in which the transitions 
from a lower energy state, 2, to a higher energy state, 
Ws, are accompanied by emission of the photons at 
frequency w, whereas the reverse transitions from wz 
to wz take place by absorption of such photons, Ac- 
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=4[ (w’—wo’)?+4|y|?}*. Similarly, if one assumes that the molecule is 
¥,, then a; will be the same as (1a) and from (10) one obtains 


sin?L (y +2) (t—to)/2.] 


(y+)? 


{cos (y—2)(t—to) }4+-cosl (y +22) (¢—to) J} 


9 


y— 


cordingly, the Boltzmann distribution gives more 
weight to the emitted photons and the net result will be 
an emission. 

The combined effect of these two types of transitions 


will yield, for the total emitted power, 


P= P,—P.,. (15) 
First let us consider a case where the state W lies in 
energy very close to y; such that mn, and in the 
absence of the saturating power only a negligible ab 
sorption at the frequency w takes place. Furthermore, 
assume that (2.—n3)>>(n,—M2), i.€., wo wo. In this 
case, ?, can be ignored in (15) since the presence of the 
saturating power will produce an emission proportional! 
to (nz—Mng) given by P, and much larger than /,. The 
quantity P, can easily be evaluated by substituting /’3» 
from (11) in Eq. (14) which, upon integration, yields 


P,= (no—n3)hv\ x 


(16) 
(1--4y222) [1+ (y—2)22? IL + (-y +.2)7?] 


When the intensity of the saturating power is of such 
magnitude that | y|?7?2>1, the third term in this equa- 
tion becomes negligible and the emission line will 
appear as a doublet. The peak of each component of 
the doublet will occur when y—Q2=0 or y+2=0, which 
correspond to frequencies given by 

h(w ( (17) 


Ww Wy t 


The splitting 


Wo y 


the same effect as 


For w’=wy, (17) reduces to w 
of the emission 
observed in the resonant modulation experiment in the 
molecule OCS.* The presence of the saturating power 
gives rise to a modulation of the wave function between 
the two states 1 and 3 at an angular frequency ¥ [ see 
Eq. (1b) ] which is half the separation of the com 
ponents of the doublet as obtained from (17 

The third term in Eq. (16) can be considered as due 


to the interference term originating from an overlap of 


line arises from 


5S. H. Autler and C. H. Townes, Phys. Rev. 100, 703 (1955). 
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the components of the doublet. Its effect is important 
when the splitting of the doublet is not very large. 

For a given value of the intensity of the saturating 
field, the emission line is largest when w’= wo’. Under 
this condition, from (16), the behavior of the line shape 
as a function of |y|*r? (which is proportional to the 
strength of the saturating power) is as follows: 

Suppose that the quantity |y| is increased continu- 
ously from zero by increasing the saturating power. For 
small | y|*r*, the emission shows only one maximum at 
the frequency w=wo. The emission intensity at this 
frequency increases from zero as |\|?r* is increased, to 
an optimum value P,= 4(m,—ns)hv|x\*r for | y|*7?=}4. 
For |y|*r?>4, the peak intensity decreases while the 
emission line broadens. At | y|*7?=5/7 the line begins 
to split and two maxima appear. For | y|*7?>5/7, the 
separation of the two maxima increases and eventually, 
the emission will show as a doublet with the intensities 
at the peak of each component of the doublet approach- 
ing the value 

P=4(n2—ms)hv| x\?r. (18) 
1 
P= (my —m2)hy| x\?7} (14-4)? +-(1—a) 
21+ (y—2)?7? ] 


The net emitted power P= ?,—J/, can then be calcu- 
lated from Eqs. (19) and (16). 

Notice that the same interference term appearing in 
the expression for P, also shows as the third term of 
Eq. (19) for P.. 

For | y|*r?>>1, the absorption term, P,, also presents 
two peaks, however, with an intensity ratio given by 


( “*) 
l—a 
which for w’=wo' is equal to unity and independent of 
|y|. The two peaks occur at the same frequencies as the 
centers of the emission doublet, ?,, given by (17). 

An examination of (19) and (16) shows that in the 
limiting case where | y|*7*<1, P, approaches zero, while 
P, approaches the usual absorption formula : 


[ (w’ -wo')?+4 y|? }'+ (w’ —a"’) P 


[ (w’ wo’)? t 4\y|? }i— (w’— wo’) 


2(ny—n»)hv| x\?7 
1+ (w—wo)*?? 


Also, if (w’—wo’) becomes large, i.e., the saturation 
power is tuned away from its resonance frequency, wo’, 
both components of the emission doublet ?, diminish 
in intensity while the peak of the stronger component 
of the absorption doublet P, approaches the frequency 
wo with a line shape approaching the absorption formula 
given above, and the other component of this doublet 
reduces to zero. 


-(1—a’) 


JAVAN 


Therefore, the optimum emission occurs at | y|*7?=4 
corresponding to an intensity of the saturating power, 
somewhat less than that required to split the emission 
line. 

Although, in the semiclassical treatment, as men- 
tioned at the beginning of this section, no allowance was 
made for the behavior of the line shape, it is interesting 
to compare the results with the peak intensities as 
calculated above. Notice that Eq. (6) for mSn2 and 
for |y|*r?=4 reduces to the same value as the optimum 
peak intensity calculated here. However, (6) predicts 
an optimum emission intensity when | y|*7?>>1, with a 
value twice as large as that obtained above at the peak 
of each component of the split doublet. 

Let us now consider the case where wo is not very 
small, i.e., mm, and (n,;—m2) is comparable to 
(n2—Mns3). In this case, the absorption term, P,, arising 
from transition probabilities Pj, and P21, will be super- 
imposed on the emission term discussed above. If the 
expression (12) for Py: is substituted in (13), after 
integration one obtains: 


1 
2 mn = 
2[1+ (y+2)?7"] 


(y?—) 7? (277? +1) —1 

(14-4y7?7*) [1+ (y—2)?7? [14+ (y+2)?77] 

Since the optimum intensity for the emission doublet 
given by (16) appears for w’=wo', let us consider, in 
what follows, this condition to be satisfied. In this case 
the parameter a, appearing in Eq. (19), is zero and for 
|y|*r2>>1, the two peak intensities for P, become 
(n,—ny)hv(|x|*r/2). Combining this result with (18), 
the total emitted power at the peak of each component 
of the doublet is therefore given by 


P=P,—P, 
= [ n2— 4 (ny+ 3) \Av| x? |r. 


This result should be compared with the Eq. (8) 
derived from the semiclassical treatment. They differ 
by a factor of two, which evidently originates as a result 
of the splitting of the emission line. However, such an 
agreement of the intensities is obtained under the con- 
dition where | y|*r?>>1, for which the separation of the 
two components of the doublet is large and the inter- 
ference effect, as given by the third terms of Eqs. (16) 
and (19) is negligible. In order to study this effect, 
first let us examine the behavior of the induced power, 
P, at the frequency w= w» as a function of the intensity 
of the saturating power. As |y|*r? is increased con- 
tinuously from zero by increasing the strength of the 
saturating power, the emission term P, reaches its 
maximum at |y|?7?=4. A further increase of power 
results in a decrease of P, at this frequency, and even- 
tually, for | y|*r?>>1, it approaches zero. However, the 
absorption term, P,, at this frequency shows its maxi- 


(19) 


(20) 
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mum value for |y|?7’<1 and continuously decreases 
towards zero as | y|?r* is increased. In fact, for | y|?r?= 4, 
where P, is at its maximum, /P, is reduced by a factor 
of 4 from its value at | y|’r?=0. In terms of the transi- 
tion probabilities, the above behavior means that the 
average of the transition probability over the coilision 
time from state Wz to state ¥, (P21), decreases as the 
saturating power is increased, while (/2;) first increases 
from zero and has its maximum at |y{|*r?=4. For 
|y|?r?>4, (P23) becomes larger than (2). This fact 
immediately suggests an anomalous behavior for the 
necessary requirement of the population differences 
(n2—ms) and (m,;—nz) for observation of the induced 
emission at the frequency wo. From (16) and (19), for 
w’=wo and w=wo, one obtains 


>= P,— P, 
3| y|27?— p(1+|y|?r?) 
= 2(n2—mn3)hv| x|?7- - 


, (21) 
(1+-4| y|*r?) (1+ | y|#7?) 


where the parameter p is 
p= (ny— No) '(n2— N;3)= (E.— E;) (E;— E2), 


as before. This equation should be compared with the 
relation (6) of the semiclassical calculation. 

For |y\*r?(3—p)>p, Eq. (21) becomes positive, re- 
sulting in a net emission of power. This condition can 
be satisfied if p is less than 3, or 


(E2— E,) <3(E3— E2). (22) 


As long as the middle energy level is at most ? of the 
way up in between the lowest and the highest levels, 
then, in principle, amplification at frequency wo may 
be possible. The intensity of the saturating power which 
yields an optimum emission at the frequency w= w» can 
be evaluated from the value of | y|*7? for which Eq. (21) 
is maximized. For larger values of |y|*r*, Eq. (21) 
decreases monotonically towards zero. Accordingly, for 
y\*7*>1, one always obtains an induced emission, 
however small, at the frequency w=w if p<3. On the 
other hand, Eq. (20), which holds for | y|*7?1, shows 
that at the peak of each component of the doublet 
occurring at frequencies given by (17), emission results 
only if p<1. Therefore, it is clear that for 1<p<3, 
the induced power around w» appears in both the ab- 
sorption and emission phases, depending on the fre- 
quency of the applied field and its closeness to the 
resonance frequency wo. A closer examination of the 
expression for the induced power shows that a similar 
behavior could also be encountered for p<1. 

This behavior, which occurs in the absence of an 
inhomogeneous broadenining of the spectral line, cannot 
be explained in terms of a physical picture where a 
change in the average population differences of the 
various levels is taken as the factor responsible for 
producing an induced emission of power. However, in 
terms of the transition probabilities, such an effect 
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Fic. 2. The line shape at the amplifying frequency for various 
values of the strength of the saturating power. The ordinate 
represents an induced-emission coefficient defined by 

P/( (ne 
and the abscissa is x = (w--wo)r. The parameter a@ is proportional 
to the intensity of the saturation and is defined by 
a= (| y3|2/4h*)7*?, The frequency of the saturation power is 
taken at the resonance of the 1¢+3 transition. Also, p= (mm) / 
(n2—mny,) is arbitrarily chosen as 0.5 


ny)hv| x\*r | 


power 


arises because at certain frequencies around wo, (/’23) is 
larger than p(/’2) such that the result is an emission, 
whereas at some other frequencies the reverse is true 
and the result is an absorption. 

In Fig. 2 a normalized line shape defined by 
P/{ (ng—ns)hv|x\*r | is plotted against the dimension- 


less quantity x= (w—wo)r for p=0.5 as a function of 


various values of | y|#7*. 

In the treatments presented in this section, similar 
results would be if wy defined as 
(E3—E2)/h and a matrix element between 
states Wz and Wy». In this case, condition (22) should be 
replaced by (L3— £2) <3(2a— £,) for which an induced 
emission would be obtainable at a frequency near 
wo= (E3— E2)/h. 

It is interesting to note that if transitions of the 


obtained were 


existed 


magnetic-dipole types are included, then it is possible 
to obtain simultaneously matrix elements connecting 
the state Wz to both of the states y; and wz. In this case, 
if the separation of the middle energy level from the 
highest and the lowest levels is larger than (4,— /3)/4, 
an induced emission near two frequencies (H,—E,)/h 
and (E;—E2)/h could be observed. ‘This effect also 
cannot be accounted for on the basis of a change of the 
population differences alone. 

In applying the expression for the induced power to 
the case where matrix elements exist between all the 
three levels, care has to be taken when p is very close 
to unity. In this case some of the nonresonant per 
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turbations which were ignored in Eq. (9) as rapidly 
varying terms are no longer negligible and their effects 
should be included. A more general situation arises for 
any value of p when, in addition to the saturating 
power, two rf fields are present at frequencies close to 
(Ey—f,)/h and (E3—Fy)/h. This case can be treated 
by evaluating the average dipole moment f= /‘W*uydr, 
where y is the wave function describing the state of a 
molecule at the time ¢ subject to the initial condition 
prescribed by its state at the time fo immediately after 
a collision. The induced power can then be evaluated 
by calculating the susceptibility from an average of ji 
over the time distribution of collisions and observing 
a Boltzmann population distribution immediately after 
collision, 


IV. INTEGRATED LINE INTENSITY 


The discrepancies with the calculations presented at 
the beginning of Sec. III evidently occur because of the 
presence of the saturating power giving rise to a drastic 
change in the line shape. However, a calculation on the 
basis of a change of the population difference should 
give a correct answer if, instead of intensity at a given 
frequency, the integrated line intensity is considered. 
This quantity is, in effect, an average intensity. One 
expects that a principle similar to that of “spectroscopic 
stability” is operative, such that any details of the line 
shape do not affect the integrated line intensity. 

Equation (6) is calculated at the resonance frequency 
w=wy. The result for the integrated line intensity will 
be the same if (6) is multiplied by a factor of w/7r. On 
the other hand, the integrated intensity for the actual 
line shape is /o”P?dw, where P= P,—P, with P, and P, 
given by Eqs. (19) and (16). This integral can be 
evaluated easily by extending the integration from — « 
to + and then closing the integral at infinity. The 
result is 


s 


T 
[ Pdw (Me 
. T 


ny)hv\ x \*r 


jl y|*x?— PL2+2(w" —ao')*7?-+4| 9/7") 
: (23) 


wo )*7?+-4 | y|?r* 


| 1+(w’ 


For w’ 
tiplied by w/r. If we calculate (6) for the case where 
the frequency of the saturating power w’, is taken off 
the resonance frequency wo’, the result becomes also the 
same as (23) in all details. Consequently, the semiclas- 


wo’, this equation is the same as (6) when mul- 


sical results, as derived from (6), are all correct for the 
integrated line intensity. 


V. EXTENSION TO PARAMAGNETIC SOLIDS 


The analysis as presented has been based on an 
assumption of hard molecular collisions and is complete 
for a gaseous system. Various effects of the types 
described are also present in any three-level maser 
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system such as in paramagnetic solids. However, the 
extent to which such effects may become of importance 
as a function of the intensity of the saturating power 
will depend on the type of thermal-relaxation mecha- 
nism operative in the material. 

Two limiting cases in solids are encountered for 
which the above results can easily be extended ; namely, 
when for each individual spin system 7,= 7, or TT}. 
In solids or liquids with 7,;= 7», the results obtained 
above will apply directly without any essential modi- 
fication. It should be noted that the collision processes 
as described in Sec. II are equivalent, in other words, 
to assuming that when a molecule emerges from a col- 
lision it has essentially no memory of its past history. 
Such an assumption may be justified in all cases where 
the correlation time is very short, which implies that 
7,=T». These cases cover a majority of paramagnetic 
materials with very dilute concentration. The func- 
tional dependences, as expressed by Eqs. (15), (16), 
and (19) will apply in these cases to all the spin systems 
which have their center resonances at the frequency wo. 
The presence of inhomogeneous broadening, which is 
usually the major source of the total width of the 
spectral line, can easily be allowed for by integrating 
(15) over a slowly varying function for the distribution 
of the local magnetic field. 

Now let us consider a case where for each individual 
spin system 7'<7). The exchange of energy between 
spin systems and the thermal bath takes place pri- 
marily as a result of spin-lattice interaction. This 
process is the major factor responsible for bringing 
about thermal equilibrium. The rate at which the 
system approaches equilibrium is given by 1/7), and 
this approach may be a slow process if 7) is long. On 
the other hand, the presence of spin-spin interaction 
will give rise to a simultaneous energy exchange 
between two spin systems without necessarily a net 
exchange of energy with the thermal bath. This process, 
in effect, shortens the lifetime of the states of each spin, 
and by including the adiabatic thermal processes which 
tend to disturb the phases of the spin system at random 
without causing a transition, the mean lifetime will be 
given by 7». We assume that 7,<7\. The principal 
feature of the treatment presented earlier lies in the 
presence of a transition of the type /23. Such a transi- 
tion becomes of importance if the strength of the 
saturating power is large enough to produce appreciable 
transition in a time shorter than 7 where a spin system 
has a chance to show the effects which require its 
coherence. Let us first assume that the applied power 
is not large enough to produce such a transition. In this 
case, since the presence of the applied field does not 
result in an appreciable admixture of the states 1 and 3, 
it becomes permissible to speak in terms of the popu- 
lation differences of various states involving 1 and 3. 
Also, transitions between states 1 and 2 are of the 
ordinary type and the line shape at this power level is 
not affected by the presence of the saturating power. 
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If 7; is long enough, the rate at which the energy 
absorbed from the saturating power is delivered to the 
lattice becomes slow and the population of the states 
1 and 3 tends to become equalized. The semiclassical 
treatment, as discussed at the beginning of Sec. IU, 
will apply rigorously and the situation is discussed by 
Bloembergen for an arbitrary rate of relaxation of the 
type 7, between various energy states. For |y 7727 
>1, one obtains 


(fig—N3) = (N2—N}). (24) 


Under the assumption of equal rates of relaxation 
between various levels this equation becomes equal to 
[n2—4(my4+ns) |, where 1, m2, and nz are the popu- 
lations of various states given by the Boltzmann dis 
tribution. At this power level, the induced-emission line 
shape for each individual spin system is the normal 
shape of the corresponding absorption line. 

However, as soon as the applied power is increased 
further, such that saturation of levels 1 and 3 begins to 
set in a time 7», then transitions of the type /’23 begin 
to become important at the expense of a change in Pj». 
Under this condition, in addition to power emitted as a 
result of a transition of the type Py, which is propor- 
tional to (%2—7,), an emission will occur because of 
P»3 and proportional to (iy 
this power level (24) holds, one obtains for the net 


fiz). Considering that at 


power emitted ; 


P= (fig—Ns)hv[ (P25) + (P21) |, 

where (P.;) and (/.,) are averages for the transition 
probabilities over the time distribution of the relaxation 
processes of the type / ( Po and ¢ Po) will be given by 
P/U (ng—ng)hv | and P,/{(my—ne)hv| respectively, 
with P, and P, as given by Eqs. (16) and (19) and 


with 7 substituted as 7». The result for w’ = wy’ becomes 


hs)hv\x'\?*T2' 
| } [ y (w 


| 


P=(he 
Wo) PT? 


t (25) 


1 + [ 7 } (w wy) ery) 


For w’ ~wy’ an extra term will appear in this expression 
because of the third term in P, and P,. Therefore, in 
the presence of a homogeneous broadening of the 
spectral line where for each individual spin system 
T&T), for |y\?727 1, the power emitted is given 
y\?7T?<1 the 
emission has the usual shape of an absorption line; 
however, for | y\?7’>>1, the line appears as a doublet, 
resulting in a decrease of the induced emission at the 


by (25). This equation shows that for 


frequency wo. The presence of inhomogeneous broaden- 
ing may easily be accounted for in this equation in the 
manner described for the case 7,=7 ;. Clogston has 
discussed the general case with arbitrary values of 7; 
and 7',, using the apparatus of density matrices. His 
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method can be shown to give results which are in 
agreement in all details for the two limiting cases as 
discussed in this paper. 

From the above treatments we can conclude that in 
a three-level maser, there are various types of physical 
phenomena involved which cannot be explained on the 
basis of a change in the population differences alone. 
In particular, when 7';=7» or in any case where a 
saturation is set up in the time 7», the states 1 and 3 
will be so mixed that it becomes inappropriate to dis 
tinguish states 1 and 3 in order to speak only in terms 
of the population differences. 

It should also be pointed out that, generally speaking, 
a three-level maser can be described as a type of mono 
chromatically effect. The 
quantum transitions of the type P23 involved in this 
process are similar to Raman-type scattering phe 


excited fluorescent two- 


nomena, 


VI. CONCLUDING REMARKS 


An obvious extension of a three-level maser can be 
be made in systems where a fourth energy level is 
present with an energy larger than /. In this case, the 
power induced at the amplifying frequency can be 
enhanced somewhat by applying a second saturating 
K3)/h. 


T., the emission occurs as a result of the 


power at a resonant frequency close to (4%, 
For T; 
multiple-photon processes in the manner described for 
the three-level system. The expression for the emitted 
power is given in Appendix II for a special case where 
the frequencies of all the applied fields are taken at 
their respective resonances. A similar extension can also 
be made for systems with more than four energy levels 
where matrix elements exist between the required 
levels. 

There exists a variety of substances with at least 
three energy levels where an induced emission of 
radiation could be observed on the basis of the mecha 
nism described in this paper. However, the require 
ments for obtaining sufficient intensity to overcome 
other types of losses of the microwave power for the 
purpose of amplification are generally severe. 

One is not limited only to electron-spin paramag 
netism in solids for this type of amplification. For 
instance, direct nuclear quadrupole transitions in a 
crystal such as I, provide the required energy levels and 
at low temperature the condition for amplification may 
be satisfied, Such a crystal is not lossy and can be used 
with a large filling factor. 

As far as gaseous states are concerned, for ordinary 
molecules, amplification may be obtained if the sepa 
and 3 is large and in the 


ration of levels 1 


millimeter range of frequency. The practicability of 
such systems for a CW operation will therefore require 
the availability of CW power in this range of frequency. 
For instance, the rotational transition J = 2-1 in the 


first excited state of the bending mode of vibration in 
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the molecule HCN could be used as the saturating 
transition. The direct transition between the /-type 
doublets with AJ =0 will then provide amplification at 
two frequencies corresponding to splittings of J=1 or 
J=2 levels. There are other molecules which can be 
used similarly. It should be noted that in these cases 
the expression for the emitted power is given essentially 
by Eq. (16), since P, becomes negligible compared to 
P, in (15) as soon as a reasonable saturating power is 
applied. Such systems cannot be used at very low tem- 
peratures which, at present, seem to be required for 
solids. 

An interesting mechanism which provides the transi- 
tions of the required types in symmetrical-top molecules 
is encountered when a nucleus with large quadrupole 
coupling is present in the molecule. The hyperfine 
structure will give rise to forbidden transitions with 
AJ = +2 or AJ = +3 and can be used as the saturating 
transition. An allowed transition with AJ = +1 can then 
be used as the active transition. For example, the 
molecule ICN seems to be a good example for this 
type of operation, Unfortunately, saturation of the 
J=3-—) transition in this molecule does not yield 
sufficient intensity for a convenient amplification at 
the J = 10 transition. However, observation of the 
resonance line at the allowed transition and its depend- 
ence on the frequency of the saturating power seems to 
constitute a convenient way for detecting such types of 
forbidden transitions. 


ACKNOWLEDGMENTS 


The author has enjoyed many interesting discussions 
with Professor C. H. ‘Townes, Mr. L. Alsop, and Mr. 
J. Giordmaine in the course of preparation of this paper. 
The interest of Professor P. Kusch in the initial stages 
of formulation of this paper is greatly appreciated. The 
author is also indebted to Dr. A. M. Clogston for 
making the manuscript of his work available prior to 
its public ation. 


APPENDIX I 


A general solution of Eq. (9) can be calculated as 
follows. 


Let us substitute in (9) aj;= A je'?t*)" where the 
a,’s are the probability amplitudes with the subscript j 
standing for the levels 1, 2, and 3. If we then take 
ri=9, Xe — (w’—wy'), Eq. (9) 


reduces to the following secular form: 


(w ~wW9), and Xs 
AA, t ixA ot 1yAs 0, 
~1x* Ay (A+ x2)A» 0, 
—iy*Ayt+ (A+x3)A2=0. 
These equations can be solved simultaneously for the 
A,’s if the determinant of their coefficients vanishes. 
This condition yields an equation of the third order in 


JAVAN 


\, with real roots. With each root, one of the amplitudes 
A; can be assigned arbitrarily. Accordingly, by writing 
a;=e*it >", Ajye™*, one obtains a general solution of 
(9) in terms of three unknown constants. The values of 
these constants can be chosen to satisfy the initial 
conditions. 

Unfortunately, for arbitrary values of x and y, the 
roots of the secular equation cannot be expressed in a 
closed form except for (w’—wo’)=(w—wo). However, if 
x is small and x<y, a solution to the first order in x 
can be found easily and the relevant probability am- 
plitudes in this order are given as follows: For the 
initial conditions that a3=1, d2=a,;=0 at t=-o, one 
obtains 


x*y ei(rt) (t to) | € i(y—-Q) (t to) J 
amelie ee + “iis 
27 y¥+2 y—-2 


where the first subscript in ag, is used to indicate the 
initial condition, and y and @ are the same quantities 
as defined in Eq. (11). For a,=1, as=a,;=0 at t=, 
23 can be evaluated in the same way and is found to 
be related to ag. by 
ay* 

ei (e!—wo! )~ (a9) ) (4-00) qa, 

+ 


yx 


423 = 


Also, for initial conditions a;=1, d,=a3=0 at t=, 


one obtains 


x* 1 (-y—4xs)[etr+@ to) — 1] 
on=i— — 
2y yrn 


(y +4x5) [et Qa fo) — 1 } 


y¥—-Q 


Finally the probability amplitude a, defined by a.= 1, 
a= d3=0 at t= ty is found to be related to a,. by 


x* 
d= — € ile #0) gio, 


x 


Notice that from these probability amplitudes one 
obtains Pogl(t to) Pall — by) and Po (t—t) = Proll = to) 
as expected. 


APPENDIX II 


For a four-level maser, the probability amplitudes 
can be found with similar manipulations. Let us con- 
sider the case where all of the applied fields are at their 
respective resonances and the saturating powers are 
chosen such that | ys4|2/ (2h) = | w13| B’/(2h)= | y| and 
| use| B/(2h)= |x|<\|y| with EZ, BE’, and E” as defined 
in Fig. 3. Under these conditions, the probability 
amplitudes can be evaluated to the first order in x, 
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E4 


Fic. 3. States involved in a 
four-level system. The applied 
fields are: E=Esinwt, with 
ww = (Ey am EK, )/h; 
E’= E’ sinw’t, 

with 
ww! = (E;—E,)/h; 
E” = E” sinw”t, 

with 


Mt , ”” > 
ww! = (EF, 


E;)/h 


and their averages over the time distribution of col- 
lisions yield the following expression for the power 
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emitted at the frequency wo: 


6| y|2r? 


P | |?rho| (ns Ns) 


(1+8] y|?r?)(1+2| y| #7?) 


] 
t+ (ny nd( 
(1+ | 272) 


1 
(my, n)( 
2(1+8| y|?7?) 


This expression shows the characteristic behavior of the 
interference effect as pointed out in some detail in Sec. 
ILI of this paper. 
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The angular correlation of the two-photon annihilation of positrons annihilating in gases at high pressures 


demonstrates the two modes of decay 


(1) from a bound state, positronium, and (2) from an unbound state 


in all gases tested that have low-lying energy states. The increase in the narrow component in argon, plus 
suitable thermalizing gases, due to the application of a dc magnetic field obeys the theoretical increase due to 
the mixing of the 1'S and 1 4S m=0 states. The increase in positronium formation due to the application of a 
de electric field is observed. Preliminary evidence for the existence of n=2 states of positronium is seen 


I. INTRODUCTION 


HE study of the process of positron annihilation 

by measurement of the angular correlation of the 

two quanta from the annihilation event has been used 
successfully in solids.!~® Prior to the present research, no 
precision experiment on the angular correlation of the 
two quanta from the annihilation events in gases has 
been reported. When positronium, the bound state of a 
positron and electron, is formed, the singlet state (1 4S) 
decays by two quanta and the triplet state (14S) decays 
by three quanta. The half-life for 14S positronium is 
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1.25 10~" sec and for 14S is 1410-7 sec.* In this 
work the distribution in angle is usually limited to 
within ten milliradians of 180° with particular attention 
to the effect of a dc magnetic and/or a dc electric field on 
the events within two milliradians of 180°, The pres- 
sures used were from one to 28 atmospheres. The ex 
periments on the magnetic quenching of orthoposi 
tronium done previously in various gases’~"’ have been 
extended to higher fields. The effects on the angular 
correlation and magnetic field dependence of argon by 
adding thermalizing and/or quenching gases has been 
2 states 
of positronium has been found. Some of the methods 
used here found immediate extensions, and those re- 
lating to parity nonconservation have already appeared 
in print."’ However, for the sake of clarity, they are in- 
cluded here. 


studied. Some experimental evidence for the n 
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Fic. 1. Gas chamber 


Il. APPARATUS 


The apparatus has previously been described® except 
that the source sample assembly was replaced by a gas 
chamber shown in Fig. 1. The Na” source 
rounded by a lead ring to prevent the detectors from 
counting annihilation events in the source itself. The gas 
to be studied was allowed to enter the space between the 
iron pole pieces after the space was evacuated by means 
of a mechanical pump. The top and bottom of the 
chamber were held together by two nonmagnetic stain- 


was Sur- 


less steel rings which held the pole pieces and six stain 
less steel bolts held the rings. A thin brass window in 
each side of the chamber permitted the quanta to leave 
the chamber without appreciable attenuation. For accu 
rate low-magnetic-field experiments, the upper pole 
piece was replaced by one shaped like the lower pole 
piece. When an electric field was to be applied, a brass 
plate was placed midway between the pole pieces and 
insulated from the chamber. The (negative) voltage was 
then applied through a Stupakoff fitting in a hole in the 
wall of the chamber giving an £ parallel to H. The 
acetone, dry-ice cold trap used in later experiments 
pumped through the same hole in the chamber’s wall. 
The magnetic field was measured in two ways; (1) by 
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. Angular correlation of the two-quantum annihilation in 
oxygen, A@=0.83 milliradian 
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means of a spinner calibrated against a standard field 
that was measured by means of proton resonance,” and 
(2) by a Dyna-Labs D-79 gaussmeter that uses the Hall 
effect of a Bi probe. The argon used was of commercial 
grade (99.99% argon), as were the N» and SF¢, and the 
NO, Oz, and NO were from standard lecture bottles. 


Ill. EXPERIMENTS 
A. Angular Correlation in Pure Gases 
1. Oxygen 


The angular correlation of the two-quantum annihi- 
lation in oxygen is shown in Fig. 2. The broad base of the 
distribution is interpreted as being due to free annihila- 
tions which have the characteristic momentum of the 
outer electrons of the atom while the narrow component, 
whose half-width (full width at half-maximum) is about 
2.5 milliradians, is due to “thermalized” positronium. 
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Fic. 3. Angular correlation for argon with H=0 and H=10 


kilogauss. A@=0.83 milliradian. 


The narrow peak is too narrow to be due to free annihi- 
lations as the orbital electrons have more energy than is 
obtained from the 2.5 milliradians (about 0.75 ev). Since 
thermalized positronium would have a width of about 
0.5 milliradian which is much narrower than the resolu- 
tion of the equipment, the term “thermalized” posi- 
tronium in reference to the results shown in the experi- 
ments means any angular distribution that is about two 
or three times as wide as the slit width AQ, i.e. corre- 
sponds, in general, to about 0.5 ev. The absence of 
evidence in oxygen of triplet positronium,” which 
annihilate by three-quantum annihilation, does not 
eliminate the possibility of positronium being formed, as 
the 14S states can be converted by collisions with the 
oxygen molecules to 1 1S which is the reasoning Deutsch 


2 We are indebted to Dr. R. S. Bender for aid in this meas 


urement 
14M. Deutsch, Phys. Rev. 82, 455 (1951) and 83, 866 (1951); 
S. DeBenedetti and R. T. Siegel, Phys. Rev. 94, 955 (1954). 
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used to explain his results on the quenching of the three- 
quantum annihilation in argon by the addition of 
oxygen."* The background rate, taken as the rate at plus 
20 milliradians, is shown as the dashed line. The slit 
width (46) is 0.83 milliradian and is shown as the bar in 
the center of the narrow component. The uncertainties 
here, as throughout the paper, are standard deviations 
based on the number of counts. 


2. Argon 


In Fig. 3 is shown the angular correlation of the two- 
quantum annihilation in argon (the open circles). Argon 
is known to form positronium out of 20 to 25% of the 
positrons emitted into it. The fact that the distribution 
is flat near the peak and broad, a half-width of 8.1 
milliradians (compare oxygen), means that the 11S 
states are not thermalized before they annihilate. This is 
understandable since the noble gas, argon, has no low- 
lying energy states as do all the other gases investigated 
here. When the kinetic energy of the positronium gets 
below the lowest excited state in argon (the first excited 
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Fic. 4. Angular correlation for argon with wider slits than shown in 
Fig. 3. Total pressure 27 atmospheres. 46=2.5 milliradians 


state is 11.6 ev), the only way for it to lose energy is in 
elastic collisions. The pressure, background, and slit 
width are also shown in Fig. 3. The slits were widened to 
2.5 milliradians and the effect on the angular distribu- 
tion for argon is shown as crosses in Fig. 4. The width at 
half-maximum is still the same. The uncertainties for the 
crosses are essentially the same as for the circles. 


3. Sulfur hexafluoride 


The annihilation of positrons in sulfur hexafluoride 
yields the two-quantum angular correlation shown in 
Fig. 5. Positronium is known to form in SI’s.° Here, as in 


oxygen, the narrow component appears too narrow to be 
due to free annihilations with the outer atomic electrons. 


B. Angular Correlations in Mixed Gases 
1. Nitric Oxide and Argon 


The angular correlation from positron annihilation in 
a mixture of 75% argon and 25% nitric oxide is shown 
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Ihe angular correlation for sulfur hexafluoride, 
Ad =0.83 milliradian, 


in Fig. 6. There is a strong similarity between this curve 
and that for pure oxygen, Fig. 2. Both O, and NO are 
quenching gases.® The effect of changing the percentage 
mixture is shown in Fig. 7. Here the narrowness, n, is 
taken as the rate at the peak (@=0) divided by the 
average of the rates at the four points, = +:3.75, and 
+ 6.25 milliradians. The crosses are one series of data 
and the circles another. The reason for the two sets of 
data is that trouble in the electronics developed just 
was reached, ‘This 
necessitated refilling the chamber to 25% NO and 
cycling down to 0.75% which was then rerun, The 


after the 0.375% concentration 


method for changing the percentage concentration was 
to start at the highest concentration and take the data, 
then slowly reduce the pressure in the chamber, as read 
on a 0-400 psi gauge, from 400 psi to 192 psi and, finally, 
refill the chamber with argon to 400 psi, thus reducing 
the percentage mixture by one-half (assuming none of 
the NO or Oz sticks to the walls). In Fig. 7 it is noted 
that the angular correlation remains the same as in 
Fig. 6 until the amount of NO has dropped to 5%, where 
another plateau is reached until the mixture is about 





“1G, 6. Angular correlation from a mixture of A and NO. Total 


pressure 28 atmospheres, 49=0.83 milliradian 
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Fic. 7. The narrowness, n, as a function of the percentage of NO 
in A. Total pressure 28 atmospheres. A9=0.83 milliradian. 


1.5%. The plateau at the lower mixture is interpreted as 
being due to an increase in the formation of positronium 
due to the added Ore gap (see Sec. E) and the one at the 
higher concentration due to quenching the 1 4S state of 
the positronium. By “pure” argon is meant argon from 
the cylinder of commercial grade argon. 


2. Oxygen and Argon 


In Fig. 8 is shown the narrowness, m (defined as in 
Sec. 1 above), as a function of the percentage of oxygen. 
Again, there seem to be two plateaus, one above 1.0% 
QO, and the other from 0.2 to 1.0%. The interpretation is 
the same here as for Fig. 7. The presence of 0.012% Oz in 
argon is still very noticeable, which shows the commer- 
cial argon used was quite pure as the supplier said that 
O, was the major contamination. This again is based on 
the assumption that the O, did not stick to the walls. 


C. Magnetic Quenching Experiments 
in Pure Gases 


1. Free Positronium 
The application of a dc magnetic field to positronium 
mixes the 1°S m=0 and 1'S states.* The triplet m=0 
state then may decay by two-quantum instead of three- 
quantum annihilation, i.e., may be quenched. The field 
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Fic. 8. The narrowness, n, as a function of the percentage of O, 
in A. Total pressure 28 atmospheres, 4@= 1.4 milliradians. 
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dependence of 2, ‘the quenching of the three-quantum 
annihilation of positronium, is expressed by® 
A T3 
> = a" 


n+Ats 


where A=[(1+X?)!'—1?/X?, X=4uH/AE, uw is the 
magnetic moment of the electron, AE is the energy 
between the triplet and singlet state (8.45 10~ ev), H 
is the applied magnetic field, and 7; and 7, are the 
triplet and singlet lifetimes (73= 1.4 10~7 sec; 7:= 1.25 
X10-” sec). Equation (1) is plotted in Fig. 9. 


(1) 


2. Argon 


Since the triplet positronium lifetime is longer than 
the singlet lifetime even when a magnetic field is present, 
it is expected that when the field is applied to a gas that 
forms positronium, the angular correlation will show an 
increase in the coincidence rate mainly near 6=0. As can 
be seen in Fig. 3, such is the case when 10.0 kilogauss is 
applied to argon. The curves are raw data and the fit at 


10 
kilogauss 


Fic, 9, The quenching of the three-photon annihilation of 
positronium due to a magnetic field. 


large angles is not forced. From 20 to 25% of the 
positrons emitted into argon form positronium.® If the 
three substates of the 1 °S positronium did not mix with 
each other, then one fourth of the positronium atoms 
(the 14S m=0 state) should be available to be quenched. 
If there is mixing of the triplet substates, then up to all 
of the triplet states of the positronium atoms are 
susceptible to magnetic quenching. The area under the 
narrow component in Fig. 3 is about 10% of the area 
under the zero-field curve, which indicates that about 
30% of the positrons form positronium if there is no 
mixing of the triplet substates. The area under the zero- 
field curve represents only two-quantum events and, 
assuming that the narrow component is due only to the 
1°S m=0 state, we then say that 0.3 times the number 
of events under the broad component is the total number 
of triplet events so the total number of events is 1.3 
times the area of the broad curve. Of these, assuming no 
mixing of any of the states, 0.4 are forming positronium 
(including the singlet state) which gives the reasonable 
30%.® The widening of the slits, Fig. 4, has no effect on 
the quenched triplet positronium part of the curve ex- 
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Fic. 10. The field dependence of the rate at @=0 for argon (a 
quenching curve) compared to the quenching curve for free 
positronium, (Fig. 9). 4¢=0.83 milliradian 


cept to broaden it, so it is safe to assume that the in- 
crease in the rate at the peak is not due to systematic 
errors such as the field moving the slits near the 
chamber and changing the resolution of the equipment. 
If the increase in the rate at the peak (@=0) is due to 
positronium, then the field dependence of the increase in 
the rate at 6=0 should obey a curve like the one in 
Fig. 9. Notice that the increase in the peak rate in 
Figs. 3, 10, and 11 corresponds to more than 45% while 
the increase in area in Fig. 3 is only 10%. Thus there is 
an amplification of more than four to one in measuring, 
as a function of magnetic field, the rate at 0=0 as shown 
in Fig. 10 (a quenching curve), instead of the two- 
quantum yield. The curve in Fig. 10 is the same as in 
Fig. 9, except for a vertical shift and renormalization. 
Prior to this experiment, the quenching curve for 
positronium?’ in gases had only been taken out to 
fields of about 8 kilogauss. Figure 11 shows the results of 
another experiment with the field extended to 15.5 
kilogauss. The rate for H=0 is defined as unity; so 
there is an increase in the peak rate of about 45%. 
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Fic. 11. The quenching curve for argon and oxygen. J6=0,83 
milliradian except for A at one atmosphere where M6=1,7 
milliradians. 


GASES 1593 





—— or 
19) 4 6 10 2 
KILOGAUSS 





Fic, 12, The quenching curve for nitrous oxide. Total pressure 
28 atmospheres. A@=0.83 milliradian 


Again the curve is the theoretical curve of Fig. 9 with a 
vertical renormalization. To check for systematic errors, 
the magnetic field was applied to Og which does not 
show any appreciable three-quantum yield.* The result 
is a straight line with, perhaps, some slight increase for 
higher fields. Such an increase is probably due to the 
focusing effect that the magnetic field would have on 
the positrons, which would cause an over-all increase in 
rate, The squares on the argon curve in Fig. 11 are for 
argon at one atmosphere. Noting Fig. 3, the zero- 
magnetic-field curve shows no thermalization for the 
1 4S positronium whose half-life is 1.25 10~" sec. How- 
ever, the curve with the magnetic field on shows that 
the positronium is thermalized in the lifetime corre- 
sponding to that of the 1°S m=O state shortened be- 
cause of the applied field. This lifetime for 14.5 kilogauss 
is about 3X10~* sec. If the field were increased to a 
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Fic, 13. The density of sulfur hexafluoride as a function of pres 
sure at room temperature 
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Fic. 14. The quenching 


curve for Sk’. at seven gauge 
pressures. A@=0.83 milli 
radian 
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Fic. 15. The quenching 
curve for nitrogen and vari 
ous mixtures of Ne» and 
A. Total pressure 28 at 
mospheres. 46=0.83 milli 
radian. 


point where the shortened decay lifetime of the triplet 
m=( state were less than the thermalization time, the 
rate at the peak would decrease for increasing field since 
the increase in rate would be distributed over larger 
angles about 6=0. This is not the case for argon at one 
atmosphere; however, the partial pressure of the con- 
taminating gases from the walls does not decrease when 
the pressure of the argon is lowered and thus the 
thermalization may be due to these gases. A cold trap of 
acetone and dry ice was put on the chamber to condense 
these gases out of the region above the source. The 
narrowness, m, was then measured for zero field and for 
8.0 kilogauss at a pressure of about two atmospheres and 
was taken as the rate at the peak (6=0) divided by the 
sum of the rates at 0=+2.5 milliradians. The results 
(with a minor correction for background) are, for zero 
field, n=0.622+-0.031, and for 8.0 kilogauss, n= 0.632 
+0,.028. The trap was then raised to a temperature of 
about 50°C to keep the contaminating gases mixed with 
the argon and m was measured again. For zero field 
n=().606+-0.036, while for 8.0 kilogauss n=0.757 
+().028. Thus it is the native gases emitted from the 
inner surfaces of the chamber that cause the thermalizing 
of the triplet m=0 positronium in Figs. 3 and 4. With 
the cold trap on the chamber, the rate at 6=0 and with 
14.5 kilogauss applied was 3.4+7.5% higher than the 
rate at 8.0 kilogauss so there was no evidence of a 
decline in rate for higher fields which would indicate a 
lack of thermalization of the triplet m=0 positronium, 
From the fact that there is no thermalization of posi- 
tronium in argon when 8.0 kilogauss is applied, it can be 
said that positronium does not thermalize in ideally 


pure argon at two atmospheres in less than about 
9X10~ sec, 


GASES 


3. Nitrous Oxide 


Nitrous oxide is another gas known to form posi 
tronium.® The quenching curve for N,O is shown in 
Fig. 12. The curve is the theoretical curve of Fig. 9 
displaced toward higher fields such that half of the 
quenching due to the presence of the magnetic field 
occurs for a field, called 114, of 4.0 kilogauss instead of 
the 2.2 kilogauss for free positronium, i.e., simply a 
change in the scale of the abscissa. The curve was 
shifted and renormalized as usual in the vertical dire« 
tion. The displacement of Hy to higher field values 
signifies a mechanism in competition with the magnetic 
field and is characteristic of all gases tested that have 
thermalizing properties, i.e., low-lying energy levels. 
The reason that a mechanism that helps quench the 
triplet m= 0 states causes a shift in //, to higher fields is 
that it would require a stronger field to mix the triplet 
m=( state and the singlet state so that one-half of the 
triplet m 
due only to the presence of the magnetic field (the defi- 
nition of 4) and not due to both the mechanism and the 
magnetic field. 


0 states will go by two-quantum annihilation 


4. Sulfur Hexafluoride 


The density of SI’, at room temperature as a function 
of gauge pressure’® is shown in Fig. 13. The quenching 
curve for various pressures of SI’, is shown in Fig. 14 
The rate R, here as throughout the rest of the figures, is 
in coincidences per kilosecond. The solid curves drawn 
are the best fitting theoretical curves with the field for 
half-quenching, Hj), of the three-photon annihilation 

© Taken from the information in Technical Bulletin TB-85602 


of General Chemical Division, Allied Chemical and Dye Corpora 


tion, New York, New York 
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Fic. 16. The quenching 
curve for various amounts 
of NO in A. Total pressure 
28 atmospheres. Ad=0.83 
milliradian. 
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displaced to higher field values than for free positronium. 
The dashed curves here and in Figs. 15 and 17 will be 
III F. For decreasing pressures, the 


discussed in Sec. 
best choice of H, was 3.0, 3.8, 3.8, 3.4, 3.2, 3.2, and 3.2 
kilogauss compared to free positronium’s 2.2 kilogauss. 


5. Nitrogen 


Deutsch" had previously shown that nitrogen would 
form positronium. The curve in the upper left-hand part 
of Fig. 15 shows the quenching curve for Ne. Notice that 
H, for nitrogen is about 4.5 kilogauss. 


D. Magnetic Quenching Experiments 
in Mixed Gases 


1. Nitrogen and Argon 


Figure 15 shows quenching curves for mixtures of N» 
and A as well as for 100% nitrogen. For the 50% and 


y 


25% mixture H, is about 4 kilogauss and for the 12.5% 































mixture it is about 3 kilogauss. Even when No, a 
positronium forming gas, is added to argon, a shift in 
Hy, is noticed which is consistent with the preceding 
discussion of Hj. 


2. Nitric Oxide in Argon 
Nitric oxide is a very effective quenching gas when 
added, even in small amounts, to argon as is shown in 
Fig. 16. There was no effect on the peak rate when a 
strong magnetic field was applied until the amount of 
NO in A was decreased to about 3%. In each of the 
percentage mixtures quoted, the value is low since no 
correction has been made for the amount of the gas 
mixed with the argon that would stick to the chamber, 
and, after the mixture is lowered, be given off to raise 
the percentage above the quoted value. Notice in Fig. 7 
that at the before-mentioned 3% one of the plateaus 
was suddenly reached. Even for a mixture of 0.19%, Hy, 

is noticeably shifted from 2.2 kilogauss. 





ANNIHILATION IN GASES 


0.75% Q, 














My 24to 6kg 

Fic. 17. The quenching ; 
curve for various amounts 
of Og in A. Total pressure 
28 atmospheres. Ad=1.4 
milliradians. 0.023% 0, 


019% O, 











— a 
12 14 6 


0.012% O% 


H,~ 3Bkgq 
2 


he 





—E—EE a 
9) 2 4 6 6 Us) 12 











1598 M. HEINBERG 


3. Oxygen in Argon 


Oxygen in small amounts seems to have more effect on 
the quenching curve, when added to argon, than does 
nitric oxide. This fact can be seen in Fig. 17 where the 
amount of Oz that is still noticeable is 0.012% while for 
NO, 0.094% is not noticeable. One of the plateaus of 
Fig. 8 ends at a concentration of around 0.15%. By 
looking at the values for 14 marked on each quenching 
curve in Fig. 17, it is noticed that it decreases to 3 
kilogauss at 0.19% and then increases to 6 kilogauss for 
0.093%. The hypothesis made to explain this shift is 
given in Sec. III F where the dashed curves are also 
explained, 


E. Electric Field Experiments 


The application of an electric field to argon in which 
free positrons exist should cause an increase in the 
number of positronium atoms formed.® The reason for 
the increase in production is that the electric field will 
accelerate positrons that get below the Ore gap, and 
energetically cannot form positronium, back into the 
region of formation. In argon the ionization energy is 
15.8 ev and the first excited state is 11.6 ev. The binding 
energy of positronium is 6.8 ev. Any positron whose 
energy is above 15.8 ev will probably ionize and/or 
excite the argon atoms. Once it gets below 15.8 ev, but 
not below 9.0 ev (15.8 ev—6.8 ev), it can form posi- 
tronium and, if it is above 11.6 ev, it can either form 
positronium or excite the argon atom. Between 11.6 ev 
and 9.0 ev all the positron can do is form positronium 
or lose energy by elastic collisions, 9.0 ev being the 
bottom of the Ore gap. Since positrons lose so little 
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Fic, 18. The effect on the rate at 0=0 of applying an electric 
field to argon with and without a strong magnetic field. Total 
pressure is 28 atmospheres, A4@= 1.4 milliradians 
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Fic. 19. Angular distribution of argon when an electric field is 
applied with and without a magnetic field. Total pressure 28 
atmospheres. A@= 1.4 milliradians, 


energy in each elastic collision, they have many chances 
to form positronium and almost all the positrons that 
get in this region do form positronium.'® Below 9.0 ev 
the positrons lose energy by elastic collisions and anni- 
hilate from unbound states. It is the positrons below 9.0 
ev that the electric field accelerates back into the Ore 
gap and causes to form positronium that account for the 
increase in production of positronium. The effect on the 
rate at the peak by applying an electric field to argon is 
shown in Fig. 18. The straight line for zero magnetic 
field could just as well have had a slight positive slope 
caused by an increase in 1 ‘S positronium which would 
increase the rate at the peak as the accelerated positrons, 
whose energy was below 9.0 ev, form positronium at the 
bottom of the gap and hence have low kinetic energy 
upon formation. However, there is the companion effect 
of a decrease in the two-quantum yield, since the 
positrons brought back into the Ore gap would have 
been free annihilations. More than 99% of the free 
annihilations are two-quantum events.® Since there was 
no cold trap applied to the chamber for this experiment, 


16 Dulit, Gitthkeman, and Deutsch, Bull. Am. Phys. Soc. Ser. IT, 
1, 69 (1956); W. B. Teutsch and V. W. Hughes, Phys. Rev. 103, 
1266 (1956); Marder, Hughes, Wu, and Bennett, Phys. Rev. 103, 
1258 (1956) 
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any 1°S m=0 positronium that decays by two quanta 
because of the magnetic field, would appear as an in- 
crease near the peak. As can be seen in Fig. 18, there isa 
noticeable increase in the rate at 6=0 when an electric 
and a magnetic field are applied compared to the 
application of a magnetic field alone. The angular 
distribution of argon with an electric field applied is 
shown in Fig. 19. The curve is the zero-field curve of 
Fig. 4 renormalized vertically to fit at @=+3.75 milli- 
radians. The failure to match at the peak is caused by 
the electric field both decreasing the two-quantum yield 
and increasing the positronium yield. The fact that the 
curve is now narrower is to be expected since the 
positrons that are brought back into the Ore gap form 
positronium in the lower part of the gap, owing to the 
high formation cross section," thus forming with little 
energy. The ratio of the rate at the peak with H=10 
kilogauss to the rate with H =0 is more than 1.47 (as in 
Fig. 11) and is consistent with Fig. 18. The area in the 
narrow component is now about 20% compared to the 
10% as in Fig. 3, showing the increase in production of 
positronium due to the electric field. 


F. Evidences of the Existence of n=2 
States of Positronium 


In Fig. 14 there was a dashed portion on the quench- 
ing curve for SF, at 100 and 50 psi. The energy of 
separation between the states, A, depends upon 


\y(r=0)|? which, for hydrogen-like wave functions, 


goes as 1/a*, where a is the radius of the atom. For n= 2, 


the radius is twice the radius for n=1; thus Hy for 
2 *S),9 states is one-eighth of H, for 14S), owing to the 
decrease in AF. As can be seen in Fig. 14, for 100 and 50 
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Fic. 20 A quene hing curve for Sk, exhibiting some evidence for 
the n=2 states of positronium, Aé= 1.4 milliradian 
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Fic. 21. Quenching curves for mixtures of Ng and A exhibiting 
some evidence for the n=2 states of positronium, Total pressure 
28 atmospheres. A@= 1.4 milliradians 


psi there is some evidence of a quenching at abnormally 
low magnetic fields compared to Fig. 9 where, for 1.0 
kilogauss, only about 16% of the quenching is attained 
with no shifting of Hy, or about 9% when H, is shifted to 
3.2 kilogauss. In the two cases under discussion, from 30 
to 50% of the quenching is attained at 1.0 kilogauss. In 
Fig. 15 a similar effect for 50 and 25% Nez in argon is 
seen. In Fig. 17 we see the same type of effect for 0.38 
and 0.19% Oy» in argon and, as pointed out in Sec. IIT D 3, 
H, decreases to about 3 kilogauss and then increases to 6 
kilogauss. This would be expected if the concentration 
of O, in A was in the favorable range for n 
tronium. Sulfur hexafluoride at 100 psi was retested, 
some three months after the data in Fig. 9 was taken, 
with emphasis given to the low-magnetic-field values. 
The results are shown in Fig, 20, Perhaps the 1.0- 
kilogauss point is still high. The 50 and 25% concentra 
tions of Nz in A were then treated in the same manner as 
SF, at 100 psi and the results are shown in Fig. 21. Still 
the quenching curve rises faster than it should for n= 1 


2 posi 


positronium and may have a plateau around one kilo- 
gauss. Figure 22 shows some evidence of a Stark effect 
due to n= 2 states of positronium. First, for zero electri« 
field the quenching of the 2 45,9 state is again indicated. 
If the increase at E=0 were due to 1 4*S;,9 quenching, 
then the application of an electric field should have the 
same effect if the magnetic field is either off or on. This 
does not seem to be the case. If n 
the application of the electric field would cause a mixing 
of the 2 *P2 9 state and the 2 45;,9 state. Thus the 2 4S; 


state could go optically to the triplet ground state 


2 states were present, 


(n=1) and thus would increase the entire quenching 
curve which would give an undetectable increase for 
this low-magnetic-field setting. Thus, if there were no 
n= 2 states the open circles in Fig. 22 would be all some- 
what above the closed circles, and if there were n= 2 
states the open and closed circles should coincide for all 
large /. The latter is closer to the results obtained. The 
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1G, 22, Some evidence of the n= 2 states of positronium by means 
of a Stark effect. A= 1,7 milliradians. 


evidences that the n= 2 states of positronium may exist 
are: (1) the early large quenching for low magnetic 
fields exhibited by six of the quenching curves in Figs. 
14, 15, and 17; (2) the early large quenching still ex- 
hibited upon returning to three of the gases that had 
shown it some months previously as seen in Figs. 20 and 
21; and (3) the possibility of a Stark effect being the 
explanation of the results shown in Fig. 22. Radio- 
frequency experiments are under way and preliminary 
results seem to verify the existence of n=2 states of 
positronium. 


IV. CONCLUSIONS 


The studies of the angular distributions showed 
evidence of (1) free annihilations in the broad base of 
the angular correlations, (2) positronium formation in all 
gases tested including O2, and (3) the fact that small 
amounts of NO and O, (quenching gases) in argon are 
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easily detectable. The existence of two plateaus shown 
in Figs. 7 and 8 is consistent with the results of Deutsch“ 
that, first, a small amount of quenching gas increases the 
amount of positronium formed by addition of another 
Ore gap and then, for larger amounts, the 1 4S states are 
quenched. The magnetic quenching curves show that 
all gases tested in which other investigators’~"” had 
demonstrated the formation of positronium, have a 
magnetic field dependence of the narrow component. 
The quenching curves show that all gases tested that 
form positronium and then thermalize it have a self- 
quenching mechanism competing with the field. The 
mechanism may be due to the fact that the exchange 
cross section has a sharp peak at threshold and drops 
very rapidly with increasing energy.'’ The thermalization 
time for positronium in argon at about two atmospheres 
was found to be greater than 9X10~ sec. The effect of 
an electric field applied to positrons in argon gives the 
expected results, namely more positronium is formed 
and the formation takes place very low in the Ore gap. 
The evidence for the n= 2 states of positronium should 
be regarded as preliminary evidence and not conclusive ; 
the discussion of those results is found in Sec. III F. 
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A calculation to determine the level scheme of Cl” is done by using matrix elements of the nuclear inter 
action determined from a previous analysis of nuclear energies. The value of the spin J =2 obtained for the 


ground state is in agreement with experimental results. 


N recent experiments! the Cl” nucleus was made and 

its decay to A” was observed. From the decay the 
conclusion was reached that the spin of the Cl” ground 
state is J = 2. It is interesting to investigate the problem 
of the ground state spin from the theoretical point of 
view. The analysis of the level schemes of K” and Cl** ? 
and the binding energies in this region® give all the 
necessary information on the d3;2 proton—/;7;z, neutron 
interaction, and the problem can be treated exactly in 
the same fashion as that of the K* case.’ For the sake 
of completeness the principles of the method will be 
described in the present note. 

The calculation is based on the 7j-coupling shell 
model with general (unspecified) two-body forces be- 
tween nucleons. It is assumed that the 16 protons and 
20 neutrons are in closed shells (or subshells) and have 
total spin zero. The proton outside the closed shell is in 
a dy. orbit whereas the extra three neutrons are in the 
fr. shell. The spins of these neutrons outside closed 
shells can couple to form states with J;=3/2, 5/2, 7/2, 
9/2, 11/2, and 15/2. These spins J, can couple with the 
J,=3/2 proton spin to form states with a total spin J. 
If there would have been no proton-neutron interaction, 
the spin J, of the neutrons would have in each eigen- 
state a definite value (and all the states obtained by 
coupling J;= 3/2 to a definite J, would have the same 
energy). If we take into account the proton-neutron 
interaction, the states characterized by a definite value 
of J, are no longer eigenstates. The interaction matrix 
written in the scheme of these states will have now non- 
vanishing, nondiagonal elements. The eigenvalues and 
eigenstates are then found by diagonalization of the 
energy matrices. 

The energy of the ,7Cly3 nucleus can be expressed as 
the sum of the following terms. The first consists of the 
kinetic energy and mutual interaction energy of the 
16 protons and 20 neutrons in the closed shells, and 
has a fixed value in our discussion. The second term is, 
the kinetic energy and interaction with the closed shells 
of the extra proton; this term is independent of the 
orientation of the J;=3/2 spin. The third term con- 


t This work was supported in part by the U. S. Atomic Energy 
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tains the kinetic energy of the three 7,2. neutrons and 
their interaction with the closed shells; this is inde- 
pendent of the value of J» or of its orientation. The 
fourth term is the mutual interaction of the /7;25 neutron 
configuration; it is diagonal with respect to J», but 
depends on its value. The last term is the interaction 
between the ds. proton and the three /7;, neutrons, 
which has nonvanishing matrix elements between states 
with different J». 

Thus, the only part of the energy matrix which will 
be diagonalized is the sum of the last two terms. All the 
rest is proportional to the unit matrix in the submatrix 
which belongs to the dg» f7;2' configuration, Treating 
this submatrix only means that configuration inter 
action is neglected in the present work. In this sub 
matrix of the last two terms, with rows and columns 
defined by values of J2, the nondiagonal elements are 
given by the dy fx2* interaction while the diagonal 
elements are sums of the dy» f7;.* interaction and the 
fz mutual interaction V (f7,/.',/2). Instead of writing 
V (frj2*,J 2), we can subtract the unit matrix multiplied 
by Ve—the expectation value of the mutual interaction 
in the ground state of the fy, configuration. Since the 
kinetic energy of the f7/2* neutrons is independent of J», 
the differences V (f7/2*,J 2) — Vo are equal to the distances 
of the levels with the corresponding J, of the f7/2" 
figuration from the ground state of this configuration. 

For each value of the total spin J there is such a 
matrix. If we consider one of these, it is clear that 
states of the /7/.’ configuration which lie very high are 
not expected to contribute much to the energy of the 


low states of Cl”. We have some information on the f7,/2' 
4 


con 


levels from the Caos nucleus in which this is the 
ground state configuration. In this nucleus the ground 
state has the spin J,=7/2, there are two low-lying 
levels, one with J2= 5/2 at 0.37 Mev and the other with 
J,=3/2 at 0.59 Mev above the ground state.‘ Pre 


sumably, these levels belong to the fy.’ configuration 
as confirmed by the analysis of stripping reactions.® 
Other known levels lie higher and probably do not 
belong to the fz, configuration.® Therefore, the states 
with Jy=9/2, 11/2, and 15/2 will not be considered in 


the following. They could contribute to states with 


‘C, M. Braams, Phys. Rev. 105, 1023 (1957) 

‘J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956) 

*C, K. Bockelman, Braams, Browne, Buechner, Sharp, and 
Sperduto, Phys, Rev. 107, 176 (1957) 


1601 





1602 IGAL 
J23, J24 and J25, respectively, but their contri- 
bution would certainly be small and is neglected 
here. For the expressions V (/7/2',J2)— Vo=V (fx2',J2) 
—V (fre, Jo= 7/2) with Jo=7/2, 5/2, and 3/2 we thus 
take the experimental values of Ca“ quoted above. 
The matrix elements of the dso f7/2* interaction were 
calculated in reference 3 in terms of the expectation 
values of the proton-neutron interaction in the dy fr/2 
configuration. They are given by the expression (7) of 
that paper by putting j/=3/2, j=7/2, and m=3 and 
writing J, instead of J,; the whole expression (7) 
should then be multiplied by m(=3). The additional 
quantum numbers a, a,’, and 6; are not necessary in 
this case and should be ignored. The various fractional 
parentage coefficients are given in the literature.’ The 
values of Vy=(dayefrjJ\V \dsofi2J) were determined 


7 See, for example, A. R. Edmonds and B. H. Flowers, Proc. 


Roy. Soc. (London) A214, 515 (1952). 
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to be? 
V2=—1.79, V= —1.04, Vs= — 0.47, Vs= —1.09 Mev. 


Considering only the states with J,=7/2, 5/2, and 3/2 
we obtain three-by-three matrices for J=2 and J=3, 
two-by-two matrices for J=1 and J=4, while the 
states J=5 and J=0 can be built only with Jz=7/2 
and J,= 3/2, respectively. The diagonalization is easily 
done numerically. 

The ground state turns out to be one of the J=2 
states in agreement with the experimental findings. The 
next state above it at 0.43 Mev has J=1, a state at 
0.58 Mev has J=3, and a state at 0.68 has J=4. All 
other states lie higher than 1 Mev above the ground 
state. It is of some interest to note the amount of the 
wave functions of the various J» states in the wave 
function of the J=2 ground state. The squares of the 
amplitudes are 63% for the state with J,=7/2, 26% for 
the state with J,=5/2, and 11% for the J=3/2 state. 
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Elastic Scattering of 7.5-Mev Protons* 
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We have measured the angular distributions of 7.5-Mev protons elastically scattered from a series of 
elements with atomic numbers Z = 13 to Z=49. The measurements were made, and the results are presented 
in terms of the ratio of the differential cross section from a particular nucleus to that of the scattering 
from a point charge nucleus of the same total charge. The data are interpreted in terms of the scattering 
from a complex-potential well with the slight variations in nearby elements interpreted as arising from 
a compound-elastic contribution to the over-all elastic scattering. 


I, INTRODUCTION 
( VER the last few years a considerable body of 


experimental data has been accumulated concern- 
ing the elastic scattering of protons with energies 
from about 10-30 Mev.'? The significant feature of 
these data is a regularity in the differential cross 
section as a function of angle (for a given energy), 
that is, by and large, independent of the particular 
nucleus which was investigated except as a given 
nucleus represents a particular size scattering center. 
More specifically, one finds that apparently the most 
crucial variable describing the differential cross section 
empirically is the quantity «=A! sin(6/2), where k 
is the incident particle wave number, A the nuclear 


* This Work was supported in part by a joint program of the 
Office of Naval Research and the U.S. Atomic Energy Commission 

t The experimental section of this paper constituted a part of 
the thesis submitted in partial fulfillment of the S. M. requirements 
of Massachusetts Institute of Technology 

'B. B. Kinsey and T. Stone, Phys. Rev. 103, 975 (1956). This 
reference gives a rather complete listing of elastic proton scattering 
experiments in the region 10-30 Mev 

2N. Hintz (private communication) Phys. Rev 
(1955) 
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mass number, and @ the angle of observation. At any 
given energy this variable, x, has a characteristic value 
for a given order maximum or minimum in the differen- 
tial cross section which is independent of particular 
nucleus. The semiempirical rule holds to a high degree 
of accuracy for all angles, not only small ones, and 
over a large range of elements. The A! dependence of 
the variable x is usually interpreted as a manifestation 
of saturation properties of nuclear forces, or in other 
words, nuclear matter has a constant density independ- 
ent of the number of nucleons present. One should 
realize, however, that because of the interference 
effects between the Coulomb and nuclear scattering, 
this type experiment does not necessarily offer either 
as direct a measure of the nucleon-nucleus interaction 
radius as does elastic neutron scattering’ or a measure 
of the charge distribution such as high-energy electron 
scattering. A further drawback to the elementary 
interpretation of elastic proton scattering experiments 


4 One has a large number experiments such as those analyzed 
by Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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which may also arise from the above-mentioned 
interference is that the radius parameter ro in the 
relation r=r9A!, even for a given energy, does depend 
upon the particular order number of the maximum 
or minimum at which the variable x is being evaluated. 
This particular point is further discussed in Sec. III. 

In addition to these higher energy measurements 
there are, however, several experiments in an energy 
range around 5.25 Mev® which do not seem to follow 
the general rules outlined above. We were therefore 
motivated to perform a further series of measurements 
at an energy below 10 Mev to attempt to delineate 
the region of validity of these rules, and to understand 
further the 5.25-Mev experiments. In addition, since 
a large amount of the data, even the 5.25-Mev data, 
can be and has been analyzed using the phenomenol- 
ogical approach of a “cloudy crystal ball” scattering 
process, as represented by the scattering from complex- 
potential well,’ we hoped to extend the range of 
energies for which analysis in this manner is possible. 
Such analyses in turn allow one to determine the energy 
dependence of the potential well parameters representing 
the scattering nucleus. 


Il. EXPERIMENTAL MATTERS 
A. Equipment 


For these experiments we used the M.I.T. cyclotron 
and emergent beam apparatus* to accelerate and focus 
a beam of 15.1-Mev H,* ions. These ions were then 
stripped in the target foil enabling us to study the 
interactions of 7.55-Mev protons with the various 
target nuclei. A Nal(TI) scintillation spectrometer 
was used in conjunction with conventional electronic 
equipment and twenty-channel pulse-height analyzer 
similar to the Atomic Instrument Model-520 pulse- 
height analyzer. 

In any experiment where one is measuring a differen- 
tial cross section, one must know either the integrated 
incident flux of particles striking the target or at least 
a quantity proportional to the flux. This latter quantity 
will suffice when one is measuring the cross sections by 
a comparison technique. In our experiments, in which 
a modification of the usual comparison technique was 
used, we determined a quantity proportional to the 
integrated incident flux by means of another scintilla- 
tion counter whose angle was kept fixed at about 23° 
relative to the incident beam direction, and which 
“saw” the same area of the target, namely, the whole 
target, as did the spectrometer counter. This counter 
differed from the spectrometer counter in that its 
phosphor was an organic one, Pilot “B’’,® and after 
amplification in a conventional linear amplifier the 


5D. A. Bromley and N. S. Wall, Phys. Rev. 102, 1560 (1956) 

61). A. Saxon and M. A. Melkanoff, Phys. Rev. 101, 507 (1956) 

7A. E. Glassgold et al., Phys. Rev. 106, 1207 (1957) 

*H. J. Watters, Phys. Rev. 103, 1763 (1956). 

* Available from Pilot} Chemical Corporation, 
Massachusetts 
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photomultiplier signal was fed to an integral dis- 
criminator which was so biased as to count only those 
particles elastically scattered. This setting was easily 
attained only because, for the elements which were 
studied in these experiments, the elastic scattering 
differential cross sections were by far the predominant 
processes at an angle of 23°. We will show later that 


the assumption of monitoring only on_ elastically 
scattered particles was indeed valid to within about 3%. 


B. Procedures 


In the actual accumulation of data we relied upon 
the comparison method which is described in detail in 
the thesis of one of the authors (W.F.W.). The manner 
in which the data were taken to observe the 
spectrum of particles elastically scattered into the 
spectrometer counter from a thin gold target both 
before and after we examined the spectrum from the 
element under study. From these spectra, the number 
of protons elastically scattered per proton incident on 
the monitor counter was determined by summing the 
appropriate channels in the 20-channel pulse-height 
analyzer. An appropriate spectrum of the particles 
elastically scattered from gold is shown in Fig. 1 
This spectrum also shows the particles elastically 
scattered from a very thin layer of carbon and oxygen 
on the target foil. The full width at half-maximum of 
the elastic proton peak from Au is less than 0.3 Mev. 

Then having the number of protons scattered through 
a given angle per monitor proton for both the target 
under study and for gold, we divided these two quanti- 
ties giving a number R, which was the ratio of the 


was 
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Energy spectrum of 7.55-Mev protons elastically scattered 
through angle of 93.6° from a thin Au target 
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differential cross sections, aside from corrections 
arising from center-of-mass effects in both the monitor 
and spectrometer counter. It should be noted that 
because of the rapid dependence upon angle of the 
differential cross sections for elastic scattering, the 
repeat run on the gold target makes this method 
sensitive to most types of drifts in beam direction, 
electronics, etc., and we could therefore discard any 
data showing such instabilities. 

It can be shown" that using such a comparison 
method to determine the elastic scattering cross section 
relative to Rutherford scattering enables one to find 
the desired ratio directly from the experimental ratio, 
R, in a manner which is insensitive to slight systematic 
errors in angle determination. In fact, because of this 
insensitivity to small systematic angular errors the 
conversion factors to transform the raw data from the 
laboratory system to the center-of-mass system for an 
element as light as Al are negligibly different from 
unity, so that the experimental number, R, directly 
gives the desired cross-section ratio. The proof of these 
statements is to be found in the aforementioned 
thesis. The statement that R is actually (do/dQ) 
(da/dQ)coy; assumes the angle at which the monitor is 
placed is one for which the unknown element scattering 
differential cross section is also Rutherford. If at 23°, 
the monitor angle in these experiments, the scattering 
were different from Rutherford, then the above ratio 
would have approached some constant value different 
from unity at small angles. However, for all the elements 
studied in these experiments the 23° scattering was 
found to be Rutherford. 

Since at sufficiently small angles, that is, for classical 
apsidal distances large compared to the nuclear radius, 
the scattering should be pure Rutherford and deviations 
arising from target thickness effects or the fact that 
we did not use a true line “beam” and point detector" 
would be readily detectable using this method. For 
some targets at small angles such effects were observed 
and by appropriate choice of target thickness we were 
able to eliminate them. 


C. Energy Spread and Resolution 


In only one case of the nuclei studied in these 
experiments is it known with any degree of certainty 
that the levels of the compound nucleus are so closely 
spaced that our experiments definitely averaged over a 
large number of levels. This one nucleus, indium, was 
studied by C. P. Browne and R. Sharp of the M.L.T.- 
O.N.R. Van de Graaff Group. They found that in our 


energy range, ~7.0 Mev, the levels in the compound 


nucleus Sn'!® (In being 95% In''®) show no discrete 
structure with a characteristic greater than 
about 10 kev. In fact their yield curve showed no 
structure at all except for a gradual decrease in the 


W.F.W 


width 


” The thesis of one of the authors gives the experi 


mental setup and techniques in detail 
" B. Dayton and G. Schrank, Phys 


Rev. 101, 1358 (1956) 


AND 3. 3. Wats 
cross section below that expected for pure Rutherford 
scattering. In order to assure ourselves that the nuclear 
property we investigated in these experiments did not 
depend critically upon the energy of the incident 
particles, we used targets of a thickness such that the 
energy spread because of loss in the target, and spread 
in the incident beam, amounted to as much as 200 kev. 
For many of the elements studied here the first and 
higher excited states of the nuclei were well resolved 
as illustrated in Fig. 2. The nuclei in this category 
were Al, Ti, Fe, Co, and Ni. In the heavier elements 
studied the intensity of scattered protons corresponding 
to inelastic scattering, leaving the nucleus with about 
0.5-Mev excitation, was a fraction usually much 
smaller than 20% of the elastically scattered protons. 
On this basis with the spectrometer having an energy 
resolution of better than 4% at 7.5 Mev, we are able 
to rule out any significant contribution (1%) to the 
elastic scattering cross section arising from our inability 
to eliminate completely inelastic events in either 
detector. 


D. Errors 


On the basis of the above arguments and taking into 
account the statistical errors arising from the total 
number of counts observed at each point, it is believed 
that the relative cross sections we have measured are 
accurate to within a standard deviation of +3%. 
The only other significant error, which might be 
involved, is our assumption that the elastic scattering 
from gold is pure Rutherford scattering. We have 
measured it and found the product of the scattered 
intensity at a given angle with the fourth power of the 
cosecant of half the angle to be constant to within about 
3Y, over the angular range 30°-160°. In addition, 
measurements’ at 9.8 Mev indicate that gold does obey 
Rutherford scattering to within 5%. It seems that this 
assumption is then quite valid, and therefore, we have 
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Fic, 2. Scattered proton energy spectrum of 7.55-Mev incident 
protons on a 1.88 mg/cm? Al target. The scattering angle was 
about 90°. The various letters indicate well-known levels in Al*’, 
A being the ground state. Level B is unresolved combination of 
the 0.853- and 1.01-Mev levels. Comparison of the width of this 
peak to that of the elastic indicates its unresolved nature. 
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in fact a measurement not only of the relative cross 
section to +3%, but also the absolute cross section for 
these various nuclei. 


Ill. RESULTS 


The results of these experiments are shown in Fig. 3. 
This is a composite drawing of all our results and clearly 
shows the regularities present at higher energies. The 
angular distribution for several elements is shown in 
detail in Fig. 4 which has the experimental points 
plotted. 

The data from which these figures were drawn have 
been fitted by a least-squares procedure to a series of 


the form": 
do do 10 
/( ) > a,P,,(cos). 
dQ dQT © n=4) 


This analysis can be summarized by pointing out that 
the major contributions come from n=0 through 
n™&5 for all but the heaviest nuclei. A coefficient of 
value zero or one with an uncertainty larger than its 
magnitude, signifies for such partial waves a contribu- 
tion not significantly different from pure Rutherford 
scattering. In particular, it should be noted that any ex- 
pression derived by the usual sort of partial wave expan- 
sion would contain not just the Legendre polynomials 
to the first power but would contain the squares of 
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Fic. 3. A composite drawing for all the elements studied in 
these experiments of the differential cross section compared to 
Rutherford scattering. The curves all have a common abscissa 
but the ordinates are separate and are indicated for each element 


The numerical values of these coefficients are available upon 
request 
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Fic. 4. The differential cross section of 7.55-Mev elastically 
scattered protons from Fe, Co, Ni, and Cu relative to Rutherford 
scattering. The experimental points are indicated for these 
elements to indicate the accuracy of the data 


the Legendre polynomials as well as cross terms. One 
cannot, therefore, assign any specific significance to 
the highest value of m present in such an expansion. 
On the other hand, one can say qualitatively that 
large n values do imply large numbers of partial waves 
entering into the nuclear scattering process. On this 
basis, at 7.5 Mev, one can conclude from this analysis 
that of the order of at least 4 partial waves should be 
considered in a partial wave analysis. This is quite 
consistent with a classical interpretation which says 
that the highest partial wave, /’, entering the nucleus 
is l’~kR=4, for an element like copper. 

As Kinsey and Stone! have recently shown, at 
proton energies of 14.5, 20, and 31.5 Mev the observed 
maxima and minima of the angular distributions 
follow the scheme that the quantity 2kR’ sin(6/2) is 
constant. In this notation & is the wave number of 
the free protons, R’ the nuclear radius plus the reduced 
wavelength of the incident protons, and @ is the angle 
of scattering at which a particular order maximum or 
minimum occurs. For the data shown in Fig. 3, it 
was empirically found that the quantity A! sin(6/2) 
had the value 2.40+-0.05 at the first minimum for the 
elements Al through Pd. Similarly for the elements Fe 
through Cd, this parameter, for the prominent max 
imum, was found to have the value 3.274-0.06, and 
finally for the minimum present at back angles in the 
elements As through In, A‘sin(@/2) has the value 
4.24+-0.13. The errors indicated represent the standard 
deviation of the pertinent values for each element 
and angle averaged with equal statistical weight 


IV. DISCUSSION 
A 


In general the results of these experiments agree 
with the concept demonstrated in the higher energy 


experiments that the proton scattering process depends 


upon some general property of nuclei and the result of 
the scattering is relatively independent of the detailed 
structure of a particular nucleus except for its size. 
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This of course is one of the basic ideas of any attempt 
to describe the scattering on the basis of representing 
the nucleus as a complex-potential well. 

We now, however, concentrate on the dissimilarities 
of the angular distributions of protons scattered from 
nuclei with approximately the same value of Z which 
might appear to contradict this hypothesis. Figure 4 
shows in detail the angular distributions of Fe (Z= 26), 
Co (Z=27), Ni (Z=28), and Cu (Z=29). As one can 
there are the obvious similarities such as the 
position of the maxima and minima, and the genera! 
shape of the curves. However, two pronounced char- 
acteristics should be noticed showing, we believe, some 
sort of systematic behavior. In particular, the even-Z 
targets show: (1) higher back-angle maxima, as well 
as less shallow minima in that region, and (2) over 
most of the angular range their relative cross sections 
are somewhat higher. Furthermore, we would like to 
consider not only the present experiments but the more 
drastic behavior noted at 5.25 Mev,® and the large 
back-angle cross sections observed for Ni and Fe, 
as compared to nearby odd-Z isotopes in the 17-Mev 
experiments of Dayton and Schrank."{ The scattering 
data at 5.4 Mev" and 9.8 Mev?’ do not, however, show 
quite the same marked differences between Ni and Cu 
as the other data, although it should be noted that 
Glassgold ef al.’ experienced no difficulty in fitting 
the Cu data at 9.8 Mev whereas they were not able to 
obtain a satisfactory fit for Ni on the basis of the 
complex-potential well scattering. 

Considering all of these observations one might 
invoke any one of several possible explanations for 
the behavior of the even-Z elements as compared to 
the others. The spin-dependence of the nuclear inter- 
action or the dependence upon the level density in the 
compound nucleus are two explanations which at first 
glance seem reasonable. The first of these explanations, 
if true, would seriously affect any polarization observed 
in the elastic scattering from a pair of nuclei such as 
Cu and Ni." A further possible way of investigating 
any spin-dependence might be to study the elastic 
alpha-particle scattering from these two nuclei. If the 
scattering of the alpha particles showed no difference 
between Ni and Cu then one might attribute the 
proton behavior to a spin-interaction. If a pronounced 
spin-independence is suspected, however, then elastic 


see 


deuteron scattering might also be of interest. 


The possibility that the above behavior has to do 


with properties of the compound nucleus is almost 


certainly invalid for the reason that a similar anomalous 


t One should also mention here the fact that in these measure 
ments another even-Z element Zn (Z=30) does not show the 
same behavior as Fe and Ni 

 Kliucharev, Bolotin, and Lutsik, J 
(U.S.S.R.) 30, 573 (1956) [translation 
463 (1956) } 

“This particular point is being investigated by one of the 
authors (N.S.W.) and C. W. Darden, IIT, but as yet there are 
no definite results, 


Exptl. Theoret. Phys 
Soviet Phys. JETP 3, 
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behavior exists over a very large region of bombarding 
energy, i.e., from 5.25 Mev to 17 Mev.'*.'® Furthermore 
since the even-Z targets form compound systems with 
an odd number of nucleons one would expect such 
nuclei to exhibit more complex structure in the com- 
pound nucleus. We therefore would expect that if our 
incident beam averages over the levels of the compound 
nucleus, the fluctuations would be more pronounced 
in the case of the odd-Z nuclei where the compound 
system has fewer levels. Since the complex-potential 
well analysis of elastic proton scattering has disregarded 
these fluctuations,®’ and has satisfactorily obtained 
agreement between such analysis and experiment for 
odd-Z nuclei in the range of Cu and Ni, it might be 
said that it is the even-Z nuclei which exhibit anomalous 
behavior. An additional recent piece of experimental 
evidence indicating that it is the even-Z nuclei which 
are anomalous is the investigation of the nearby series 
of elements V (Z=23), Cr (Z=24), Fe (Z=26), 
and Co (Z=27) which were studied at low energies.” 
In these experiments Preskitt found that the differential 
cross section varied much more rapidly with energy 
for the even-Z elements than for the odd-Z elements. 
In fact this behavior may account for the difference 
in the results at 5.25 Mev® and 5.4 Mev.” 

Aside from the more trivial explanation that all of 
these experiments do not reflect a general property of 
nuclei, and we are just observing peculiarities of the 
individual nuclei, there is a possible explanation of all 
of the observations to which we have just referred. This 
explanation assumes the applicability of the complex- 
potential well representation to the problem at hand. 
In fact one essentially assumes that the probability for 
forming the compound nucleus, as well as the descrip- 
tion of most of the elastic scattering, is that given by 
the complex-potential representation. The difference 
between the even-Z and odd-Z target nuclei is then 
postulated to arise from just a consideration of the 
compound-elastic scattering. A similar need for a 
consideration of the compound-elastic scattering has 
recently been put forward by several authors in their 
analyses of neutron interactions.'* 

The presence of compound-elastic scattering would 
account for the difficulty in fitting the 10-Mev scatter- 
ing data from Ni with just shape-elastic scattering. It 
might also explain the need for a somewhat lower value 
for the imaginary part of the potential for Ni as 
observed by Glassgold et al.’ In addition this explana- 
tion would call for more elastic scattering in the even-Z 
targets since the relative probability for the compound 


‘6 There are only two experiments at energies above 2 Mey or 
3 Mev, out of the range of individual resonances, that do show 
a marked energy dependence of the differential cross section, 
namely, the scattering of 9-Mev protons from Mg (see reference 
16), and the results referred to in reference 17. 

16 Greenlees ef al. (private communication). 

'TC. Preskitt (private communication). 

'® Beyster, Walt, and Selmi, Phys. Rev. 104, 1319 (1956); 
W. S. Emmerich and R. M. Sinclair, Phys. Rev. 104, 1399 (1956), 
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nucleus to break up into the entrance channel is higher 
simply because there are fewer possible exit channels 
for the compound nucleus. Consequently there would 
be an increased cross section at back angles for Ni and 
Fe as compared to Co and Cu. The fact that there are 
fewer exit channels for the compound nucleus to break 
up into, and therefore that the contribution of com- 
pound-elastic scattering to the elastic scattering in 
even-Z targets is more significant is borne out by the 
recent experiments of Buechner and Sperduto,' 
concerning the energy spectra of the isotopes of iron. 
Of course to relate their observations to our analysis 
requires the reasonable assumption that any odd-mass- 
number nucleus has a more complex level structure 
that an even-mass-number nucleus, particularly near 
the ground state. 

If we assume that the difference between Ni and Cu 
does arise from compound elastic scattering, then the 
data we have can be used to evaluate the contribution 
of compound-elastic cross section relative to that of 
the shape-elastic differential cross section. To estimate 
this effect quantitatively we find the difference between 
the absolute cross sections for Ni and Cu at back angles. 
In the range from about 110° to 160° we find this value 
to be roughly constant at 0.013 10~™ cm? steradian™!. 
Assuming isotropy for this differential cross section 
gives a total compound-elastic cross section of about 
0.16 10~* cm*. This should be compared to a nuclear 
area, t(Ry-+-A)’, of about 1.5 10~™% cm*. One need not 
assume isotropy for this differential cross section but 
instead evaluate it by the same procedure over the 
whole angular range. The large differential cross 
section of Rutherford scattering at small angles means 
that a small error in the differential cross section for 
either Ni or Cu will result in an apparent compound- 
elastic cross section which may be orders of magnitude 
larger than the actual cross section. It is for this reason 
that the effect of what we have called compound- 
elastic back angles, 
and that we have chosen to evaluate it there. 

More properly one should compare the difference 
between the Ni and Cu differential cross section at 
back angles to the observed differential cross sections. 
Such a comparison gives 0.013 10~™ cm? steradian™! 
for the compound-elastic cross section as compared with 
0.036 10~* cm?® steradian™ the differential cross 
section for Ni at about 130°. In other words the 
compound-elastic contribution to the elastic scattering 
is less than the shape-elastic contribution, but not 
significantly less if our interpretation of the difference 
in the Ni and Cu cross sections is correct. 

If we regard the ground state as being essentially 
no different from one of the excited states with respect 
to the breakup of the compound nucleus, then another 
estimate of the compound-elastic contribution might 
come from comparing inelastic and elastic cross sections 
Phys. Am 


scattering is most obvious at 


W. W. Buechner and A. Sperduto, Bull. Am 
Phys. Soc. Ser. II, 1, 39 and 223 (1956). 
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at back angles. For Ni it was found that the intensity of 
the unresolved first excited states of Ni®* and Ni® is 
54% of the elastic scattering from these isotopes. On 
this basis the cross section for the excitation of these 


first excited states is of the order of 0.01*10~" cm? 


id] 


steradian™,’ 
the compound-elastic cross section neglects several 


’ Equating this inelastic cross section to 


effects which cast some doubt on this procedure however. 
Among these neglected effects are the different penetra- 
bilities for the protons leaving the compound nucleus, 
and the possibility that the inelastic scattering proceeds 
through direct reaction as distinguished from compound 
nucleus formation.”' Since we are only attempting here 
to estimate the compound-elastic contribution, it seems 
that the really significant point is not that our estimate 
of the compound-elastic contribution as derived from 
the inelastic scattering consideration agrees with the 
difference between the Ni and Cu elastic cross sections, 
but more importantly the inelastic contribution in the 
scattering of protons from Cu as determined in an 
identical measurement is down by a factor of from two 
to three relative to Ni. Since, in the copper measure- 
ment, we were looking at the combination of more than 
one unresolved level, experimentally, the factor of two 
or three in the Ni-Cu comparison indicates the inelastic 
scattering in Cu to a given level is probably even less 
than the observed factor. This observation is then in 
agreement with the spirit of our interpretation that 
calls for scattering to any one level in the odd-Z 
targets to be less than that for the even-Z ones 

The most reasonable objection to this whole line of 
reasoning lies in the fact that other channels, open for 
the decay of the compound nucleus, involve the 
emission of neutrons. On the other hand the 
cross section for (p,m) reactions on Cu® at this energy 
is only of the order of } of the nuclear area.” This 
indicates that all the emergent neutron reactions are 
not significantly more important relative to the decay 
of the compound nucleus than what we have called 
compound-elastic scattering or for that matter inelastic 
scattering to a single level. One can say, therefore, 
that inelastic scattering, neutron emission, and com- 
pound-elastic scattering are roughly each of the same 
importance relative to the decay of the compound 
nucleus, and therefore the scattering from even-Z 
targets includes compound-elastic scattering in a 
significant quantity. It is not as obvious, however, why 
at higher energies the neutron emission reactions and 
inelastic scattering should not dominate the decay of 


total 


the compound nucleus and thereby make the neglect 
of any compound-elastic contribution negligible, al- 
Mev and 17 Mev the 


cross section for reactions on Cu in which one or more 


a4 


though it is true that between 7.5 


*” The difference in Rutherford scattering for these two elements, 
a factor of (29/28)? 1.075, has been neglected. That is to say 
the value cited here is (da/d§2) ~\ — (da /dQ) ox 

1S, T. Butler, Phys. Rev. 107, 272 (1957) 

“S. N. Ghoshal, Phys. Rev. 80, 939 (1950) 
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neutrons are emitted only increases by about a factor 
of three.” 


B 


It is of some interest to compare our results to the 
prediction of a simple optical model calculation. A 
relatively straightforward calculation of the scattering 
of high-energy neutrons gives as the differential cross 
section : 


do 1, QQRR’ sin(@ 2)) P 
hk? R . (1) 
dQ 2kR’ sin(0/2) 


where R’ is the interaction radius, & the wave number of 
the incident neutron, J,(2kR’ sin(6/2)) the ordinary 
Bessel function of the first order of the argument 
indicated, and @ is the angle of scattering of the incident 
particle. As has been indicated, the above data, at the 
pertinent points of the angular distributions, show a 
constancy of this argument if R’ can be expressed as a 
constant times A‘. If what we were observing was truly 
a diffraction pattern then one might be able to assign 
a radius to the scattering center from the values of 
this variable. 

Assuming the validity of this formula in the proton 
scattering experiments and equating 2kR’ sin(6@/2) to 
the value characteristic of the zeros or maxima of the 
square of the Bessel function, one finds the values for 
the parameter ro in the equation ry= RA“, 1.3340.03, 
1.354-0.03, and 1.37+0.05, all in units of 10°" cm, 
for the values of A! sin(@/2) given in Sec. III. 

In general, if one is dealing with a nuclear force 
radius these values are quite reasonable. However, it 
is believed that this agreement is nothing more than 
fortuitous. One reason for this belief is the fact that with 
1.66 10°" cm, a sizable 
ry At 
because of 


a reduced wavelength of A 
fraction of the nuclear radius, (A/Ry~0.3) the R 
law deviation 
the fact that the interaction radius should be (Ry-+-A) 
where Ry is the nuclear radius. Of course in the precise 
region of validity of Eq. (1), A/Ry<1 and therefore the 
actual question of whether Ry or (Ry+A) should be 
used in this equation is immaterial. An additional 


should show a systematic 


reason for being suspect of this agreement is that 
application of this same analysis to the higher energy 
data yields very different values for ro. Furthermore 
Eq. (1) as applied to elastic proton scattering neglects 
not only Coulomb scattering by the nucleus, but the 
interference term between Coulomb and nuclear 
scattering as well. 


Before leaving this analysis, however, two further 


points should be made. One is that though the derivation 


of Eq. (1) above does contain a small-angle approxima- 
tion, the result seems to be valid over the whole range. 
If one calculates neutron scattering in analogy with the 
scattering of light as has been done by Fernbach, 


AND N S 


WALL 


Serber, and Taylor,” then the argument of the Bessel 
function is not 2kR sin(@/2) but kR sin#. Again this is 
a small angle theory and in the region where both of 
these formulas are truly valid there is no difference. 
However, the argument A!sin@ does not show the 
constancy at even the angle of the first minimum that 
the A! sin(@/2) variable does. 

The other point to be made is that as Glassgold 
et al.’ have shown, Vro? (V is the depth of the real part 
of a complex-potential well and ro has the same signif- 
icance as above) represents a certain constant of the 
system. That is, they can obtain a reasonably good 
fit to some of the 10-Mev proton scattering data with 
various values of either V or ro providing Vr«* keeps a 
constant value. Furthermore they have found the same 
value of Vro? for all nuclei. This fact combined with the 
observed constancy of 0, independent of nucleus 
implies, but does not prove, the constancy of the real 
part of the nuclear potential as a function of mass 
number A. It is necessary to note that the location of 
the maxima and minima has been found to be insensitive 
to the imaginary part of the potential.’ 


C 


Since a large number of partial waves seem to be 
entering into the elastic scattering process we have 
not attempted any calculations on the basis of the 
complex-potential well. Melkanoff et al.“ however, 
have obtained good fits to some of these data, which 
aside from enabling one to determine the energy 
dependence of the well parameters, shows some 
interesting and not entirely unexpected results. In 
particular they also find Ni difficult to fit. Furthermore 
they find that lighter nuclei demand a 1-Mev to 2-Mev 
depth for the imaginary part of the potential well, 
whereas the heavier elements call for a depth of ~5 
Mev. Pending a more complete analysis by them, 
nothing more can be said regarding the values of the 
parameters. Furthermore the question of the neglect 
of compound-elastic scattering as well as any spin-orbit 
interaction also creates doubt concerning the validity 
of this type of analysis for our experiments, and 
therefore the actual significance of any parameters 
derived on this basis. 
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The antineutrino-induced disintegration of the deuteron was sought using the antineutrino flux from a 
production reactor at the Savannah River Plant and a liquid scintillation detector, with a negative result 
An upper limit of 4 10~ cm? was placed on the interaction cross section as compared with present pre 
dictions of 2 10~* cm? for this cross section. Suggestions are given for improving this experimental limit 


INTRODUCTION 


| HE reaction 
v_+d—pt+n"+ n° (1) 


has several interesting features! which make its detec- 
tion and study desirable: (a) an accurate measurement 
of the cross section would, in conjunction with a precise 
measurement of the beta spectrum from fission products, 
serve as a direct determination of the Gamow-Teller 
beta coupling constant; (b) the cross section of the p-p 
reaction, so important for consideration of thermo- 
nuclear energy generation in stars,’ could be inferred; 
(c) a direct check of the Lee-Yang two-component 
neutrino theory*® would result, since, as in the reaction 


v-+p-s'+n, . (2) 


the cross section given by the Lee-Yang theory is twice 
the previous theoretical prediction; (d) we might learn 
something more of the interaction between two neutrons 
and the bineutron problem as the neutrons are born 
with only a few kev relative energy and in the absence 
of charged product nucleons. 

The cross section for the reaction v_(d; n,n)B8* using 
fission-fragment antineutrinos has been estimated by 
Muehlhause and Oleksa‘ on the basis of a neutrino 
energy spectrum obtained from their measurement of 
the gross fission-fragment beta spectrum and a calcula- 
tion by Weneser® of the cross section for monoenergeti« 
antineutrinos. These authors conclude that the cross 
section is 2X10~*® cm?, or 1/30 that for reaction (2) 
using antineutrinos from fission fragments. The absolute 
value of the cross section is computed on the basis of 
the “old” four-component neutrino theory. In view of 
the experimental uncertainties in the measurement of 
the beta spectrum from fission fragments, a factor of 
two uncertainty in these predictions does not seem to be 
unreasonable. 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission 

'F. Reines and C, L. Cowan, Jr., Nature 178, 446 (1956). The 
subscript on the v refers to the charge sign of the associated # 
particle in the production process, i.e., in negative 8 decay a v_ is 
emitted and in positron decay a v, is emitted 

2 W. A. Fowler and J. L. Greenstein, Proc. Natl. Acad. Sci. U.S 
42, 173 (1956) 

‘T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 

*C., O. Muehlhause and S. Oleksa, Phys. Rev. 105, 1332 (1957) 

5 J. Weneser, Phys. Rev. 105, 1335 (1957). 


Using the equipment of the free-neutrino identifica- 


tion experiment,® we have attempted to detect the 


v_-induced disintegration of the deuteron, but without 
success. 

In the identification experiment we used a light-water 
target containing CdCl, and then diluted the light 
water with heavy water to check that the count rate 
was proportional to the number of target protons. 
Within the precision of this determination, and con- 
sistent with the predicted small v_-deuteron cross sec- 
tion, we found the expected reduction in the delayed 
coincidence count rate. We now describe an experiment 
in which the sensitivity for detecting the v_, d reaction 
was increased by more than an order of magnitude by 
adding the requirement that both product neutrons be 
detected. 


THE EXPERIMENT 


The sequence of events illustrated in the schematic 


(Fig. 1) is as follows: 


: target 
deuteron in the water tank producing a positron and 


reactor antineutrino disintegrates a 


two neutrons, 

2. The positron is stopped and annihilated in a time 
which is short compared with the 0,2-microsecond 
resolving time of the electronic system. The two 0.51- 
Mev annihilation gamma rays are detected in coinci 
dence in the large slab scintillation detectors 

3. ‘The two neutrons are moderated by the water and 
are captured by the cadmium in succession on reaching 
thermal energies. The time scale for this sequence is 
about 10 microseconds. The multiple cadmium capture 
gamma rays are counted in coincidence by the scintilla 
tion detectors. 


A third slab detector below the upper two was used 
to help eliminate cosmic-ray associated events in which, 
for example, a first pulse appeared in all three tanks. 

When the coincidence requirements were met for a 
single neutron-like pulse following a positron-like pulse, 
the sweeps of a three-beam oscilloscope were triggered 
and the traces photographed. These traces were then 
scanned for a second neutron-like pulse. The system 
Harrison, Kruse, and McGuire, Science 124 


* Cowan, Reines 
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Schematic of 
antineutrino-induced 


LIQUIO SCINTILLATION DETECTOR 


showing the sequence of 
disintegration of a 


detector 


Fic. 1 
events following an 
deuteron 


was energy-calibrated and checked for stability as in 
the identification experiment.® 
Having observed reaction (2), we looked for the ratio 
64/4 ,, using the number of double neutrons as a measure 
of the frequency of occurrence of reaction (1). The 
ratio, R, of double to single neutron events is given by 


the expression 


R= Gafann/(G pf pt 26afa), (3) 


where 6, and 6, are the averages of the cross sections 


fission-fragment antineutrino spectrum tor 
reactions (1) and (2), 


efficiency of the 


over the 
n, is the neutron 
f, is the target 
target fraction of 
().44. 

for nm, it is 


respectively, 
detection system, 
f, is the 
deuterons. 0.56, fa 
In determining an appropriate 
necessary to consider the distribution of time intervals, 


fraction of protons, and 
lor our case, /, 


value 


P(r), between successive captures of two simultaneously 


produced neutrons, since our system displayed the first 


1, + (MICRO SECONDS) 


hic, 2 arbitrary scale), 


for neutrons in 


Measured capture vs time curve, n(¢ 
the H.O—DO, CdCl, target mix. Calculated 
probability P(r), per microsecond of a given time interval, r, 
between two successive neutron captures in the cadmium for 
neutrons introduced into the target mix at /=0. The parameter 
of the mix, a(=number Cd nuclei/number H nuclei), which 
specifies the shape of the capture-time curve was a=0.018. The 
run length during which n(t) was determined was 478 hours and 
the data histograms which show counts per $-usec interval may be 
read by multiplying the vertical scale for a(t) by a factor of 100 


AND F. REINES 
neutron captured in a fixed position on the oscilloscope 
sweep, and the value of + was limited by the sweep 
length. 

The probability of capture intervals is given by the 
integral 


P(ryde=dr f n(t)n(t+7r)dt, (4) 


t=( 


where n(/) is the probability per unit time for occurrence 
of an interval between the positron pulse and a neutron 
pulse. The behavior of n(t) is shown in Fig. 2 as is that 
of P(r), from which we conclude that the chosen 
interval r<11 microseconds includes all but about 10% 
of the traces showing two neutrons. This means that for 
our experimental condition, the value of »,~0.3 which 
is appropriate to the detection of one neutron’ is also 
very nearly correct for the second of two neutrons. Two 
series of runs were made with the reactor up to power 
and in the antineutrino flux of about 1.3 10"/cm? sec 
with (a) the “50-50” mix of H,O and D.O, and (b) a 
background run with H,O only. The 8* pulse-acceptance 
gates were set from 0.2 to 0.6 Mev in each detector tank, 
the neutron gates from 0.2 to 10.8 Mev in each detector 


TABLE I. Summary of runs 


Number of neutrons 


Target (50 gallons) doubles 


56% DeO, 44% HO 


(includes 2 questionable 
events where pulses were 
not clearly within gates) 


100% HO 8 


tank taken separately, although the neutron pulse sum 
from both tanks was required to be from 3 to 11 Mev. 
Since 9 Mev is the total energy of the Cd capture 
gammas, all traces with a total neutron energy in excess 
of 10 Mey (a value which allows for the energy resolu- 
tion of the system) were rejected. The results of these 
runs are shown in Table I. The time intervals between 
the pairs of neutron-like pulses in (a) are somewhat 
longer than would be expected from Fig. 2, but the 
small number of events precludes any serious conclusion 
from this. It is to be noted that the rate 8/465 per hour 
is much larger than that expected from an accidental 
coincidence of a neutron-like pulse following a neutrino 
signal from reaction (2). Less than 0.1 accidental count 
would have been expected in the run time. This indicates 
that the background is highly correlated as would be 
expected for neutrons from cosmic-ray u-meson capture 
in and near the detector. In condition (a) the signal 
rate for the comparison reaction (2) was 1.04-0.2 per 
hour. Since the rates in (a) and (b) for reaction (1) are 
equal, any signal may be reasonably taken as less than 


the statistical fluctuations in these rates, i.e., is less 


’ This efficiency was determined by using neutron sources 
during the course of the identification experiment of reference 6. 
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than +2,/8/465, or less than 0.012 per hour. Using 
Eq. (3), and »,~0.3, this corresponds to 


G4/G,=0+0.06, ie, <0.06. 


Accordingly, for a predicted value* of ¢,=6X10™ cm? 
we find 6<4X10~* cm?, 

On the basis of the above numbers it is seen that the 
experimental arrangement was not sufficiently sensitive 
to yield the predicted ratio of cross sections, é4/é, 
=(),033. Stated differently, the prediction is for ~3 
counts in 470 hours, We saw nothing over background 
but could not exclude a statistical fluctuation of ~6 


counts in this period, 


SUGGESTIONS FOR AN IMPROVED SYSTEM 


The ratio of the expected signal to observed back- 
ground is about 4, a figure which could be tolerated 
except for the very small expected signal rate which 
itself may be too high.* As noted above, the major 
source of background is due to events producing corre- 
lated signals. For example, muons capturing in the lead 
shield produce pseudoneutrino pulses by emitting soft 
gamma rays and producing several neutrons which can 
capture in the target tank. Other correlated sequences 
due to cosmic-ray muons are probably also components 
of the observed background. One way to lower the 
background is to build a detector of the same geometry 
as in the present experiment, but employing low-Z 
materials to minimize neutrons from muon capture. 
Such a detector would best be inclosed in a shield also 
made of light materials, such as paraffin. The signal 
could be increased by raising the neutron efficiencies 
from their present low value by lowering the energy 


‘In view of the large uncertainties in the predicted signal 
because of inaccuracies in the measured fission-fragment 8 
spectrum, the Lee-Yang factor of two is not considered in this 
discussion 
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requirements for neutron pulse acceptance, or by asking 
for neutron pulses in one detector or the other, but not 
in both, etc. 
probably not be greatly affected by some changes in 
this direction because the accidental component is a 


small fraction of the total background, 


The signal-to-background ratio would 


Another approach is to raise the signal appreciably 
by filling the detector with a “deuterated” scintillator 
and dissolving a Cd compound (such as cadmium 
octoate) directly in the scintillator to capture the 
neutrons.’ So, for example, a detector of 500-gallons 
capacity subjected to a flux of 10 v_/cm? see could be 
expected to count with an over-all efficiency of ~4 the 
six or sO antineutrino-induced deuteron disintegrations 
expected per hour. The accidental background expected 
in such a case might be 0.2 per hour, a quite tolerable 
figure. However, the correlated backgrounds are ex 
pected to be much more serious. Lastly, the use of more 
complete shielding against cosmic rays by means of 
large counters in anticoincidence appears indicated. 
Since all planning depends directly on the expected 
signal rate, a more detailed experimental study of the 
beta spectrum from fission fragments on which these 
predictions are based should be undertaken 
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As a development of Wigner 


’s work on the subject, the behavior of nuclear reactions at thresholds is dis 


cussed by employing the (t-matrix formalism with special attention to the effect of a nuclear reaction thresh 


old in a particular channel on the energy dependence in other channels. In addition to the characteristic 


cusp-like behavior for L 
plot of cross section versus energy 


extra effect on one side of the threshold 


HE energy dependence of nuclear reactions at 
thresholds has been discussed for the case of 
Coulomb fields by Ostrofsky, Breit, and Johnson,’ for 
photomagnetic capture by Fermi,’ for slow-neutron 
capture by various authors’ and more completely and 
thoroughly in the general case by Wigner. In the last 
mentioned paper an essentially new feature is inci 
dentally brought out, vz., the influence of the threshold 
of one reaction on the energy dependence of another. 
In the present note this matter is discussed somewhat 
more fully with an attempt at a more complete enumera 
tion of the possibilities 
The (t-matrix approach to nuclear reaction theory® 

will be used in a manner very similar to that used in 
Wigner’s papert on nuclear reaction thresholds. The 
relations of the Gt-matrix theory® essential for the pres 


ent purpose are 


u [ RBw*+1A || RBwo—iA* |, (1) 


where u is the scattering matrix corresponding to a 
definite value of the total angular momentum J, 


Bb, LWp, 1 kt! “HT '(kyb»), 


t= hkp MH (Ryd), (1.1) 


)) 


11; (p) G (p)+1F ,(p), (1.2 


where F';(p),G.(p) are respectively the regular and 
irregular Coulomb functions in the notation of Yost, 
Wheeler, and Breit 


reference to the same J as u. The rows and columns of 


‘The & matrix occurring in (1) has 


all matrices dealt with here are labeled with respect to 
two indices, the first of which is denoted by p and has 
reference to the fragment pair of the channel. It specifies 


the states of both fragments as well. The second index 


* This research was supported by the Office of Ordnance Re 
S. Army and by the U.S. Atomic Energy Commission 
Breit, and Johnson, Phys. Rev, 49, 22 (1936 
Phys. Rev. 48, 570 (1935 

Horsley, Phys. Rev. 47, 510 (1935); H. A 
(1935); F. Perrin and W. Elsasser 
Breit and E. P. Wigner, Phys 


™ arch 
! Ostrofsky 
ti. Fermi 
(; Beck and H I 
Bethe, Phys. Rev. 47, 747 
Compt. rend 200, 450 (1935); G 
Rev. 49, 519 (1936) 
‘E. P. Wigner, Phys 
*E. P. Wigner, Phys. Rev 
99 (1949) 
*E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947 
’T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952 
* Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936 


1948 
1946); Am. J 


Rev. 73, 1002 


70, 15, 6006 Phys. 17 


0, 7:Z,=0 it is found that for this case it is also possible to have another type of 
The second type differs from the first by a relative change of sign of the 


is the orbital angular momentum of the channel ex- 
pressed in terms of h as a unit. The matrices A, B, w 
are diagonal and their elements are defined by (1.1) 
with the additional requirement that B is real. The 
simplified boundary condition requiring the vanishing 
of the derivative of r times the radial function at the 
channel radius 6, is used. The channels may be either 
open or closed and all channels are supposed to be 
included in the rows and columns of «and ®. One may 
rewrite (1) in the form 


u e'(R-—q) 1 (R—q*)e*, ( 


the prime denoting d/dp and the following diagonal 
matrices having been introduced, 


g=H/(kH'), e=i" RH’, (4) 


Making use of the Wronskian relation between F and 
G, one has 


q—q* = —2i/(kH'H"*), (2.2) 


so that (2) may be rearranged as 


u= —e'e*+ ie! (R—g) "ee". (2.3) 
This formula differs from the corresponding one in 
Wigner’s paper‘ only with respect to superficial matters 
having to do with notation. The quantity g behaves 
differently for L=0,Z,Z.=0 and other cases. In the 
former case 


g=1/(tk), (L=0, 2,Z.=0). (3) 


At threshold k=0 and g= @. On the other hand, 


r/L, (L>0,2Z,22=0), (3.1) 


limg 
k—0 


which is finite. 

The formula for w will be used first to obtain the 
asymptotic forms for the threshold 
occurs in the initial or in the final channel. The influence 
of a reaction threshold on another reaction will then be 
easily understood. Since the right side of (3.1) is inde- 
pendent of k, the dominant term of the off-diagonal 
elements of (2.3) in an expansion of this quantity in 
powers of & can be obtained by replacing (R—q)~ by 
q'. In fact, if g is finite the critical dependence arises 
through other factors than (—g)~'. If q is infinite as 


cases in’ which 
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in (3), then gq! gives the critical energy dependence of 
(R—q)'. To see this more concretely one notes that 
the matrix wu is used with the first subscript referring to 
the incident channel, the second to the outgoing. Since 
e is diagonal the threshold behavior enters only one 
of the two elements of e contributing to e~'(R—q)"'e"! 
in (2.3). If the incident channel 1 is going through a 
threshold, one is concerned only with (e,) 'T(R—q) Vlas: 
A consideration of Kramer’s rule for solving linear 
equations shows that if g, becomes infinite then all 


> 0), (3.2) 


[(R—g)"Jin@1/qi, (qi 


Hence e~'g™' for the threshold channel contains all the 
critical energy dependent factors in u. The threshold 
channel thus gives, according to (2.1), the asymptotic 


form 

1 {< (< ki 

k! a = H 
where the subscript Z is understood to go with H which 
is supposed to be evaluated at the channel radius. 
Similarly & refers to the channel in which the threshold 
occurs. This channel will be referred to as the critical 
channel from now on. If the critical channel is the 
incident one the square of its wavelength also behaves 
critically and hence 1/k? enters as an additional critical 
factor. If, however, particles in the critical channel 
arise as ‘‘new”’ particles as a result of “old” particles 
in another channel, the square of the absolute value of 
the right-hand side of (3.3) can be used directly. The 
designations of particles as “new” and “old” is the 
same as in Wigner’s paper,’ the new particles being 
those in the critical channel. One has thus 


(3.3) 


1 . ; 
> old) « 
k? H,(kb) 


a(new 
k 
I, (kb) 


a(old — new) « (3.4) 


These formulas are equivalent to those stated in 


Wigner’s paper. They may also be written in the form 
1 
’ 
kG ,?(kb) 


a(new — old) « 


k 
(3.5) 


a(old — new) « 


Gi2(kb) 


since at threshold F,,/G,=0. In these formulas there 
enters the channel radius b. It does not affect the law 
of energy dependence because at threshold kb<<1 and 
the function G,«k-” if there is no Coulomb field, 
while in the presence of a Coulomb interaction it also 
approaches a limit with a definite energy dependence. 
One may write therefore 


, old) « Reb lax EY h 
>new)« Rta Flt (Z7,Z7,=0) 


a (new 
(3.6) 


a(old 
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In the presence of a repulsive Coulomb field there is 
available’ an asymptotic form of G, which was re 
derived by Beckerley’ and for which more systematic 
asymptotic expansions have been correctly surmised in 
reference 8 and established by Breit and Hull." The 
dominant term in the asymptotic form is given by 


G.=D p"0,; D,=1-3-5---(2L—1) 


? ” ”\y)! 
x| (14 )Qs J(u | 
L? (L—1)? 1? 
er1—1\! 
x( ) | 
2xn 
2 e\ All 
( ) Koryi(%), x 
(2L)!N2 


and K,, is the Bessel function of imaginary argument of 
the second kind in notation of Whittaker and Watson.!! 
It is apparent from this form that for repulsive fields 


(3.7) 


O)~ (pn), 


G_«e™y}, (3.8) 
and hence 


a (new — old) « k-e>2*", 


(3.9) 


a(old —> new) « e?*", 


again in agreement with older work. The case of attrac 
tive Coulomb fields can be obtained by noting that in 
(3.7) the e’""—1 is dominated by the —1 in place of 
e’*" so that one may simply omit the factors e?*" in 
(3.9). This results in there being no energy dependence 
in the dominant term of the (old —> new) cross section 
for an attractive Coulomb field. This is a well-known 
fact in the theory of the absorption of light by atoms, 
the absorption in the discrete part of the spectrum 
merging practically continuously with the continuum 

If the critical channel 1 is neither the incident nor 
the final one and is L=0, Z,Z.=0, the infinite value of 
qg: results in first approximation in the matrix element 
of (R—q)"' between the incident and emergent channels 
being such as though the row and column corresponding 
to the threshold channel did not exist in ®—g. This 
may be seen for example from Kramer’s rule. The next 
approximation involves, however, 


1/qi=tk, (4) 


as a factor in a correction term. This may be seen again 
from the familiar Kramer’s rule used as a way of 
forming the reciprocal of a matrix. The matrix u and 
the cross section contain therefore the factor (—#))!. 
Above the threshold the plot of cross-section vs energy 


* J. G. Beckerley, Phys. Rev. 67, 11 (1945), The remark in the 
paper by Wigner‘ regarding the unavailability of numerical co 
efficients of the Bessel function must have been caused by failure 
to notice the direct reduction in the paper by Yost, Wheeler, and 
Breit.* 

 (G, Breit and M. H. Hull, Jr., Phys. Rev. 80, 392, 561 (1950) 

"FE. T. Whittaker and G. N. Watson, Modern Analysis (Cam 
bridge University Press, New York, 1920) 





1614 G 


has therefore an infinite slope. The value of the co- 
efficient multiplying (E—£,)' depends on the magni- 
tude of the cross-product term arising from 1/q; in u. 

Just below threshold the calculations still apply 
formally even though the threshold channel is closed. 
It is necessary, however, to take into account the 
difference in the requirements on the function in the 
nuclear exterior, This has to be taken as a constant 
multiple of 


(1) .0= exp(tkyr) =exp(—fy,r), (4.1) 


where the quantity ikyr is meant to be taken in the 
convention 


ki=iB;, Pi=\hky (4.2) 


One may still use 


(F),2.9=sink\y=1 sinhpy, (4.3) 


all other relations working out similarly to the case 
above threshold. Accordingly there appears in « below 
threshold the quantity 8, where ik, occurs above 


threshold, Since 


(E<E)) (4.4) 


the plot of o against FE below threshold should also 
have an infinite slope at L= &,. In o the coefficient of 
6, below E£, is in general different from that of k, above 
Ek, because of the factor 2 in (4.2). On account of this 
factor the cross-product terms of ky above threshold 
and #8, below threshold arise from different parts in the 
remainder of u« differing in phase by 90°. There is 
therefore no general relationship between the coeffi- 
cients of these quantities above and below threshold. 
It will be remembered that u contains in general phase 
factors which can be made to vary by arbitrary amounts 
as, for instance, through the introduction of central 
potentials. There can be therefore no general relation 


ship between the signs of the coefficients of (A—£,)! 
E)' below threshold. If 


above threshold and of (4, 
the two coefficients have the same sign, the curve of 
cross section vs energy should show a cusp, a phe- 
nomenon pointed out by Wigner. If the coefficients 
have opposite signs, the plot has approximately the 
appearance of the central portion of the letter S turned 
on its side 

For & >0, 72% 
and column corresponding to the critical channel do 
q) ' as they do for L=0. This 
0 and L>O is a conse 


0 the q; is not infinite and the row 


not disappear from (Mt 
formal difference between L 
quence of the choice of boundary condition and will 
not be discussed here further. Its practical significance 
is however that g; enters the formulas in the first 
approximation. Its dependence on k; and L>0 can be 
inferred from 


qi ! ki(G1'G, + F,'F, + 1) (G,?+4 F,?), (5) 


it being understood that the argument of fF, and G, 
is k,b;. The denominator on the right side of (5) con- 


BREIT 


tains only even powers of k,. The combination G,'G, 
+F,'F, is therefore odd in k;. The real part of 1/q 
is accordingly even in k, while the imaginary part is 
odd, It is also readily verified that the highest power of 
1/k; in Hy, is (1/k;)*”. It follows therefore from (5) 
that the lowest odd power of &, in 1/q, is 


(5.1) 


k,’4+! « term of lowest odd power in ky. 


This term gives the first nonvanishing effect of a dis- 
continuity in a derivative of the reaction cross section, 
the even powers of k, giving a smooth transition across 
the threshold. According to (5.1) the Lth energy deriva- 
tive of the reaction cross section should show therefore 
the same type of dependence on the energy as the cross 
section shows for L=0, Z;Z.=0. 

The increase in the centrifugal barrier caused by 
increasing L makes the threshold channel assume some 
of the characteristics of a stationary state even when 
E> E,. lf the state were truly stationary, there would 
be no distinction between E>E, and E<£,. Quali- 
tatively this is the explanation of the difference be- 
tween L=0 and L>0O. One expects an even smoother 
transition between the two energy regions in the case 
of a repulsive Coulomb field. This expectation is in 
fact confirmed on closer inspection as follows. 

For E>E,, the large values of G,;?+F,? make the 
imaginary part of 1/q, disappear as is clear from (5). 
Since furthermore F;?/G,? contains the square of the 
barrier penetration factor, it may be neglected. Hence 
(5) may be replaced by 


1 i= kiGz' (kb) G_ (kb), (Z,Z2>0) (6) 


which is equivalent to 


1/qi—L/r4+d0,/(Oxdr) (6.1) 


in the same notation as (3.7), The quantity ©, is 
known” to have an asymptotic expansion in powers 
of E—E,. This series does not represent a part of ©, 
containing exp(—2n) but this quantity is negligible 
just above threshold. 

For E<E, it may be shown that the Whittaker 
function satisfying the differential equation for r times 
the radial function may be expressed as 

(2L) !“@,” 


), Led (28r) x 
I'(L+1+ (1/af))(28r)" 


W _11ap (6.2) 
where ‘“‘@,”’ is an extension of the usual ©, to negative 
energies and may be expressed as 

(x/ 2st 


“@,"=[0, |ps— 


(2L)! 


xd 24L | x 1 
) exp}; — (+ ) 
| 2 u 
B* sxa\4 
( J+} fa (6.3) 
5 \4u 





ENERGY DEPENDENCE OF 
Here [ ©, |ps is the power series in the energy already 
referred to. The coefficients of the series are expressible 
in terms of Bessel functions of imaginary argument of 
the second kind K,. The argument of the A, is (8r/a)!, 
with a=h?/(uZ,Z,e’) standing for the Bohr length of 
the channel and y for the reduced mass. The second part 
of the right hand side of (6.3) contains an integral 
which is very small for small 8, the factor exp[ —x/ (2) } 
in the integrand being very small in the range of 
integration. The part of ‘© ,” which is not expressible 
by the power series is therefore negligible at threshold. 
There is therefore no discontinuity in any energy deriva- 
tive at threshold. 

For attractive Coulomb fields the continuous merg- 
ing of effects of the infinite level density just below 
threshold with effects of the continuum above threshold 
leads one to expect the absence of discontinuities in 
the derivatives of a reaction cross section as a result of 
the occurrence of a threshold of another reaction. The 
threshold phenomenon merges in this case with the 
establishment of an infinite number of new open chan- 
nels each of these corresponding to the excitation to the 
discrete level in the attractive Coulomb field. Each of 
the newly opened channels can have effects of the type 
already discussed but it is simpler to consider these not 
as threshold effects of the Coulomb field channel but of 
other channels. 

The difference between effects just below and just 
above threshold which leads one to expect the possi- 


bility of other than cusp-like shapes of the o versus E 
plots in the discussion immediately after (4.4) is 
analogous to effects in electromagnetic oscillations of 


cavities. The critical channel introduces a resistive 
component into the effective mutual impedance of the 
cavity if the propagation made in the critical channel 
is oscillatory. If the mode is attenuated the component 
is reactive. The two effects are 90 degrees out of phase 
and combine with different parts of the mutual im 
pedance in the calculation of the current. Hence one 
has the possibility of different signs of the effect in 
the nuclear case. 

The cusp phenomenon has been looked for by 
Hemmendinger, Jarvis, and Taschek” and by Ennis 
Taschek, Phys. Rev. 76, 1137 


2 Hemmendinger, Jarvis, and 
(1949) 
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and Hemmendinger® in p—T scattering and some 
evidence of it appears to have been found. Employing 
the data of the latter reference as the more complete 
and plotting the values of the differential scattering 
cross section, one sees at least a strong suggestion of 
the effect for the scattering angle @,,,. of 150° in the 
center-of-mass system. If, on the other hand, one plots 
their values for 6... =46° or 64.8° against energy, the 
shape of the plot at E=1.1(5) Mev is suggestive of the 
S-shaped type. The reason for looking at effects at 
the energy mentioned is that at this energy the sharp 
break occurs for 0. 150°. The possibility of shifts 
in energy scale during an experiment is present and 
judgment must be reserved regarding the proper in 
terpretation of the data, It appears likely that ascer 
taining the nature of the effect experimentally will lead 
to a more certain interpretation of scattering data, 
particularly because the two branches of the (0,£) 
plot can be used as a measure of the magnitudes of two 
parts of « which have a 90° phase difference between 
them. Reasonably restrictive information on « is thus 
obtainable through the examination of the phenomenon. 
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T (d,n)He‘ Reaction* 
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The differential cross sections for neutron production in the T(d,n)He* reaction have been measured 
over the deuteron bombarding-energy range 0.25 to 7.0 Mev. Legendre polynomial fits to the data are 
presented and compared with existing data. The total cross section plotted as a function of deuteron energy 
has an anomalous behavior which may indicate a broad level in He® near 20-Mev excitation energy 


INTRODUCTION 


HE T(d,n)Het reaction, with a Q of 17.578 Mev, 

is often used as a source of high-energy neutrons. 
Therefore, an accurate knowledge of the differential 
cross section of the reaction over a wide range of 
bombarding energies is of considerable practical im- 
portance. In addition, this information is of interest 
for theoretical studies of light particle reactions. 

An extensive bibliography of early work on this 
reaction is given by Fowler and Brolley.' The yield of 
the reaction exhibits a pronounced maximum near 
E4=107 kev. Cross sections in the range £,=10 to 
1700 kev are given by several experiments.’ Differ- 
ential cross sections for the production of alpha particles 
from the reaction have been measured at E,=1.5 Mev® 
(corresponding to Ey=1.0 Mev), at Ey=2.21 Mev,*® 
and at Ey=10.5 Mev.’ More recently the reaction has 
been studied in the range E,=1.0 to 5.79 Mev by 
Galonsky and Johnson,* who used techniques similar 
to those of this experiment. 

The work reported here covers a deuteron energy 
range of 0.25 to 7.25 Mev. The cross sections presented 
are, we believe, the most accurate yet obtained in this 
energy range. A preliminary report of some of the 


results has previously been given.’ 


EXPERIMENTAL TECHNIQUE 


Tritium gas targets’ were bombarded with a mono 


energetic deuteron beam from an electrostatic acceler 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1]. L. Fowler and J. E 
102 (1956) 

2 Argo, Taschek, 
Rev. 87, 612 (1952) 

‘Conner, Bonner, and Smith, Phys. Rev. 88, 468 (1952) 

‘Arnold, Phillips, Sawyer, Stovall, and Tuck, Phys. Rev, 93, 
483 (1954) 

* A. Hemmendinger and H. V. Argo, Phys. Rev. 98, 70 (1955) 

*T, F. Stratton and G. D. Freier, Phys. Rev. 88, 261 (1952) 

’ Brolley, Fowler, and Stovall, Phys. Rev. 82, 502 (1951) 

* A. Galonsky and C. H. Johnson, Phys. Rev. 104, 421 (1956) 

*S. J. Bame, Jr., and J. E. Perry, Jr., Bull. Am. Phys. Soc 
Ser. II, 1, 93 (1956), and Los Alamos Report LA-2014 (unpub 
lished), a compilation of charged particle cross sections. (The 
preliminary cross sections reported in these references are about 
10% too high, due to using telescope efficiencies calculated by an 
approximation method. ) 

An example of a Los Alamos gas target is shown by J. E 
Perry and S. J. Bame, Phys. Rev. 99, 1368 (1955), see Fig. 1. Gas 
handling equipment was similar to that described by C. H 
Johnson and H. E. Banta, Rev. Sci. Instr. 27, 132 (1956) 


Brolley, Jr., Revs. Modern Phys. 28, 


Agnew, Hemmendinger, and Leland, Phys 


ator. Deuteron energies of 0.25 to 2.00 Mev were 
produced by a small horizontal accelerator, and the 
higher energies were obtained using the large vertical 
accelerator at Los Alamos. Fast neutrons produced in 
the T(d,n)He'* reaction were detected with two recoil- 
proton counter telescopes.'' One of these telescopes is 
shown schematically in Fig. 1. 

Absolute cross sections were obtained with the 
counter telescopes at 0° over the entire range of 
deuteron energy, and several angular distributions were 
measured. Cross sections were determined from meas- 
ured values of the number of incident deuterons, the 
number of target atoms per cm’, and the computed 
efficiency" of the telescope. 


ACCURACY OF THE MEASUREMENTS 


A number of unusual factors entered into the compu- 
tation of cross sections from the experimental data. 
The telescopes used in the experiment were designed 
with large internal solid angles to insure high counting 
efficiencies. The wide range of angle available to the 
recoil protons made the determination of the telescope 
efficiency somewhat difficult because of the anisotropic 
angular distribution of (m,p) scattering in the laboratory 
system. A calculation of the counter efficiency was 
carried out, using an IBM 701 computer."' This calcu- 
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Fic. 1, Schematic drawing of one of the counter telescopes used 
in this experiment. Neutrons incident on the radiator scatter 
protons through the counter system. A threefold coincidence of 
the telescope is used to gate a multichannel analyzer which 
records the recoil-proton pulse-height distribution from the 
scintillation counter 


" Bame, Haddad, Perry, and Smith (to be published). See also 
C. H. Johnson and C. C. Trail, Rev. Sci. Instr. 27, 468 (1956). 
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lation involved a double integration over the radiator 
and the exit aperture, taking into account the (n,p) 
differential scattering cross section. Although the calcu- 
lation assumed a point source of neutrons, all the data 
have been corrected for a finite target length. 

The greatest uncertainty in the telescope efficiency 
lies in the knowledge of the (,p) scattering cross 
section. Gammel’s semiempirical description” of (n,p) 
scattering was used in the efficiency calculation. The 
total (,p) cross sections of this formulation agree with 
the best existing data within 0.4% from 1 to 20 Mev. 
The center-of-mass anisotropy of (,p) scattering is 
less well known, because experimental data exist at 
only three neutron energies up to 20 Mev. However, 
Gammel’s fit falls well within the experimental errors 
ascribed the measured We an 
uncertainty of 2.5% in telescope efficiency due to the 
uncertainty in the differential (,p) scattering cross 
section. Additional telescope errors may arise from 
inaccuracies in the counter-target 
geometry (2%) and the number of protons in the 
radiator (0.5%). 

The pulse-height spectra obtained from the telescope 
contained several small backgrounds. The inherent 
telescope background was determined by taking data 
with the radiator removed. The accelerator background 
was obtained by taking data with the radiator in place, 
but with the tritium gas removed from the target. We 
estimate an error of 1.5% in our data due to inaccuracies 
in the determination and subtraction of these back- 
grounds. The counting statistics throughout the experi- 


to values. estimate 


measurement of 


ment were maintained at about 1%, 

The number of deuterons incident upon the target 
was determined with a standard current integrator. 
The current integrator used for the measurements 
below 2 Mev was slightly unstable, but apparently 
accurate to 2%. At higher energies current integration 
was believed accurate to 1% 

Standard techniques of measuring the target gas 
temperature and pressure were used when the target 
was filled and a valve near the target cell was closed. 
Periodic mass spectrometric measurements gave the 
tritium concentration in the gas samples. From the 
accuracy of these measurements we assign an error of 
2% to the density of target atoms at the time the 
targets were filled and sealed. However, beam heating 
of the target cell and gas resulted in a loss in the yield 
of neutrons from the target, despite adequate air 
cooling of the exterior of the target. This loss was 
attributed to a reduction in the density of tritium 
atoms in the region of the target through which the 
beam passed. With the targets used, a linear decrease 
of yield with increasing current was observed. Thus, 
the loss in yield could be corrected by measuring the 
yield at a number of average beam currents and 


Gammel, Los Alamos Scientific Laboratory (private 
The results of this work are to be published in 


ey. L 
communication 
reference 11 
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hic, 2. Differential cross section for the production of neutrons 
from T(d.n)Het at 0° in both the laboratory and center-of-mass 
systems. The standard error is estimated to be 45%. The point 
at 1.0 Mev comes from the experiment of Hemmendinger and 
Argo,® with an assigned probable error of 43%. No explanation 
for the discrepancy has been found. The dashed curve comes from 
the (lab) data of Galonsky and Johnson,* 
cross sections a standard error of 8 11% 


who assign to their 
The agreement with 
the present data is reasonable 


extrapolating the yield to zero current. The correction 
was about 5% for an average current of one micro 
ampere. We estimate an error of 2% in the yield when 
corrected for this effect. The gas-heating effect was 
measured at each energy below 2 Mev and at half-Mev 
intervals above 2 Mev. 

To reduce the effects of slow loss of tritium through 
the target entrance foil, a new target filling was used 
for each 0° cross-section measurement. In the angular 
distribution measurements a biased stilbene counter 
was used as an additional monitor of gas-loss and gas 
heating effects, and beam currents were maintained as 
nearly constant as possible to reduce fluctuations 
caused by gas heating 

At proton energies above 10 Mev, inelastic events in 
the CsI crystal are known to remove some pulses from 
the main proton-recoil peak and place them in a small 
pulse-height tail.'"* Rough estimates of the size of this 
effect at 24 Mev indicate that it should be no larger 
than 1%. 
for this effect. 

Compounding quadratically all the errors discussed 


Consequently no correction has been made 


above, we assign a standard error of + 5% to the abso 
lute cross-section measurements of this experiment 
An example of the reproducibility of the measurements 
is given by the two sets of 0° cross sections in the 2- to 


7-Mev range shown in Fig, 2. The two sets of data, 


i 


which agree to within 2%, were obtained a year apart 


using completely different telescopes, targets, and 


tritium gas samples, 


Swenson Bull Am Phys Soe 


3... H Johnston and DPD. A 
Ser. II, 2, 180 (1957) 





BAME, JR., 








£47105 Mey 
Fs SI 
Ret.7 








a ee | 
150 180 


hic. 3. Relative angular distributions of the neutrons from 
I'(dn)Het in the center-of-mass system. R(@) is the ratio 
a()/a(0°), The smooth curves are Legendre polynomial fits to 
the data; the points are experimental. The curve for Ey=2.0 
Mev is interpolated from the other data, since no reliable experi 
mental data were taken at that energy 


Since some of the errors discussed above are not 
present in relative measurements, we assign a standard 
error of &3.5% to the angular distribution results, No 
corrections have been applied to the data for the finite 
angular spread caused by target length and radiator 
t 1% distortion of the 
The 


distortion is less than +1% at all energies below 7 Mev. 


diameter, Calculation shows a 
7-Mev angular distribution due to this effect 


T(d,n)Het CROSS SECTIONS AND 
COMPARISONS 


The 0° differential cross sections of this experiment 
are presented in hig 2. At 1 Mev, there is a « omparison 
with a zero degree cross section obtained by an extra- 
polation of the data of Hemmendinger and Argo.° 
Their result is 18°% higher than that of this experiment. 
At present, there is no explanation for this discrepancy. 
Also compared with the present work is a 0° excitation 
curve obtained from the results of Galonsky and John- 
son* by using the relative angular distributions of the 


present experiment to change their 6° excitation curve 
to 0°. Since they estimate an 8-119 standard error for 
their measurements, and the present work has been 
assigned a 5% standard error, the agreement between 


the experiments is quite satisfactory. 
In order to obtain the best estimate of the reaction 
cross section as a function of angle and energy, the 


AND J. E. 


FERRY, IR. 

following smoothing process was used in the analysis 
of the experimental results. (1) Each angular distribu- 
tion, converted to the center-ofemass system, was fitted 
by a least squares method with a Legendre polynomial 
series. The resulting Legendre fits, normalized to unity 
at 0°, are shown in Fig. 3. Here the smooth curves are 
the Legendre results, the plotted points are experi- 
mental, and it is apparently fortuitous that a few of 
the experimental points do not lie slightly below 1.0 
at 0°. (2) To obtain absolute values of the Legendre 
coefficients as a function of energy, the above normal- 
ized values were multiplied by smoothed values of the 
absolute center-of-mass 0° cross section obtained from 
Fig. 2. Table I and Fig. 4 show the variation of the 
absolute Legendre coefficients as a function of deuteron 
energy. 

The number of Legendre terms required for a good 
fit to the data varies with deuteron energy. Terms 
through /, are sufficient up to 2 Mev, while terms 
through Ps appear to be both necessary and sufficient 


TasLe I. Legendre polynomial coefficients (in mb/sterad) for 
angular distributions of T(d,n)He‘ in the center-of-mass system. 
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at energies from 2.5 through 6 Mev. At 7 Mev the fit 
appears to be somewhat improved by inclusion of 
terms through Ps. The open circles at 7 Mev in Fig. 4 
represent the coefficients of the eighth-order expansion 
where they differ significantly from those of the sixth- 
order expansion. However, the accuracy of the experi- 
mental data does not allow a clear-cut choice between 
the sixth- and eighth-order fits. 

In Fig. 5, the angular distributions of this work are 
compared with the distributions found in other experi- 
ments. The agreement is considered adequate except 
for the 1.0-Mev data. The 6.0-Mev comparison is made 
with the data of Brolley, Hall, and Rosen,'* who meas- 
ured the alpha-particle yields from this reaction. The 
comparison at 1.27 Mev is made with a differential 
cross section measured by Jarmie and Allen'® using a 


“4 Brolley, Hall, and Rosen (private communication) and Bull. 
Am. Phys. Soc. Ser. II, 2, 207 (1957). 

'8N. Jarmie and R. C. Allen, Bull. Am. Phys. Soc. Ser. II, 2, 
305 (1957) 





T(d,n)He* 
double focusing magnet to count the alpha particles 
from a gas target with thin glass windows."* The relative 
angular distributions can also be compared with the 
angular distributions of He'*(d,p)He‘ measured by 
Yarnell, Lovberg, and Stratton!’ at 0.260, 0.455, 0.978, 
1.51, 2.01, 2.50, 3.01, and 3.56 Mev. The shapes of the 
angular distributions of the two experiments agree to 
within +4%, but the cross sections are not the same. 
The total cross section of the T(d,n)Het* reaction is 
plotted against deuteron energy in Fig. 6. The results 
of many other experiments are included in this figure. 
For the convenience of experimentalists we have 
included in Table II the absolute 0° laboratory cross 
sections and relative laboratory angular distributions 
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Fic. 4. Legendre polynomial coefficients plotted against 
deuteron energy. Each center-of-mass angular distribution has 
been fitted with the series o(¢)=Z a,P,,(cos@), by the method 
outlined in the text. The number of terms necessary to fit the 
distributions changes with bombarding energy. At Ey=7.0 Mev 
the coefficient values are plotted for fits with both a sixth-order 
series (solid points) and an eighth-order series (open circle 
points). The eighth-order series appears to be a slightly more 
accurate fit of the data 


of the reaction as a function of deuteron energy. An 
absolute laboratory angular distribution at any energy 
from 0.2 to 7 Mev may be obtained by interpolation of 
these data. In preparing the table we have used the 


Legendre coefficients of Table I and the solid-angle 


transformations of Blumberg and Schlesinger.’* Values 


of neutron energy vs laboratory angle and deuteron 


energy may be found in references 1 and 18. It should 
3.71 Mev, 


be noted that above Eq low-energy con 


16 A. Hemmendinger and A. P. Roensch, Rev. Sci. Instr. 26, 


562 (1955) 
'7 Yarnell, Lovberg, and Stratton, Phys. Rev. 90, 292 (1953) 
16. Blumberg and S. I. Schlesinger, Atomic Energy Commis 
sion Report AECU-3118 (unpublished) 
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curves shown in 


Fic. 5. Angular distributions of neutrons 
compared with other experimental data, The 
each graph are the Legendre polynomial fits of the data of this 
experiment. The points are taken from the references indicated 
Where errors are not shown with the points, the probable errors 
of the experiment are given. The standard error for cross sections 
given by this experiment is +5% 
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hic. 6. Total cross section of T(d,n)Het*. The cross sections of 
other experiments are taken from the indicated references. An 
extrapolation of a Breit-Wigner fit* to the 107-kev resonance is 
included 





1620 BAME, JR., 


Tanie IL. Relative 


angle @ to the cross section at 0°. The 0 


0.20" 0.50 0.75 1.00 1.25 1.50 1.75' 


17,1 15.6 


1.000 


mb/sterad 21 57.9 33.7 23.4 19.4 


R10") 1.000) 1.000) 1.000) 1.000 1,000 1.000 
R(7.5°) 
R(15") 
R(22.5°) 
R(30°) 
RAS 
Ri 
R(75 
ROW 
R105 
R120 
R155 
R(150 
R(165 
R180") 


0.99% 0.996 0.997 0.996 0.993 0.989 0.980 
0.927 
0.861 
0.793 
0.730 
0.671 
0.618 
0.570 
0.536 
0.510 
0.496 


0.492 


0.95% 
0.910 
0.853 
0.791 
0.730 
0.673 
0.624 
0.586 
0.558 
0.541 
0.535 


0.974 
0.941 
0). 499 
0.844 
0.786 
0,727 
0.673 
0.629 
0.594 
0.572 
0.564 


0.982 
0.958 
0.922 
0.877 
0,825 
0.769 
0.717 
0.671 
0.635 
0.613 
0.006 


0.988 
0.972 
0.950 
0.923 
0.890 
0.856 
0.423 
0.794 
0.770 
0.757 
0.750 


0.989 
0.974 
0.948% 
0.913 
0.870 
0.424 
0.777 
0,737 
0.705 
0.683 
0.677 


0.990 
0.980 
0.967 
0.951 
0.934 
0.918 
0.903 
0.490 
0.880 
0.875 
0.873 


* The distribution for 0.20 Mev is calculated assuming an isotropic 
Argo et al,, Ph Ke 87, 612 (1952 

» The 1,75.Mev distribution has been « 
distribution used here is a(@ 10.76 +41.57Pi(@ 
o experimental data were taken at Ea =2.00 Me 


Ka, is 9 IAA SSP ib) 40.0892 sb) 40.27 Palo 


+O. 18 Ps 
ol-ma 


+0.32P elo 
The center 
tO17 Palo 


al 


tamination neutrons appear from the breakup reaction 
T(d.np)T." 
CONCLUSIONS 


The main features of the theoretical interpretation 
of this experiment have been given previously. The 


resonance at /,=107 kev has been attributed to the 
formation of a 3/2+ excited state’ in He®. At energies 
approaching 10 Mev the reaction exhibits character- 
istics of stripping.” The reaction width might be 
studied by the method of Bowcock.”! The presence of 
a broad peak in the total cross section at Ey~4 to 8 
Mev (Fig. 6) may indicate the presence of a second 
Rev. 99, 1050L (1955) 
Phys. Rev. 83, 858 (1951 
(London) A68, 512 (1955) 


” Henkel, Perry, and Smith, Phys 
“S. T. Butler and J. L. Symonds 
a J bE Bowcock Proc Phys Soc 


AND 


angular distribution in the center of mass 


alculated, using a set of Legendre coefficients read off the plot of coefficients 1 
b)+010P lb 


+O.14P: 


J. E. PERRY, JR. 


angular distributions of T(d,n)Het in the laboratory system. R(@) is the ratio of the cross section at the laboratory 
differential cross sections are included in the table 


2.008 2.50 3.00 3.50 4.00 4.50 5.00 6.00 7.00 


25.7 


1.000 
0.923 
0.737 
0.509 
0.344 
0.267 
0.284 
0.201 
0.125 
0.128 
0.156 
0.167 
0.167 
0.168 
0.169 


24.5 25.8 


1.000 1.000 
0.950 0.937 
0.821 0.781 
0.661 0.591 
0.518 0.440 
0.361 0.317 
0.289 0.283 
0.206 0.197 
0.156 0.137 
0.171 0.143 
0.208 0.176 
0.227 0.187 
0.229 0.186 
0.226 0.186 
0.224 0.185 


22.9 


1.000 
0.956 
0.842 
0.698 
0.564 
0.399 
0.314 
0.230 
0.182 
0.194 
0.231 
0.255 
0.262 
0.263 
0.263 


20.7 


1.000 
0.960 
0.859 
0.726 
0.003 
0.443 
0.355 
0.274 
0,222 
0.225 
0.251 
0.271 
0.281 
0.286 
0.288 


18.4 


1.000 
0.966 
0.876 
0.700 
0.650 
0.504 
0.418 
0.338 
0.286 
0.284 
0.302 
0.315 
0.317 
0.318 
0.319 


16.4 


1.000 
0.976 
0.910 
0.821 

0.733 
0.002 
0.517 
0.438 
0.379 
0.356 
0.356 
0.355 
0.351 
0.346 
0.346 


15.0 


1.000 
0.981 

0.931 

0.860 
0.790 
0.678 
0.001 

0.536 
0.479 
0.443 
0.427 
0.415 
0.404 
0.395 
0.391 


14,7 
1.000 
0.966 


0.882 
0.806 
0.722 
0.658 
0.597 
0.548 
0511 
0.485 
0.464 
0.450 
0.445 


The cross section at 0° is taken from 
deuteron energy. The center-of 


distribution used at this energy, taken from the plot of Legendre coefficients 


/ 
) 


excited state in He®. More detailed explanations of the 
interaction do not appear to be evident at the moment.” 
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Specimens of highly enriched Fu! and Eu’ were irradiated in the Argonne CP-5 reactor and the product 
isotopes studied in both magnetic and scintillation spectrometers. Fu! decays by electron emission to Gd! 
and by K capture to Sm'*, Eu! emits beta particles leading to Gd'™ but no evidence appeared for positron 
emission or K capture leading to Sm'*. The many conversion-electron lines together with coincidence data 
allowed the evaluation of the gamma transitions and their arrangement in plausible nuclear level schemes 
The beta spectra were resolved by the use of the double-focusing spectrometer. Each of the daughter nuclei 


is even-even in structure. A comparison is made of the observed lower energy transitions and the prediction 


from the “collective” model for rotational states 


ORMAL europium consists of two stable isotopes 

whose masses are 151 (47.8%) and 153 (52.2%). 
On neutron capture two long-lived radioactive isotopes 
of europium are produced. Many studies! have been 
made of these activities. Mass spectrometer analyses’ 
of the active europium emitter showed it to be com- 
posed of two activities of nearly the same half-life. 
Spectrometer observations of the combined activity 
could not, except for a fortunate guess, lead to the 
correct assignment of the many gamma energies. 

With the availability of the separated isotopes of 
europium the possibility of a proper interpretation of 
all observed and gamma 
energies exists. A report’ on the gamma energies derived 
from Eu!” as observed in a scintillation spectrometer 
has been presented. Eu'® can decay either by K cap 
ture to Sm!’ or by beta emission to Gd'™. By using a 
scintillation crystal alone, the energies cannot be pre 
cisely evaluated nor is it possible with certainty to con 
clude in which of the final nuclei the transition occurs, 
except as deduced from 
measurements. 

In the present investigation enriched Eu! (92%) 
and Eu! (95%) were irradiated in the maximum flux 
of the Argonne reactor for one month. The resulting 
strong sources were studied in both magnetic photo 
graphic and scintillation spectrometers. 

Some thirty well-defined electron lines whose energies 
are presented in Table I are observed for Eu'”. In 
addition, the energies of eight Auger electron lines have 


conversion electron lines 


this can be coincidence 


been evaluated, yielding values between 31.7 and 39.9 
kev. It is apparent that certain groups of electron lines 


* This investigation received the joint support of the Office of 
Naval Research and the U. S. Atomic Energy Commission 

1S. Ruben and M. Kamen, Phys. Rev. 57, 489 (1940); Cork, 
Shreffler, and Fowler, Phys. Rev. 72, 1209 (1947); see also 
Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953); O. Nathan and M. Waggoner, Nuclear Phys 2, 548 
(1957); F. S. Stephens, Jr., thesis, University of California, 1955 
(unpublished) 

2 Karraker, Hayden, and Inghram, Phys. Rev. 87, 901 (1952) 

3... Grodzins, Bull. Am. Phys. Soc. Ser. II, 1, 163 (1956); 
H. Kendall and L. Grodzins, Bull. Am. Phys. Soc. Ser. II, 1, 164 
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have energy differences characteristic of the electronic 
binding energies of samarium while other lines are 
better satisfied by the corresponding differences in 
gadolinium. The A-L difference for gadolinium is about 
3 kev greater than for samarium, and since the energy 
of each electron line is good to about 0.2% a fairly 
certain conclusion can be made of the element in which 
each gamma transition occurs. When only a single 
electron line the 
proper placement may be aided by coincidence observa 
tions with the scintillation spectrometer. 


occurs, as is sometimes case, the 


Similarly, the approximately twenty electron lines 
Fable IL. Since the 
mass separation was not complete, there was some trace 


obtained with Eu! are shown in 


of each of the strong electron lines due to Eu! when 
Ku'™ was studied. These contamination lines are not 
recorded in the tables. The remarkable similarity be 
tween the spectra from the Eu! and Eu!™ sources for 
the energy band from 100 to 700 kev is shown in the 
reproduction of a composite spectrogram in Fig. 1. 
Many of the electron lines for the two sources seem 
to have not only nearly the same energy but also 


TABLE | in kev and their 


interpretation for Eu! (long-lived) 


Conversion electron energies 


Interpre 
tation 


Ienerg Klectron Interpre 


tation 


K Sm 
Ly Sm 
Ly Sm 
WV Sm 
V Sm 
K Sm 
L Sm 
WV Sm 
K Gd 
L Gd 
WV Gd 
K Gd 
K Sm 

Gd 

Gad 

Gad 

Gd 1369 

Sm 140% 


sm 
Gd 
Sm 
sm 
Ga 
Sm 
sm 
Gad 
Gal 


PPMP RRR SHH 


RUN NNR SK — Se eH 
> 


~>>™ 
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II. Conversion electron energies in kev and their 
interpretation for Eu! 


Klectron 
energy 


Klectron 
energy 


Interpre Iinergy 
tation sum 


Interpre nergy 
tation eum 


73.0 K Gd 
115.0 iL Gd 
115.6 L, Gd 
121.2 M Gd 
122.5 N Gd 
198.1 K Gd 
239.4 Le Gd 248.2 
246.5 M Gd 248.5 
484.9 K Gd 535 
or K Sm 532 
K Gd 592 
or K Sm 589 
K Gd 694 


123.2 675 
123.1 686 
123.1 709 
123.1 825 
123.0 
248.3 


Gd 725 
Gd 694 
Gd 759 
Gd 875 
Sm 872 
Gd 999 
Sm 996 
Gd 1008 
Gd 1008 
Gd 1281 
Gd 1281 


= 


SR RRR RRR 


949 


= 


958 
1000 
1231 


542.0 1273 


6437 


similar intensities. This shows the futility of attempting 
a solution by using unseparated isotopes. An estimate 
of the contamination of Eu’ in the Eu'™ is shown by 
observing the relative intensity of the line at 75.4 kev 
which is a K line for a Sm'? gamma ray at 122.2 kev. 
Similarly the conversion lines for the 345.1-kev gamma 
in Gd'™ appears on the Eu'™ photographic plates. No 
trace of the Eu'™ lines was noticeable on the Eu'” 
This is due to the relatively small capture 


54 


plates 
cross section for neutrons in Eu'® compared with their 
capture in Bul"! 

The gamma rays in Gd and Sm as derived from the 
Table III. Certain of 


these are expressed with confidence where both K and L 


electron energies are listed in 


lines are observed. When only single lines are observed, 
the assignment to the correct daughter isotope and 
hence the correct energy is dependent upon coincidence 


observations. In a very few cases this information is 


not certain and alternate values are given for the 
gamma-ray energy. 

The scintillation spectrometer was used to obtain 
near 


three types of data. With the specimen of Eu!” 
the crystal a ‘‘singles’” curve showing peaks as pre- 
sented in Curve A, Fig. 2, is obtained. Now by inserting 
the source in a cylindrical hole in the top of the crystal, 
This shows the additive 


a “sum” curve is obtained 


x 
72 5 
. 
694 Od 
Ga 


200 300 600 700 


ELECTRON 


400 500 

ENERGY ( key) 

Fic. 1. Electron spec tra for sources of Eu’? and Eu'™ 
for energies from 100 to 700 key 
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TasLe IIL. Summary of gamma-ray energies in kev as 
derived from electron conversion lines 


Kul’ 
esGdgo'™ 


ku'® 

625M yo! esGdas'® 

123.1 

248.3 

694.0 
1008 
1281 


122.2 
245.3 
585.8 
691.9 
969 
1118 
1416 


345.1 
412.2 
507.0 
782.0 


Other energies 

(Single conversion line, coincidence data) 
445.2 
614 or 
659 or 
872 
1092 
1170 


617 
662 
1100 


effect of combining certain energies that are in im- 
mediate sequence such as the x-ray at 41 kev and the 
gamma ray at 122 kev to give a new peak at 163 kev, 
as shown in Curve B. Coincidence data are observed 
between beta energies and the complete gamma spec- 
trum and between individual gamma peaks and the 
remaining gamma energies. 

Those gamma transitions thai are in coincidence 
with betas must occur in gadolinium, since no positron 
emission could be found from either source and K cap- 
ture yields only x-ray conversion electrons. By inter- 
posing various thicknesses of aluminum between the 
source and detector, the approximate energy of the 
coincident betas was established. For example, in the 
Eu'™’ source the 345-kev gamma ray shows strong 
coincidence with beta rays of energy greater than 400 
kev. The 781-kev peak is in strong coincidence with 
beta energies less than 400 kev and in weak coincidence 
with higher energy betas. Those gamma transitions 





400 a ) 
ENERGY - thew 

Fic. 2. Scintillation spectrometer data for Eu'™. (a) Singles 
distribution; (b) summation peaks; (c) coincidence peaks with 
the 122-kev gamma ray 





TRANSITION ENERGIES AND NUCLEAR LE 





not in coincidence with betas are assumed to be in 
samarium. 

Gamma-gamma coincidences are observed for each 
source. Curve C in Fig. 2 shows the coincidences be- 
tween the 122-kev gamma ray and gamma rays of 
other energies. A resolution of the curves shows co- 
incidences at 245, 872, 969, 1118, and 1416 kev. This 
leads to the placement of the 872-kev gamma ray in 
samarium even though only a single conversion line 
was measured for it. The 245-kev gamma ray was in 
coincidence with peaks at 122, 872, and 1170 kev. No 
coincidence could be observed between it and the 969-, 
1118-, and 1416-kev gammas. The 1170-kev gamma 
ray was not observed by electron conversion but the 
coincidence peak is strong evidence that it exists. The hae 
445- and 969-key gamma rays were definitely in ; ‘paner & tm 
coincidence. 


FERMI PLOT 








hic. 4. Fermi plot and analysis of the beta spectrum of Bul 





energy in Eu!’ (Einax= 1459 kev) has the unique first 
forbidden shape, while the 680-kev component has the 
e,"** allowed shape. Allowed forms are assumed for the three 
weaker branches. In Eu'™* no forbidden shapes are 
evident. In both isotopes the successive subtraction 


FERMI PLOT 


involved in analyses of the Fermi plots lead to rela 
tively large uncertainties in the endpoint energies of 
lower components. A summary of the energies, branch 
ing ratios, and log /t values is presented in ‘Table IV. 
The relative intensities of a number of the internal 
conversion lines in both isotopes were measured, both 
by means of microphotometer traces of the photo 
graphic plates and with the double-focusing spec 
trometer. In Sm'™ the K/L ratios for the 122- and 245 
kev gamma rays are found to be 1.5 and 3.3, respec 
tively, and that for the 345-kev gamma in Gd!” is 4.6, 
indicating that all three transitions are electric quad 
rupole. In Gd'™ the 123- and 248-kev gammas have 
K/L ratios of 1.2 and 4.6, respectively, which are again 
consistent with /:2 transitions. For the higher energy 








1,0 
gamma rays the L lines were, in general, too weak to 


ENERGY IN Mev 
“ahs permit reliable intensity measurements 
Fic. 3. Fermi plot and analysis of the beta spectrum of Eu! : * 162 P 
The decay of Eu’ and Eu'™ in every case leads to 
In Gd'® the 345-kev gamma ray was found to be in preted epee ~camendirdige see ciee asp cheh.wphage 
coincidence with peaks at 412, 782, and 1100 kev. The 
412- and 782-kev gamma rays were not in coincidence. 
The entire Eu'* gamma spectrum was in coincidence 
with betas, thus indicating that all of the transitions a ee ee 
occurred in Gd' and none in Sm. The gamma ray at 
123 kev was in coincidence with others at 248, 592, 1 5 21 
694, 875, 1281, and possibly 700 and 1000 kev. The 6 
248-kev peak was in coincidence only with energies of a 
123 and 759 kev. A peak in the region of 700 kev was 
in coincidence with another at 875 and possibly 1000 
kev. 
The beta spectra of Eu!” and Eu'™ were observed 
with the double-focusing spectrometer. In each case the 
spectrum was found to be complex, as shown by the 
Fermi plots in Figs. 3 and 4. The component of highest 


state is zero. The energies of the first excited states of 


PasLe IV. Summary of beta transitions in Eu!” and Eu’ 
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Fic. 5. The energy of 
first excited states for even 
even nuclei as a function of 
neutron number. 


*# RESULTS OF PRESENT 
INVESTIGATION 
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even-even nuclei in this region depend critically upon 
the neutron number. The data currently available are 
shown in Fig. 5. The points indicated by asterisks are 


the results of the present investigation. The strong 
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Fic. 6. Level scheme for the Sm! nucleus. (Position of 


dotted transitions not well established.) 
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spectral similarity shown in Fig. 1 is really due largely 
to the like structures Sm!” and Gd!'™, both of which 
have 90 neutrons. 

Level schemes for the daughter isotopes Sm 
and Gd'™ are presented in Figs. 6, 7, and 8. These level 
schemes are consistent with the available coincidence 
data, and include all but three of the observed gamma 
transitions. The first two excited states of Sm! and 
Gd'™ have nearly the same energies, which is not un- 
expected considering that the two nuclei differ only by 
a pair of protons. In this region the collective model of 
the nucleus is expected to apply, predicting a series of 
rotational excited levels with even spin and_ parity 
(0+, 2+, 4+, ---) and with energies proportional to 
/(1+1). The expected ratio of second to first excited 
state energies, according to the collective model, is 
then 10:3, and this ratio is generally observed in the 
region indicated by the flat part of the curve in Fig. 5, 
well away from the shell closures at magic numbers. 

In Sm!” and Gd!4, each with 90 neutrons, the £2 
character of the two strong low-energy gamma rays is 
as expected for transitions between rotational levels, 


a Gd! 


and suggests that the first and second excited states 
have spins 2+ and 4+, respectively. The spin assign- 
ment of 4 to the second excited state is confirmed, in 
the case of Gd', by the absence of a beta transition to 
the ground state, and the 0-2-4 spin sequence has also 
been established by angular correlation measurements 





TRANSITION ENERGIES 
in both isotopes.‘ In both cases the ratio of second to 

first excited state energies is found to be 3:1. The small 

deviation from the predicted value is attributed to the 

fact that these isotopes lie just at the lower edge of the 

band of neutron numbers where the collective model is 

expec ted to hold. 

In the Sm!” energy level scheme, A-capture branches 
are indicated where the estimated intensities of the 
gamma transitions seem to warrant them. That K- 
capture occurs directly to the 122-kev level is indicated 
by the fact that the 122-kev gamma forms a strong 
summation peak with the x-ray alone, as well as with 
other gamma rays (Curve B, Fig. 2). A comparison 
of the relative intensities of the 122-kev gamma ray 
in Sm! and the 345-kev gamma ray in Gd! indicates 
that roughly 80% of the Eu'® decays are by electron 
capture. 


152 
63° “eo 


- LAN 
\ 
\ 


‘ 
| 


p> POT 


° 


FiG Level scheme for the Gd!*? nucleus 

In Gd'® no beta transition to the ground state is 
observed. The unique (A/=2, yes) 
shape of the highest energy transition, leading to the 
345-kev excited state, suggests that the ground state 
spin of Eu'®” may be 4, with odd parity. The unusually 
high log/ft values of the high-energy beta transitions 
are probably due to their A forbiddenness, since they 
go from a state with /= K=4 to states with A=0 (A 
being the projection of the total angular momentum 
on the nuclear axis of symmetry). The lowest energy 
beta transition (~ 220 kev) does not lead to an energy 


first forbidden 


level from which we have observed any deexciting 


‘L. Grodzins (private communication) 
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ic. 8. Level scheme for the Gd! nucleus 
gamma radiation and has, therefore, not been shown in 
the level scheme. 

No beta transition to the ground state is observed 
in Gd'®, 
are interpreted as ordinary first-forbidden, suggesting 
a spin of 3, odd parity, for the Eu'™ ground state. The 
high log/t values for the beta transitions are again 
attributed to AK forbiddenness 

Coulomb excitation of Sm!" ® has led to the observa 


Ihe transitions to the first two excited levels 


tion of a gamma ray at 82 kev. In the present investiga 
tion no evidence for this transition appears, nor is there 
conclusive for Sm!" 
Since this isotope is stable, electron capture in Bul 


evidence other transitions in 
should be energetically possible, but it may be con 
cluded that either the branching ratio for this process 
is small, or most such transitions lead directly to the 
ground state 

The level schemes proposed here for Sm!” and Gd!” 
are Dr 


Grodzins. Certain additional gamma rays are observed 


somewhat similar to those proposed’ by 
while some others are not found as reported, The values 
of the gamma-ray energies in some cases differ, but at 
lower values the results from the magnetic spectrometer 
are undoubtedly more reliable. The level scheme pro 
that 


gested by Stephens, again with some revision of the 


posed here for Gd! is almost the same as sug 


gamma-ray energies 


‘nN. P lemmer, Phys. Rev. 100, 150 
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The change in the magnetic moment of the deuteron arising from the presence of a spin-orbit potential 
in the nucleon-nucleon interaction has been estimated for two recent proposals. The effects are found to 


be substantial 


HE proposal of Case and Pais’ that nucleon- 
nucleon forces include a spin-orbit term has been 
recently revived by Signell and Marshak? and by 
Gammel and Thaler.’ Both sets of authors found that 
substantial agreement with experiments could be 
obtained. 
The spin-orbit potential employed by Signell and 
Marshak to obtain agreement with experiment for 


both n-p and p-p scattering up to 150 Mev is 


Vod fe 
( JL, 
v dxX\ x 


‘ 


Vo d se * 
( ) Ls. Sr, 
x dx { r=r, 


Vin 


where x=r/ro, r is the internucleon distance, and L 
and § are the orbital and spin angular momentum 
operators divided by h. The parameters were chosen 


as follows: 


Vo=30 Mev; 7,=0.21K10~-" cm; ro=1.07K10~" cm. 


Gammel and Thaler have examined p-p and n-p 
scattering up to 310 Mev. Their spin-orbit force is 


where, for the isotopic singlet state, 


Vo= 5000 Mev, p=3.7X10" cm", 


The central part of the triplet potential contains a 
repulsive core of radius r,= 0.4 10-" cm. 

It has long been known® that the introduction of 
spin-orbit forces leads to a modification of the magnetic 
moment operator and, therefore, to a deviation of the 
calculated deuteron magnetic moment from the familiar 


* This work was supported in part by the joint program of the 
Othice of Naval Research and the U. S. Atomic Energy Commis 
sion 

'K. M, Case and A 

* PS. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 290 (1957), 
also private communication. I am indebted to both sets of authors 
for preprints describing their results 

‘Blanchard, Avery, and Sachs, Phys. Rev. 78, 292 (1950); 
C. H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951); N 
Austern and R. G. Sachs, Phys. Rev. 81, 710 (1951) 


80, 203 (1950) 
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expression 
3 

—3(untup—4) pon, (3) 
where yw, and w, are the magnetic moments of the 
neutron and proton, respectively; while pp is the 
D-state probability. The experimental values of the 
quantity on the left side of Eq. (3) is 

—().0224 nm (4) 


Mp— (Mn+Hp) 


[up (pn +p) — 


(nm= nuclear magneton). 
We shall now estimate the addition (Ayw)s, to the 
right-hand side of Eq. (3) arising from the spin-orbit 
force 
1 
Vir)S-L V(r) (SXr)- (pi — po) 
2h (5) 


Visi 


ose, 


Taking particle one to be the proton, the additional 
electromagnetic interaction AH/,,, arising from (5) is 


a 
AB san Vi(r)(SXr)-A, (6) 


2hi 


where A is the vector potential. For a uniform magnetic 
field H, A= —4(r, XH) so that the magnetic moment 
operator is 
P 
V(r) (SXr) Xr. (7) 
Shi 


(Aw) si 


The contribution of this term to the magnetic moment 
of the deuteron is 
e 
(Vir)[(S-r)? 
16h 


(Au) s1 r’(§$-J))). (8) 


Inserting the deuteron wave function, 
¥=[Ws(r)+4V2S iw v(1) xm, (9) 
where wz is the S-radial wave function, p the D-radial 
wave function, Sj, the tensor operator, and xm“ the 
triplet spin wave function, we obtain 
e 1 
(SirP?V!)S)——+S\|rV | D 


Aus L 
12h v2 


+}(D\ eV v)| (10) 
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where 


(a|O'b) [vette 


Since the D-state wave function will generally be 
small in the region where r°V is most important! we 
may, to a good approximation, keep only the first 
term in (10): 


e 
(Apu) si™ (S|7?V |S). 
12he 


(11) 


We note immediately that since the two potentials (1) 
and (2) are negative definite, (Aw) s, is negative. Since 
this is to be added on to the right side of Eq. (3), it is 
clear that pp will need to be reduced in order to match 
the experimental value (4). Clearly, if Aus, is too large 
in absolute value, it will become impossible to obtain 
(4). 

To evaluate (11) we need the S-state wave function. 
This we assume to be of the form 


N 
Vs [e alr—re 


, 


@ Arve 


=() 


’ 


Actually, in the SM case the wave function is not 
exactly zero for r<r, (though it should be very small), 
so that for that case we shall underestimate (Ay) sz 
slightly. The constants in the wave function (12) are 


a'=4.3110~-" cm, 


2a 4 
v-(—). 
1 ap’ 


while 


(13) 


(14) 


where 
(15) 


3 com. 


and p, the triplet effective range, is 1.7010 
The integral in (11) may be easily carried out and 


evaluated. The results are 


- 0.056 nm 

(Signell and Marshak potential) 
- 0.036 nm 

(Gammel and Thaler potential). 


Aus: 


(16) 


These values are so large as to preclude the possibility 
of matching the experimental value of the deuteron 
magnetic moment even if pp were reduced to zero. 


‘Note that the usual centrifugal D-state barrier is reinforced 
by the spin-orbit potential of Eq. (1) and Eq. (2) since these 
contribute central repulsive terms in the Schrédinger equation 
for ~p. Hence, they will reduce the value of pp to a smaller 
value than that obtained by S. Gartenhaus, Phys. Rev. 100, 900 
(1955) 
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We have omitted so far any reference to mesonic and 
relativistic effects. In the most recent paper on this 
subject, Sugawara’ estimates these effects to be between 
one to two percent of the deuteron magnetic moment. 
The most certain term arising from relativistic effects 
is negative and is about the mesoni 
contribution which is also negative. The latter, based 
as it is on the Tamm-Dancoff approximation, is not 
reliable. 

Finally, we should emphasize the approximations 


three times 


employed in the present calculation. We dropped the 
SD interference term and the DD term in going from 
Eq. (10) to Eq. (11), and, secondly, we employed the 
hardly precise wave function (12). These calculations 

course, be the exact wave 
In addition, we have not taken the finite 
However, it does not 


should, of redone 
function. 
size of the proton into account 


seem likely that the qualitative nature of our results 


using 


will be changed. 

Assuming this to be the case, we feel that the Gammel 
and Thaler potential is superior to the Signell and 
Marshak potential. Both are, however, suspect since 
agreement with experiment could be reached only if the 
mesonic contribution to the deuteron magnetic moment 
is opposite in sign to that obtained by Sugawara and 
one order of magnitude larger. Essentially two ways 
out of the above dilemma seem available. In one we 
note that the spin-orbit force is only one of many 
possible velocity-dependent potentials. If we require 
that the velocity-dependent potential should not con 
tribute via the § the deuteron magnetic 
moment, the potential must be bilinear in L. For 


state to 


example, the potential 
V (r)[ oy Lo»: L+o.: Le, L 


would be quite suitable and could, of course, when 
combined with a suitable central and tensor force, yield 
a repulsive *P5 force, Thaler 
require. A second possibility, suggested by Breit,® is 


which Gammel and 
that one can interpret the above results as meaning 
that the center of charge of the deuteron does not 
precisely follow the motion of the proton so that the 
substitution of p—eA/c for p is not correct. This 
hypothesis raises a rather fundamental question so that 
it becomes important to whether other 
phenomena exist in which it is measurably important 
In any event it is clear that the requirement that the 


determine 


magnetic moment of the deuteron be predicted cor 
useful in determining the form and 
meaning of the spin-orbit potential 

I am indebted to Professor V. F. Weisskopf for many 
helpful discussions. 

Note added in proof.The point raised by this note 
was also advanced by R. G. Sachs at the Seventh 
Annual Rochester Conference on High-Energy Physics 


rectly will be 


+ M. Sugawara, Progr. Theoret. Phys. (Japan) 14, 535 (1955 


*G,. Breit (private communication 
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A study 
by a (d,a) reaction on nickel oxide enriched in Ni* 


deviation of 40.05 minute was measured 


of the decay of Co™ has been made using 8- and y-scintillation techniques. The Co was produced 
A half-life of 13.91 minutes with a calculated standard 
Two beta groups of 0.884-0.04 and 2.88+0.03 Mev energy were 


found, with relative abundances of 25% and 75%, respectively. Both @-ray transitions appear to be allowed. 
Gamma rays of 1.1740.01, 1.47+0.02, 1.744-0.03, and 2.0340.03 Mev were measured, with relative 
percentages of 100% and 82% for each member of the 1.17-Mev doublet, and 18%, 18%, and 7% for the 


others, respectively 


was also noted. A level scheme incorporating these data is presented 


deviations 


I. INTRODUCTION 


( NLY a few reports in the literature refer to the 

decay of Co® and the energy levels of its decay 
product, Ni®*. In 1949 Parmley and co-workers! found 
that the half-life of the Co® ground state decay was 
13.9 minutes, They measured a maximum #-ray energy 
of 2.3 Mev by absorption, and noted the presence of 
y rays of about 1.3 Mev. They also found a much 
shorter-lived activity of 1.6 minutes that emitted both 
8 and ¥y rays and assigned it to an isomeric state of Co®, 

In 1954 Nussbaum ef al.’ maximum 
B-ray energy of 2.84-0.2 Mev for Co® in addition to a 
number of y rays (Table I). Kraushaar ef al.’ have also 
recently found a similar group of y rays (Table I) in 
connection with the positron decay of Cu®™. Since over 


measured a 


98% of the Cu” decay is to the ground state of Ni®, 
the values reported for these y rays are somewhat 
tentative. Recently Spencer ef al.‘ have found evidence 
of excited states in Ni®™ at energies of 1.171, 2.047, and 
2.304 Mev by inelastic scattering of protons from nickel 
A search of the literature up to 
work on this 


foils enriched in Ni® 
March, 1957 


Isotope 


has revealed no further 


Il. EXPERIMENTAL METHODS 


The Co™ 
nickel oxide target enriched in Ni™, The enriched target 
material was obtained from the Isotope Research and 
Production Division, Union Carbide and Carbon Chemi 
cals Company, Oak Ridge, Tennessee. Table II lists 


was produced by the (d,a) reaction on a 


the isotopic percentages, along with the spectrographic 
analysis for the target material. Usually about 50 mg of 
the oxide were enclosed in a 1.5-mil aluminum envelope 
for the bombardment in the 7.8-Mev deuteron beam of 


the University of Michigan cyclotron, A chemical 


t This work was supported in part by the U. S. Atomic Energy 
Commission 

' Parmley, Moyer, and Lilly, Phys. Rev 

? Nussbaum, Wapstra, van Lieshout, 
Physica 20, 571 (1954) 

‘Kraushaar, Brun, and Meyerhof (private communication to 
K. Way in June, 1955). See reference 5, p, 80 

‘Spencer, Phillips, and Young, Bull. Am Phys. Soc. Ser. I, 2, 
105 (1957) 


75, 619 (1949) 
Nijgh, and Ornstein, 


A much weaker 7 ray with an energy of ~2.5+0.2 Mev and an intensity of less than 2% 


All energy errors are estimated standard 


separation was necessary to separate the cobalt from 
the copper and nickel activities produced by (d,n) and 
(d,p) reactions in the target element as well as from 
the products of these reactions on impurity elements. 
Information on the characteristics of the isotopes that 
might be produced by low-energy deuteron bombard- 
ment of nickel isotopes is available in the literature.® 
Bombardment products of the oxygen in the target 
caused no interference. 

The nickel oxide target was dissolved in 10N HCI. It 
was then placed on an ion-exchange column with a 
Dowex-2 resin-bed 8 mm in diameter and 140 mm tall 
that had been previously washed with concentrated 
HCl. The nickel was first removed by elution with 
&N HCl, and then the cobalt removed with 4N HCl. 
The copper remains on the column. The cobalt fraction 
was mounted for y-ray measurements by evaporation 
onto a thin cover glass. For 6-ray measurements the 
cobalt fraction was evaporated to dryness, taken up in 
water, and finally mounted on }-mil aluminum-coated 
Mylar films. 

The radiations were examined with the y-ray scintil- 
lation spectrometer and coincidence apparatus described 


Radiations emitted during the decay of Co™ and Ni®., 
Relative abundances are given in parentheses 


TABLE I 


Energy in Mev 


This work* Nussbaum ef al," Kraushaar et al.° 


0 (40 1.18+0,02 (~1) 
17 40.03 (100 
5 (5 1.36 +0.02 

1.46 +0.03 

1.55 40.02 
1.7440,03 (18) ® ) 1.67 +0.02 
2.03 40.03 (7) 2 ) 1.98 +0.03 
2.5 +0.2 (<2 2.24 +0.03 
0.66 +0,03 (~1 
0.86 +0.03 (~1 


1.17 40.01 (182) 


1 
1 
1 


1.474002 (18 


0,88 40.04 (25 
75 


: 
2.88 +0.03 | + 2.8 +0.2 


* krrors are standard deviations, estimated in the case of 6 rays 
» See reference 2 
* See reference 3 


® Nuclear Level Schemes, A=40-——A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Wash 
ington, D. C., 1955) 
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previously.® Since the half-life of Co® is relatively 


short, a photographic method was used to obtain 
coincidence information.’ For this method one channel 
of the coincidence spectrometer was se. on a group of 
pulses while the second channel was allowed to scan 
the entire spectrum. Pulses from the linear amplifier 
of the second channel were at the same time fed to an 
oscilloscope after first passing through a 4-ysec delay 
line. The output of the coincidence analyzer would 
trigger a monostable multivibrator whose output was a 
20-usec square wave. This square wave was applied to 
the Z axis of the oscilloscope so that when a coincidence 
occurred the oscilloscope’s trace would be illuminated, 
and thus display only the pulse causing the coincidence 
with the first channel, 

The B-ray spectrum was measured by using a specially 
constructed hollow plastic scintillator which will be 
described in detail elsewhere. This particular scintillator 
was designed to handle a maximum #-ray energy of 
3.6 Mev. Corrections were made for the resolution of 
the instrument,® for the energy loss in air and in the 
sample cover, and also for the y-ray background. 

The Kurie analyses were carried out on an IBM 650 
digital computer located at the University of Michigan. 
Tables of the Fermi function and screening correction 
were taken from J ables for the Analysis of Beta Spectra.’ 

The y—y coincidence studies were carried out using 
two 1X1} in. Nal (Tl) crystals. A 1.6-g/cm? Al absorber 
was placed between the sample and each crystal. For 
the 6—y coincidence studies, one of the crystals was 
replaced by the plastic scintillator previously described 
and no absorber was used between the source and this 
scintillator. 

Calibration of the y-ray spectrometer was accom 
plished by using y rays of known energy from the 


TABLE IT. Analysis of nickel oxide target material 


Mass analysis 


Nickel isotope Atom percent enriched*® 


58 1.99+0,10 
60 1.204+-0.05 
61 0.14+0.01 
62 0.77 +0.03 
64 95.90+0.16 


Spectrographic analysis 


klement Percent 


Cu 0.05 
Fe 0.02 
Mn 0.01 


ss analysis was furnished by the Isotope Research and Produc 
n, Y-12 Research Laborator 
ompany, Oak Ridge, Tennessee (( 


Union Carbide and Carbon 
P. Keim, private communi 
cation 


Cassatt and W. W. Meinke, Phys. Rev. 99, 760 (1955) 

7D. G. Gardner and R. W. Shideler, Atomic Energy Com 
mission, Report AECU-3397, April, 1957 (unpublished) 

‘J. P. Palmer and L. J. Laslett, Atomic Energy Commission 
Report AECU-1220, March, 1951 (unpublished) 

9 Tables for the Analysis of Beta Spectra, U. S. National Bureau 
of Standards, Applied Mathematics Series No. 13 (U, S, Govern 
ment Printing Office, Washington, D. C., 1955) 
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Fic. 1. Gamma-ray spectrum of Co™ 


following isotopes: In'', Sn'", Cs, Zn®, and Co® 
The 6-ray spectrometer was calibrated in the following 
way. A preliminary calibration was first made by using 
the conversion electron peaks of In'", Sn'™, and Cs! 
Next a known §-ray spectrum was run by using a beta 
emitter of appropriate energy (such as In!!! or Sr”’-Y”), 
A Kurie plot of the known spectrum was then made, 
and examined for the proper end point and shape. In 
this way drift in the spectrometer could be detected and 
corrected for, although in only a few cases was drift 


found 
Ill. RESULTS 


The half-life of Co was determined to be 13.91 
t0.05 minute (calculated standard deviation by least 
squares) by following the decay of the y rays in a 
scintillation-well-type counter, The decay curve showed 
only a small amount of the 2.56-hour Ni®® and the 
12.8-hour Cu™ present. No other cobalt activity could 
be seen 

Gamma-ray energies were measured primarily by 
photographing oscilloscope presentations of the output 
of the linear amplifier, and also by plotting the output 
of a counting-rate meter which was connected to the 
single-channel pulse-height analyzer. Figure 1 shows a 
typical y-ray spectrum of Co taken from a series of 
measurements by the latter method. The y-ray energies 
and errors listed in Table I were obtained by averaging 
a number of photographic measurements (e.g., 32 meas 
urements for the 1.17-Mev y ray) 

An abundant y-ray transition was found at 1.17+0.01 
Mev in addition to four higher energy y rays at 1.47 
t0.02, 1.74+0.03, 2.0340.03, and 2.54+0.2 Mev. The 
last four y rays had abundances of 11%, 11%, 4%, and 

1%, respectively, relative to 100% for the 1.17-Mev 
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lic. 2. Kurie plot of Co® 


y ray. The abundances were obtained by integration of 
the areas under the photopeaks after subtraction of the 
Compton distribution of the higher energy 7 rays and 
the background. The areas were then corrected for the 
“photoelectric yield” of the crystal by use of the curves 
of McLaughlin and O’Kelley."° 

A tentative decay scheme based on the y-ray infor- 
mation, permitted three §-ray groups: transitions with 
end points 0.8 Mev, 2.3-2.5 Mev, and 2.8 Mev. A com- 
plete §-ray spectrum with good statistical reproduci- 
bility could not be obtained on one single sample 
because of the short half-life of the Co*’. Therefore, 
it was necessary to combine the results of two bombard- 
ments to obtain the one beta spectrum shown in Fig. 2. 
Each point on the curve was corrected for the 14-minute 
Co™ decay both throughout the course of the entire 
plot and during the time of an individual count. 
Correction was also made for the y-ray background in 
the plastic scintillator. 

Since the higher energy end of the 6-ray spectrum 
yielded a Kurie plot straight down to 1.5 Mev, the 
2.3-2.5 Mev transition postulated above was presumed 
to be absent. The total Kurie plot, when corrected for 
instrument resolution, could be resolved into two com- 
ponents: a 0.88+0.04 and a 2.88+0.03 Mev transition 
with relative abundances of 254+3% and 75+3%, 
respectively. The log(/t) values of 4.5 and 5.8, respec- 
tively, for these 8 rays indicate that both transitions 
are allowed. This conclusion is borne out, in the case of 
the 2.88-Mev 6 ray, by the shape of the Kurie plot. 
While the shape of the lower energy group also appears 
to be allowed, it is subject to the usual subtraction 
errors. 

If it is assumed that the 2.88-Mev f-ray group 
populates the 1.17-Mev y-ray level, the y-ray intensities 
calculated from the observed §-ray intensities differed 
from the observed y-ray intensities by about a factor 
of 2. Furthermore, the total disintegration energy for 
Co® predicted from 8-ray systematics is about 5 Mev, 
whereas the 2.88-Mev f-ray and the 1.17-Mev y-ray 

” P. W. McLaughlin and G. D. O'Kelly, Atomic Energy Com 
mission Report MTA-40, September, 1953 (unpublished) 
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transitions add up to only about 4 Mev. These diffi- 
culties are resolved if it is assumed that a cascade 
doublet follows the higher energy 8 ray. Both y rays 
would have an energy of about 1.17 Mev with an 
energy difference of only a few percent. The corrected 
percentage abundances for the 1.17 (doublet), 1.47, 
1.74, 2.03, and 2.5-Mev y rays then become 100% and 
82% for the doublet, 18%, 18%, 7%, and <2%, 
respectively. 

Information obtained photographically by 8— + coin- 
cidence measurements showed only the 1.17-Mev y ray 
in coincidence with 8 rays above 1.2 Mev. Measure- 
ments of y—7 coincidences with the 1.17-Mev y ray 
showed strong coincidences with a y ray at 1.17 Mev, 
and also with higher energy 7 rays. 


IV. CONCLUSIONS 


The above information has been correlated into the 
level diagram shown in Fig. 3. In the nuclide 27Co35" the 
ground-state configuration of the protons is [(1f7/2)~* ]z/2, 
using the notation of Mayer. The ground-state con- 
figuration of the neutrons is somewhat less uniquely 
predictable. Here both the (25,2) and the (1/6/2) levels 
are relatively close together in energy.'' A consideration 
of the other nuclides in this neutron range indicates that 
the probable configuration is [(23/2)~" }s/ol (1f6/2)~? Jo. 
According to Nordheim’s ‘‘weak”’ rule,'* the proton and 
neutron spins will tend to add, giving a resultant spin 
of 4 or 5 and even parity. 

In the case of oNis4®*, the (1/7/2) proton shell is 
clearly filled with a resultant spin of 0. Again the 
neutron configuration is unclear, but is probably 
[ (2psy2)~* Jol. (1fs/2)~? Jo so that the ground state of Ni® 
would have 0 spin and even parity. The first excited 
state of Ni® is very probably 2+. The second excited 
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Fic. 3. Decay scheme of Co®. 


“SM. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955) 

2. A. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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state at 2.34 Mev and the fourth at 4.37 Mev are both 
required to have high spins and even parity since the 
ground state of the parent is 4+ or 5+ and both §-ray 
transitions are allowed. A spin of 4+ for the second 
excited state is reasonable from the shell model. 

The 2.5-Mev y ray is too intense to be the result of a 
crossover transition from the second excited state to the 
ground state and therefore must arise from the third 
excited level. Hence the order of the 1.74- and 1.47-Mev 
y rays given in Fig. 3 is the most likely. This would 
require a spin of 2 or 3 for the third level. The fact that 
the third level is not populated by 8 decay, together 
with the ratio of the intensities of the 1.74- and 2.03- 
Mev y rays, suggest the following level assignments: 
spin 3+ or 2+ for the third level, spin 4+ for the fifth 
level, and spin 5+ for the ground state of Co®. 

The 1.6-min isomer of Co® found by Parmley' was 
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OF Co 1631 
not found here due to the length of time required by the 
chemical separation. It is quite reasonable to expect, 
however, that the first excited state of Co® would have 
a proton configuration of [ (1/r2)~'Jr2, and a neutron 
configuration of [ (1f5/2)~*|s/2. These would couple to 
give a spin of 1+-, producing an isomeric state with an 
energy not much above ground state. This first excited 
state would have a high probability of decaying directly 
to the ground state of Ni**. For the sake of completeness 
this hypothetical excited level has been included in 
Fig. 3. 
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A theory of nuclear collective oscillations is presented which does not involve introducing extra variables 
and subsidiary conditions. This time-dependent self-consistent field method is applied to the breathing 
mode of a spherically symmetric nucleus and yields a value for the frequency of oscillation which is more 
accurate than that from a previous treatment in terms of one-nucleon excitation, but which becomes identical 


to the latter in the case of weak nucleon-nucleon interaction 


In cases where nucleon exchange can be 


neglected, the new estimate reduces to the frequency derived from the simple classical theory of a com 
pressible fluid. By means of an electric monopole sum rule which is derived for 7=0-+T =0 transitions, 
it is shown that in general the classical formula overestimates the breathing mode frequency. From the sum 
rule it also follows that the 6.06-Mev 0° state in O"* is related only indirectly to the breathing mode, which 


must itself be at a higher excitation energy 


I. INTRODUCTION 


N an earlier publication’ it was shown how a collec- 

tive oscillation in a nucleus could be identified as 
the coherent superposition of one-nucleon excitations. 
This identification depended on an approximate treat- 
ment of the Hill-Wheeler-Griffin? wave function, The 
purpose of the present note is to outline in a very 
idealized case a time-dependent self-consistent field 
treatment of collective oscillations which can be formu- 
lated within the framework of the shell model, but 
which does not suffer from the approximation made in 
reference 1. In order to emphasize the essential features 
of the approach, we shall limit ourselves to the breathing 
mode (the simplest type of nuclear oscillation) in a 


* Research supported by the National Science Foundation 

t A report on this work has been presented at the 1957 New 
York Meeting of the American Physical Society [ Bull. Am. Phys 
Soc. Ser. IT, 2, 26 (1957) ] 

1 R.A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956) 

2 References 3 and 4 of reference 1 


fictitious mass-twelve nucleus composed of a vacant 
1s shell and a filled 1p shell, This has enough nucleons 
to exhibit collective effects without the complication of 
coupled shell vibrations. The fact that such a nucleus 
(actually an excited state of C'*) would in fact be 
unstable need not concern us here, since we can con 
sider that the parts of the nuclear interaction which 
would give rise to 1p—1s transitions have been removed 
from the Hamiltonian. This procedure does not affect 
the 1p—2p transitions, which are the ones involved in 
the breathing mode, 


Il. MONOPOLE SUM RULE 


The degree of the inaccuracy of the one-nucleon 
approximation to a breathing mode excitation can be 
most easily exhibited by considering a sum rule for 
electric monopole transitions. Following Sachs and 


Austern,’ we consider the double commutator of the 


+R. G. Sachs and N. Austern, Phys. Rev. $1, 705 (1951) 
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monopole operator Bs >>, 1,’= >>; (147, 72/2 with 
the Hamiltonian, 1, The sum is over the squares of all 
the proton coordinates. B can be separated into the two 
parts, Boe >°, 77/2 and B'&>, 7,{"r2/2, scalar and 
vector in isotopic spin, respectively. Let us now restrict 
ourselves to 7 =0-+T =0 transitions, to whose transi- 
tion probabilities only B® contributes. This restriction 
seems first to have been employed by Gell-Mann and 
Telegdi* (in connection with #2 transitions) and has 
the very great advantage of leading to a sum rule which 
is independent of the exchange character of the nuclear 
interaction. In general, for any B° of the form B°=)°; ¢,, 
where g, is a function of the spatial coordinates of the 
ith nucleon alone, we find 


(1) 


h? n 
[ B°, (7,B°)) D> |gradigi|’, 
M iwi 


where NV is the number of nucleons and M the nucleon 
mass. ‘Taking the expe tation value with respect to the 
state 0 and indicating the excitation energy of the 
various other 7 =0 states by hw,o, we find the sum rule 


Lafw=N, (2) 


where the oscillator strengths are given by 


2M hw no 


Ino Bao (3) 


h*  gradg |” 


Ti) 


(7°) =5/2y, 
Gaussian 


r’/2, so (\gradg|? 
if one uses oscillator wave functions with 
yr’/2), Letting n 
nucleon collective excitation of reference 1, it is easily 
established® that Byo’=(2y)~'(5N/2)!. If we further 
introduce hw’ to represent the 1p— 2p excitation energy 
without collective effects, we can use the oscillator 
shell model® to write hw’ =2h*y/M. Substituting into 
Eq. (3) yields fio 
the sum rule limit. This result is clearly inconsistent 
with the fact that B® applied to the ground-state wave 
up 
constant, Thus, no other transition can contribute to 
the sum rule and fj) must be just V. The magnitude of 


In the present case g 


factors exp( 1 designate the one- 


(wyo/w’).N, or the fraction wyo/w’ of 


function yields identically the n=1 state, to a 


*M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953 

®* R.A. Ferrell and W. M. Visscher, Phys. Rev. 104, 475 (1956) 

* This convenient relation between excitation energy and the 
scale of length cannot be expected to be strictly valid. We believe 
that it is probably a satisfactory approximation for the 1p—2p 
excitation but that it may possibly underestimate the 1s —2s 
excitation in O' by a factor of as much as two. Such a correction 
would raise the estimate in reference 1 of the breathing-mode 
excitation energy to roughly 15 Mev and make untenable its 
identification with the 6.06-Mev 0* excitation in O'*. This con 
clusion is strengthened by computing from the experimental data 
the oscillator strength for the transition of this level to the ground 
state, One finds /=0.66, or only about 4° of the sum-rule limit 
Note added in proof.—Our conjecture concerning the single 
nucleon excitation energies finds confirmation in some explicit 
calculations of F. C. Barker (private communication), who finds 
54.4 Mev for s excitation in O'*, His p-excitation energy of 36.6 
Mev is much closer to tw’ = 29.7 Mev 
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this inconsistency is larger the more hw, is decreased 
by collective interaction below the single-nucleon excita- 
tion energy of hw’. As the nucleon-nucleon interaction 
strength is gradually increased from zero and collective 
effects first begin to appear, the error is not serious, 
but for strong collective lowering of hw,» the theory 
of reference 1 is clearly inadequate for quantitative 
purposes. 


Ill. BREATHING MODE FREQUENCY 


The most important feature of a collective oscillation 
is of course its excitation energy, or, speaking more 
classically, its frequency of vibration. This can be 
calculated in analogy with a time-dependent self-con- 
sistent field derivation’*® of the Bohm-Pines dispersion 
relation for plasma oscillations of a degenerate electron 
gas. The present work is also related to some earlier 
work of Inglis’ and of Aratijo."” The effect of expansions 
and contractions on the one-nucleon oscillator orbitals 
is given by! 


Uyp(€~*x)e 84? = uy,(x)—a($)*u2,(x)+°--, (4) 


where the higher terms can be neglected for small 
values of the expansion parameter a. This relationship 
between differentiation with respect to the scale param- 
eter and excitation in the shell model is illustrated in 
Fig. 1, where the difference between the 1p radial wave 
function for a=+-0.1 and —(Q.1 is seen to be 
identical, up to a constant, with the 2p radial wave 
function. Thus, when the nucleus is oscillating we must 
expect that the one-nucleon orbitals acquire small 2p 
admixtures, with time-dependent coefficients. They can 
therefore be written in the form 


¥:(1,0) = [ 0; (i) +A «(t)v, (i) le imee - 


where the argument i denotes the space, spin, and 


q= 


(5) 


° 
a] 
a 


° 
> 


° 
XN 





WAVE FUNCTION 


4 
RADIUS i 


Fic. 1, Radial wave functions (in arbitrary units) vs radius 
(in units of y—4). The curves labeled a= +0.1 represent an 
expanded and a contracted 1p wave function, respectively. Their 
difference is proportional to the 2p wave function. In this way a 
collective oscillation can be expressed in terms of single-nucleon 
excitation 





°o 
°o 


’P. S. Zyrianov and E, M. Eleonski, J. Exptl. Theoret. Phys. 
U.S.S.R. 30, 592 (1956) [translation: Soviet Phys. JETP 3, 620 
(1956) ]. 

* R.A. Ferrell, Phys. Rev. 107, 450 (1957). 

*D. R. Inglis, Phys. Rev. 97, 701 (1955); see also S. Moszkow- 
ski, Phys. Rev. 103, 1328 (1956). 

J. M. AraGjo, Nuclear Phys. 1, 259 (1956). 





TIME-DEPENDENT 


isotopic spin coordinates of the ith nucleon. “, and 2, are 
1p and 2p one-nucleon wave functions with the same 
angular, spin, and isotopic spin factors. 

The A,(t) are to be determined from the time- 
dependent Hartree-Fock equation, 


ihy;(i,t) = Twi (i,b) 
+23 W5(,)), Vii . Pi Wi Di. (6) 


Here time differentiation is represented by a dot, 7; is 
the kinetic energy operator for the ith nucleon, Vj; is 
the interaction between nucleons i and j, P;; is the 
exchange operator, and the subscript j on the paren- 
thesis signifies that the scalar product over 7 is to be 
evaluated after the exchange operation has been carried 
out. It is a simple procedure to substitute from Eq. (5) 
into Eq. (6) and linearize. Exhibiting only the terms of 
first order in the A,’s, we have 


ihA ,v;(i) + E,A (i) 
=(Ti+>D; (u;(j), Vis(1 — P;;)u;(j)) Jv,(i)A, 
+ perturbation = (E;+hw’)0,;(i)A;+pert. (7) 


The perturbation consists of the first-order terms from 
the scalar product acting on the zero-order part of 
¥i(i,). The bracketed terms form just the shell-model 
operator and yield E;+hw’ when operating on 2;(1). 
(EZ; is the 1p single nucleon energy.) Taking the scalar 
product with respect to v,;(7) and writing out the 
perturbation explicitly gives 


ihA ;=hw' A, 
+205 LQoi(tu,(7), Vis A — Pes)os(g)ui(i))A, 
+ (0;(1)0;( )), Vi(1 = P4j)uj(j)ui(t))A * |. (8) 


Because of the spherical symmetry of the breathing 
mode all of the A,’s are equal, so that Eq. (8) reduces to 
the single equation 

ihA = hw' A+CA+C'A*, (9) 
involving the quantities C and C’ which are the sums 
over j of the scalar products appearing in the second 
and third lines, respectively, of Eq. (8). The direct and 
exchange parts of C and C” are illustrated in Fig. 2. 
It may be noted that the direct parts of C and C’ are 
equal, since the directions of any of the arrows in the 
vertical transitions may be reversed. (Only the real 
radial wave functions are involved in these transitions.) 
There does not, however, seem to be any simple relation 
between the exchange parts. 

Equation (9) and its complex conjugate comprise a 
pair of simultaneous linear homogeneous equations for 
the two unknowns A and A*. It is easy to show that 
the only frequency, w, for which there exists a non- 
trivial solution is given by 

hw = (hw’+C)?—C"? }}, (10) 
which can be compared with the expression 


ho = hu’ +C, (11) 


HARTREE 


FOCK THEORY 


2° 

Fic. 2. Nucleon-nucleon 
interaction matrix elements 
which determine the fre 
quency of the breathing 
mode of oscillation. The 
upper half of the figure illus 
trates the matrix elements 
already present in the one 
nucleon-excitation theory of 
the breathing mode, while 
the lower half shows ad 
ditional correction terms 
which are derived by means 
of the time-dependent self 
consistent field. Direct and 
exchange terms are shown 
on the left and right, re- '? y | ' 


spectively , ’ 
C(OIR) Cc (EX) 


obtained in reference 1. Equation (10) clearly reduces 
to Eq. (11) in the limit of C’—>0, but for not-too-large 
values of C’ the right-hand member of Eq. (11) must 
be reduced by the second-order fractional correction 
—2-"(C’/(hw’'+C) }*. It is of interest to compare 
Eq. (10) with the classical fluid model for a nucleus 
vibrating in the breathing mode. The inertial parameter 
related to @ is in the present case /]=60h/w’, while one 
can also show that the Feenberg compressibility coeff 
cient!! is given by 


Eo’ = 600(hw’+-C+C’). (12) 


Designating the classical frequency by w,), one finds 


have = (h?E!’/T)4=[ hea! (hos! +C+C')}, (13) 


The ratio of the true frequency to the classical fre 
quency is therefore 


w C-—C'\! 
(1+ ). 
Wel hos’ 


As mentioned above, C and C’ differ only in their 
exchange parts. Thus, in cases where exchange is 
negligible, the classical formula gives correctly, as 
would be expected, the frequency of oscillation. 

Note added in proof.—J. Touchard, (Compt. rend. 
244, 2499 (1957) |, has derived the classical formula from 
the Inglis “cranking model,’ which seems to indicate 
that the “cranking model” also does not adequately 
take into account the effect of exchange. 


(14) 


IV. MONOPOLE MATRIX ELEMENT 


The solution of Eq. (9) associated with the frequency 
of Eq. (10) has the form 


A(t) =Aol (1+a)e~'+(1 aje*], (15) 


(= tC ) 
a ’ 
hin’ +C—C’ 


" E. Feenberg, Phys. Rev. 59, 149 (1941 


where 
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Ag depends on the degree of excitation of the nucleus,'? 
or the number of quanta, v. By taking the expecta- 
tion value of the Hamiltonian, one can show that 


vha=4aA o°Nhw, or 


o= (v/4aN)!, (16) 


Calculating the expectation value of the monopole 
operator B° to first order in Ao, we find 


BL Wilt), WG), 
bN(r")o+4N (v,77u) (A*+ A) 


= 4N(r*)o+ (vN /4a)* (0,974) (e~*'+-e%"), (17) 


The static term is of no interest here but the fluctuating 
term proportional to e~* can produce an electron- 
positron pair and de-excite the breathing mode. Taking 
v=1, we find By? =(2y)-'(5N/2a)!, or just a! times 
the matrix element for the one-nucleon collective excita- 
tion discussed in Sec. II. The fraction of the sum rule 
limit accounted for by the breathing mode is conse- 
quently a~ times that found there, or 


w C-C' 
a'—=1+ 
w’ Is’ 


(18) 


But according to Eq. (14) this is just the square of w/wz1. 
Since the sum rule limit may never be exceeded, we 
seem to have arrived at the general result 


w/wWeiS 1 ; ( 19) 


i.e., the actual frequency is always less than, or at most 
equal to, the classical estimate. Equation (19) would 
also seem to require C<C’. Whether or not this is a 
genuine restriction on the nucleon-nucleon interaction 
is not clear at the present time. 


V. SUMMARY 


In conclusion, we would like to emphasize that the 
simple shell model description of collective excitation 
given in reference 1 remains correct for the case of weak 
nucleon-nucleon interaction. For stronger interaction, 
where the excitation energy undergoes a relatively 
large shift downward from the one-nucleon excitation 
energy, it still provides a useful qualitative picture but 
can no longer be applied quantitatively. The qualitative 
picture is equivalent to the nuclear version of Hund’s 


” For a more complete discussion of this type of calculation see 
Sec. III of reference 8. 
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rule: For a given excited configuration the state having 
the lowest multiplicity (greatest spatial symmetry) lies 
energetically lowest. By expanding the Slater determi- 
nant composed of one-nucleon wave functions of the 
form of Eq. (5), one sees that the improvement brought 
about by the time-dependent Hartree-Fock calculation 
of the vibrational frequency and monopole matrix 
element amounts to including three-nucleon, five- 
nucleon, etc., admixtures in the one-nucleon collective 
excitation of reference 1. Although not exhibited 
explicitly in the above work, the two-nucleon, four- 
nucleon, etc., admixtures in the ground state have also 
been taken into account. By working in the classical 
limit of large quantum numbers" we have been able to 
avoid explicitly writing down the ground-state wave 
function for the nucleus. It is nevertheless clear that, 
for many problems, explicitly exhibiting the wave 
function will be inescapable, and it will be essential to 
cope with the correlation in the ground state. 

As noted in reference 6, we no longer believe the 
6.06-Mev O* excitation in O'* to be essentially the 
breathing mode. It provides only 4% of the limit of 
the sum rule derived in Sec. II. Since the remaining 
96% must still be accounted for, the true breathing- 
mode excitation must lie at a higher energy. The 
breathing mode must nevertheless play an important 
role in determining the properties of the 6.06-Mev 
level. By mixing to some extent with the two-nucleon 
excitation the breathing mode pushes the energy level 
down, and also provides the nonzero monopole matrix 
element. Before the present theory can be applied 
numerically to the O'* breathing mode, it will be 
necessary to extend it to coupled oscillations of the 
1s and 1 shells. Also it will be necessary to have better 
estimates of the one-nucleon excitation energies. Besides 
these improvements it should also be possible to extend 
the above time-dependent Hartree-Fock treatment to a 
study of damping. In case the breathing-mode excita- 
tion energy turns out to be above 12 Mev, it will 
probably be broadened considerably by proton emission, 
and if above 16 Mev, also by neutron emission. 


‘8 This is, of course, an idealization, since the quantum number 
of excitation cannot be allowed to become comparable to the 
number of nucleons, which in the present case is only twelve, 
without considerably altering the excitation properties of the 
nucleus. We are confident, however, that the applicability of 
Eqs. (10) and (18) extends on down to the first-excited-state- 
ground-state transition, and that the restriction to large quantum 
numbers is only a convenience, enabling the time-dependent 
Hartree-Fock method to be applied. 
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Samples of berkelium and californium have been separated from neutron-irradiated plutonium and 
carefully purified. Pure Cf daughter has been separated from the Bk. The californium sample and its 
curium decay products have been mass analyzed. The berkelium fraction contained 31448 day Bk™ 
emitting 0.1144+0.015 Mev beta particles and 5.417+0.015 Mev and 5.03+0,03 Mev alpha particles. 
The a-8 ratio was found to be (2.2+0.3)10~*. The californium sample contained: 360440 year Cf 
emitting 5.808+0.010, 5.9340.02, and 6.2040.02 Mev alpha particles; 10.9+0.8 year Cf emitting 
6.020+-0.010 Mev alpha particles; 800-year Cf*; 2.55+0.15 year Cf*” emitting 6.112+0.015 Mev alpha 


particles; and 17+1 day Cf?*, 


INTRODUCTION 


SOTOPES of the elements berkelium and californium 

were first made by cyclotron irradiations of Am*™! 
and Cm”? at the University of California.'® More 
recently, heavier isotopes of these elements, Bk*”, Cf, 
Ci, Cf, Cf, CP", and Cf, have been produced 
by successive neutron capture by plutonium irradiated 
in the Materials Testing Reactor at the National 


Reactor Testing Station in Idaho*~® or in a thermo- 
nuclear explosion.® To confirm and extend measure- 


ments of the nuclear properties of these isotopes, 
berkelium and californium have been extracted from 
two 348-mg samples of plutonium which had been 
irradiated to an integrated neutron flux of 7.5 10”! and 
1.46 10” neutrons/cm* in the MTR. By using the 
berkelium fraction, the half-life, a-branching ratio, and 
a- and #-particle energies of Bk” have been measured. 
Also the half-life and decay scheme of its daughter, 
Cf’, have been studied. By using the californium 
fraction, the half-life of CP, Cf, Cf, and Cf and 
the a-particle energies of Cf and Cf* have been 
measured. 

* Present address: Atomic Energy Research Establishment, 
Harwell, England. 

t Permanent address: Atomic Energy Research Establishment, 
Harwell, England. 

t Present address: Radiation Laboratory, University of Cali 
fornia, Berkeley, California. 

§ Present address: Atomic Energy Division, Phillips Petroleum 
Company, Idaho Falls, Idaho 

| Knolls Atomic Power Laboratory is operated by the General 
Electric Company for the U. S. Atomic Energy Commission. 
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EXPERIMENTAL 


The chemical steps used to isolate and purify the 
actinide elements from the fission products present in 
irradiated plutonium have been described in an earlier 
paper.’ Individual actinide elements were separated 
from each other by cation-exchange using Dowex-50 
resin columns eluted with either 04M ammonium 
lactate at pH 4.2° or 04M ammonium a-hydroxy- 
isobutyrate at pH 3.9.° 

Both the routine a and # counting were done with 
windowless, methane-flow proportional counters. Spon- 
taneous fission counting was done with a methane- 
filled ionization chamber.’ 

Alpha-particle energy measurements were made by 
comparison with the @ particles from the standards 
Po, Po, Em, Cm, and Cm™ in a gridded 
ionization chamber.’ Sources for this purpose were 
either vacuum sublimed or electroplated onto polished 
platinum disks. The a-y coincidence counter used to 
study the y rays from Cf” was similar in principle to 
that described by Engelkemeir and Magnusson." By 
using a gridded ionization chamber, pulses from a 
particles of the desired energy were selected and gated 
the 7 pulses from a 1 in.X1} in. cylindrical Nal(Tl) 
crystal coupled to an RCA 5819 photomultiplier tube. 
The apparatus was calibrated with Ra”* and Am™ 
sources, 

The isotopic analysis of the californium was made 
with a double-focusing mass spectrometer with a surface 
ionization source and electron multiplier detector.” 
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TaBLe I. Nuclear properties of californium and berkelium. 


Nuclide 


Bk™ 


Half-life Mode of decay 


31448 days B 
a 
«/8 = (2.240.3)X10-%Y 


{ {™ 


5004-40 yr 


( MD hee 
cpu 
(fem 
(26s 


10.9408 yr 

~BOO yr 

2.5540.15 yr 
17+1 days 


Particle energies 
ev) 


Photon energies Spontaneous fission 
ev) half-life 


>1.4X 108 yr 


0.114+0.015 

5.41740.015 (96%) 
5.03 +0.03 (4%) 
5,808+4-0.010 (92%) 
5.93 40.02 (5%) 
6.20 40.02 (3%) 
6.0204-0.010 





24.5% 108 yr 


6.1124-0.015 


TABLE IT. Previously reported values of californium and berkelium properties 


Half-life Mode of decay 


2904-20 days* B 
a (10 acy, a 
4704-100 yr* a 


cre 1042.4 yr* 
cr 2.24-0.2 yr* 


Cpe 


18+3 days* 


* See references 4 and 5 
+ See reference 16, 
* See reference 15 


4 Asaro, Stephens, Harvey, and Perlman, Phys. Rev, 100, 137 (1955) 


RESULTS 


A summary of the results of this investigation is 
given in Table I and for comparison previously reported 
values are shown in Table II. Comments about indi- 
vidual values in Table I follow. 

Berkelium-249.—The half-life was determined by 
least squares analysis of decay data from two sources 
prepared from the longer irradiated Pu. Both were 
observed for at least one half-life. The individual values 
with their probable errors were 30943 and 318+2 
days; the value given in Table I is the average and the 
error is about twice the probable error of the mean. 

The maximum #-particle energy was estimated from 
the aluminum absorption curve by Feather’s method 
using C' and S* as references. By pulse analysis two 
groups were observed in the a decay of Bk™, one at 
5.42 Mev and the other at 5.03 Mev. 

For the measurement of the a-branching ratio a 
solution of Bk*” freshly separated from Cf” was made. 
A source was prepared from one aliquot of the solution 
and the rate of growth of the Cf a activity into the 
Bk*” was observed for 17 days. The Bk™ a-disintegra- 
tion rate was obtained by extrapolation of the growth 
curve back to the beginning of the growth period. 

To determine the §-disintegration rate four more 
aliquots of the berkelium solution were taken for 4x 8 
counting. These were prepared by evaporation of the 
solution onto gold-coated VYNS film.'* One was treated 

B.D. Pate and L. Yafie, Can. J. Chem. 33, 15 (1955) 


Particle energies 
ev) 


0.08 +0.02* 
5.40 +0.05* 
5.82» 

5.91 

6.19 


Photon energies 
ev) 


Spontaneous fission 
half-life 


2 2% 108 yr* 
394° 
341 


105 
60 


> 5X 108 yr* 


6.0244-0,0054 
5.980+-0.005 
6.11240.0054 
6.0694-0.005 


(1,540.5) X 104 yr* 


1004 
40 


66410 yr*® 


with insulin solution to aid in the formation of a uniform 
source and thus minimize self-absorption." To correct 
the observed rate for self-absorption three sources of 
different sizes spread over about the same area were 
made, Extrapolation of their rates to zero source weight 
gave the rate without self-absorption. The correction 
for self-absorption introduces the largest error in the 
measurement and accounts for most of the quoted error. 
The correction for absorption in the film was made by 
observing the effect of adding successive backing layers 
of VYNS film to a source and extrapolating to zero 
thickness. 

Californium-249.—The half-life of Cf” was obtained 
from the rate of growth of Cf into a Bk™ source of 
known disintegration rate as described in the previous 
section. The uncertainty in the §-disintegration rate of 
the parent accounts for the error in the Cf half-life. 

The a-particle spectrum of Cf is shown in Fig. 1 
and the spectrum of y rays in coincidence with Cf 
a particles is shown in Fig. 2. In addition to the main 
a group (Fig. 1) two others separated from the main 
group by about 400 and 120 kev are clearly resolved. 
Since a 406-kev y ray is observed in coincidence with 
Cf” @ particles (Fig. 2) it appears that the most 
abundant @ group populates an energy level in Cm™® 
which subsequently decays to the level populated by 
the 6.20-Mev @ group. The y spectrum also shows 
small peaks at 50 and 107 kev. Whether these are y 


4“ B. D. Pate and L. Yaffe, Can. J. Chem. 34, 265 (1956). 
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rays or K x-rays from Cm (at 109 kev) and the platinum 
source mount (at 66 kev) is not certain. 

These results agree with earlier work described in the 
thesis presented by F. S. Stephens, Jr., at the Uni- 
versity of California.’® In addition to the y rays shown 
in Fig. 2, he has also observed a peak at 341 kev. In 
the thesis, reference is also made to unpublished work'® 
on the a-particle spectrum of Cf’ using an ionization 
chamber with a Lektromesh collimator which agrees 
with Fig. 1. Stephens proposed a partial decay scheme 
for Cf, essentially that shown in Fig. 3, on the basis 
of these data. In their study of the decay of Bk™*, 
Magnusson ef al. refer to work on Cf decay and state 
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Fic. 1, The a-particle spectrum of Cf 


that, in addition to the levels shown in Fig. 3, a decay 
of Cf also populates a level of Cm™® at about 290 kev 
above the ground state.'? However, in the absence of 
more detailed information the decay scheme in Fig. 3 
seems to be the most satisfactory summary of the data 
at present. 

Californium-250.—The half-life of Cf was calcu- 
lated from the 250-252 mass ratio from mass spectro- 


‘SF. S. Stephens, Jr., University of California Radiation 
Laboratory Report UCRL-2970, 1955 (unpublished). 

'6 Ghiorso, Harvey, Thompson, and Choppin (unpublished). 

‘7 Magnusson, Friedman, Engelkemeir, Fields, and Wagner, 
Phys. Rev, 102, 1097 (1956) 


OF 
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Fic. 2. Typical photon spectrum taken in coincidence with 
Cf” a@ particles. The vertical lines on the points indicate the 
“reliable” or 9/10 errors and are large because the sample is 
small. The two low-energy peaks are almost within the errors on 
the individual points. However, these two peaks are observed in 
all Cf spectra and are probably real. The averages of several 
measurements of the energy of the photon peaks are 406, 107, 
and 50 kev. 


metric analysis and the 250-252 counting rate ratio 
from a-particle analysis. 

Californium-251.—The half-life of Cf" was obtained 
by comparing the californium 250-251 mass ratio with 
the curium 246-247 ratio. The curium daughters were 
allowed to grow into about 3X10~-" g of californium, 
initially free from curium. At the end of the growth 
period the sample was mass analyzed and both the 
mass 250-251 and mass 246-247 ratios were measured. 


a‘ 
an” 9 


5.61 
(92%) 


Fic. 3. Partial decay schemes of Cf“ and Bk™. The energies 
y ‘ 
are in Mey. Transitions reported in this paper are shown as solid 
lines; those reported elsewhere are broken lines. The position of 
, } 
the § transition of Am™® is uncertain 
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TasLe III. Isotopic composition of californium from 
1.46X 10” neutrons/cm? irradiation. 


Composition at end 
of neutron irradiation 
(atom %) 


Composition when 
mass analyzed 


Isotope (atom %) 


cp 
cp 
crs 
cp 


4.164-0.20 
36.1 +1.5 
10.3 +0.6 
494 +2.0 


3.61 
33.2 

8.94 
54.2 


The value for the former (column 2, Table III) was 
3.50+-0.24 and that for the latter was 260. Although 
the Cm-isotope mass ratio was constant over a wide 
range of filament temperatures, there might have been 
contributions from impurities since the abundance of 
the mass-247 peak is so low. The Cf*" half-life is thus 
only approximate. 

Ions of ThO* from filament impurities contributed 
to the mass-248 peak and since the 245-246 mass ratio 
varied with filament temperature some impurity at 
mass 245 was also present, so that accurate half-lives 
of Cf?’ and Cf could not be obtained from mass 
spectrometric measurements. 

Californium-252.—The half-life of this nuclide was 
determined by following the decay of the spontaneous- 
fission counting rate in a Cf source. The decay was 
followed for 700 days and the data were analyzed by the 
method of least squares. A small correction was made 
for the spontaneous fissions contributed by Cf; using 
a spontaneous fission half-life of 1.5% 10* yr‘ for this 
nuclide the correction was 0.3%. The half-life of Cf? 
was also measured from the decay of the a-counting 


EASTWOOD 


ET 4:4. 
TABLE IV. Yield of californium and berkelium from 
48 mg of Fu irradiated in MTR. 





Irradiation: 
1.46 X10® neutrons/cm* 


3.2 X10%g 
0.2 X10 
28 X10 
0.7610 
4.6 X10 


Irradiation: 
7.5 *10® neutrons/cm?* 


2.7K 10-8 g 





1.3X10~" 


4.1X10-™¥ 


rate and the correction for Cf was made by a-pulse 
analysis. The half-life agreed with the value quoted, 
but the error was larger because the Cf*™ contribution 
was large. 

Californium-253.—The half-life of Cf? was deter- 
mined by following the formation and subsequent decay 
of E* a activity in a Cf source by pulse analysis. A 
half-life of 20.0 days’ for E*™ was used in the Cf?® 
half-life calculations. 

Yields of Berkelium and Californium.—The yields of 
isotopes of these elements produced by neutron irradi- 
ation of 348 mg of Pu, extrapolated to the end of the 
bombardment are summarized in Table IV. They have 
been calculated from the mass analysis of the Cf 
given in Table III and from the observed disintegration 
rates using the quoted half-lives. Only the yield of 
Bk, Cf, and Cf* could be obtained for the sample 
of shorter irradiation because there was insufficient Cf 
for mass analysis. The values given in Table IV are 
approximate because chemical yield from the isolation 
procedure was not known accurately. 
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Decay of Cr°! 
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The spectrum of y rays from Cr* was examined, including the spectrum in coincidence with the strong 
325-kev y ray. The shape and intensity of the internal bremsstrahlung spectrum accompanying the K 
capture transition to the ground state was found to be in fair agreement with theory as also was, within 
the experimental error, the intensity of the internal bremsstrahlung accompanying the K-capture decay to 


the 325-kev level. 


Two very weak ¥ transitions of energies 320 kev and 645 kev and of intensities 10™° and 5X 10~* per 
disintegration, respectively, were found, the former in cascade with the main 325-kev transition. 


INTRODUCTION 


N a previous work! carried out in this laboratory, 
the spectrum of the internal bremsstrahlung accom- 
panying the capture of Cr® to the ground state of V™ 
was examined. The results were in fair agreement with 
theory.’ In this work the disintegration of Cr®! was 
further investigated for two reasons. 

It was decided to look for the internal bremsstrahlung 
spectrum accompanying the capture transition to the 
excited level of 325 kev. Up until now such spectra have 
not been investigated. It is necessary to use a fast coinci- 
dence technique to detect the very low intensity continu- 
ous spectrum in the presence of monoenergetic y rays in 
the same energy range. As will be seen, the detection 
of the spectrum is just about possible within the range 
of present experimental technique. 

Bisi, Germagnoli, and Zappa,’ who recently also 
investigated the decay scheme of Cr*, claim, in contrast 
to our previous results, that the intensity of internal 
bremsstrahlung in the ground transition is about ten 
times greater than that to be expected theoretically. 
In addition, they found evidence for a weak y-ray line 
of 625 kev appearing with an intensity of about 2.6 
X10~ per disintegration. It was therefore decided to 
_ re-examine the high-energy internal bremsstrahlung 
spectrum under improved experimental conditions. 

A source of high purity which was prepared through a 
Szilard-Chalmers process in the irradiation of solid 
potassium chromate in the Harwell pile was used. 


NONCOINCIDENT y-RAY SPECTRUM 


The high-energy continuous spectrum (above 325 
kev) was measured as in the previous experiment using 
a Nal crystal scintillator, but with the following 
improvements. A 120-channel pulse-height analyzer of 
the Hutchinson-Scarrott type was used to measure the 
pulse distribution. As a consequence it was possible to 
use weaker sources and thus further minimize the extent 
of superposition of pulses due to the 325-kev y ray, 
which, as pointed out in the previous article, could 
introduce serious errors. The pulse rate obtained within 

1S. G. Cohen and S. Ofer, Phys. Rev. 100, 856 (1955). 


2 P. Morrison and L. Schiff, Phys. Rev. 58, 24 (1940). 
§R. J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956). 


the photopeak of the 325-kev y-ray line was 280 per 
second. Furthermore, a fairly accurate estimate of the 
spectral shape resulting from the small number of 
chance superpositions was made, taking into account 
the shape of the amplifier output pulse and the energy 
resolution of the crystal at 325 kev. This calculated 
spectrum was subtracted from the measured spectrum. 
In view of the very low counting rate in the continuous 
spectrum (about 0.7/sec) it was neeessary to reduce 
background counts as far as possible. The counter was 
shielded by 2 tons of iron and the background counting 
rate was about 0.3 per sec in the energy range between 
400 and 700 kev. 

The results are shown in Figs. 1 and 2. In Fig. 2 
corrections are made for the dependence of the efficiency 
of the y-ray detector (lead filter plus Nal crystal) on 
energy. In Fig. 3, (V/£)! is plotted as a function of Z, 
where V(E) is the number of pulses in the energy 
interval between E and E+d£. From the point of 
intersection of this line with the abscissa one obtains 
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Fic. 1. (A) Differential spectrum of pulse heights from Cr + 
rays between 400 and 800 kev (without corrections). (B) Differ 
ential spectrum of pulse heights due to background radiation, 
(C) Calculated spectrum of pulse heights resulting from chance 
superpositions. 
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Fic, 2. Differential spectrum of y rays from Cr" obtained 
after corrections for background, chance superposition pulses, 
and for the dependence of the efficiency of the y-ray detector on 
energy. 


for the disintegration energy the value 730+ 20 kev, 
after the addition of 5 kev—the binding energy of the 
K electron in Cr. In the earlier experiment the value 
of 780+ 50 kev was obtained, 

Using the Morrison-Schiff formula? for the brems- 
strahlung intensity we find, from the comparison be- 
tween the intensity of the bremsstrahlung and the 
325-kev photopeak, a value of 941% for the branching 
ratio to the excited level of 325 kev. Since this is in 
excellent agreement with independent measurements‘: 
these results confirm the theory of Morrison and Schiff. 
The recent theoretical results of Glauber and Martin® 
for the internal bremsstrahlung spectrum do not differ 
significantly from the predictions of Morrison and 
Schiff for the energy range investigated in the present 
work, 

In Fig. 3 there is a strong indication for the existence 
of a y-ray line of 645 kev, emitted with an intensity of 
5X10-° per disintegration. This is about a factor 50 
lower than the line of similar energy obtained in the 
work of Bisi et al. 


y-RAY SPECTRUM COINCIDENT WITH 
THE INTENSE 325-KEV y RAY 
In order to examine the intensity and the spectral 
shape of the internal bremsstrahlung accompanying 
the disintegrations to the 325-kev excited state, coinci- 
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Fic. 3. Plot of (N/E)4 as a function of EZ. 


‘ Bisi, Germagnoli, and Zappa, Nuovo cimento 2, 1052 (1955) 
’T. S. Bunker and J. W. Starner, Phys. Rev. 97, 1272 (1955) 
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Fic. 4. (A) Spectrum of pulses corresponding to y-ray energies 
in the 40-400 kev region, obtained in one crystal when measured 
in coincidence with pulses in the second crystal, falling in a channel 
between 300 and 340 kev. (B) Corresponding random coincidence 
spectrum, obtained by inserting a delay of 5 microseconds between 
one of the counters and the fast coincidence circuit. (C) Corre- 
sponding “true’”’ background coincidence spectrum. 


dence counts from two y-ray detectors, disposed 1 cm 
from the source on either side, were recorded. Each 
detector was a scintillation spectrometer with a Nal 
crystal, 14 inch in diameter and 1 inch long, coupled 
to a 6260 E.M.I. photomultiplier. The strength of the 
source was chosen so as to give optimal values on the 
one hand, for the ratio between true coincidences to 
random coincidences and on the other hand, for the 
ratio between true Cr® coincidences to true back- 
ground coincidences. 

The coincidence circuit was of the fast-slow type. 
The fast circuit had a resolving time of 2.7 10~* sec 
and no coincidence losses were obtained for energies 
greater than 70 kev. With a Nal crystal it is difficult 
to get much better conditions. In one slow channel (1) 
the window range was between 300 and 340 kev and in 
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Fic. 5. Spectrum of coincidence of the 325-kev y ray, obtained 
by subtracting curves B and C from curve A in Fig. 4. The dotted 
curve shows the expected shape of the low-energy part of the 
pulse distribution resulting from a 320-kev y-ray coincident with 
the intense 325-kev y line. 





DECAY 


the other channel (II) all pulses above 40 kev were 
transmitted. The continuous spectrum, coincident with 
the 325-kev y ray, was recorded with the 120-channel 
analyzer in parallel with channel IT. The gate of the 
multichannel analyzer was opened by the output pulse 
of the fast-slow coincidence circuit. In order to minimize 
the number of coincidence counts, arising from y rays 
scattered backwards by the crystal of counter I with 
an energy of about 150 kev, a lead filter, 2 mm thick, 
was placed in front of this counter. 

The following measurements were made. The total 
coincidence spectrum was measured during 20 hours. 
The random coincidence spectrum, obtained by insert- 
ing a suitable delay between one of the counters and the 
fast coincidence circuit, was recorded during 20 hours. 
The background coincidence spectrum (i.e., without 
source) was measured for 5 hours. 

The results are shown in Figs. 4 and 5. Although it 
was expected to obtain a continuous spectrum, char- 
acteristic of internal bremsstrahlung, the results clearly 
point to the existence of an additional y ray of energy 
320+ 20 kev in coincidence with the intense 325-kev 
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Fic. 6. The difference between the continuous and dotted 
curves in Fig. 5. (Internal bremsstrahlung spectrum coincident 
with the intense 325-kev + line.) 


line and with an intensity of about 10~° per disintegra- 
tion. This is further evidence for an excited state at 
about 645 kev above the ground state, in addition to 
the 645-kev peak seen in the “singles” spectrum dis- 
cussed earlier. The 645-kev transition is thus probably 
a cross over transition. The spectrum in Fig. 5 cannot 
be wholly explained by the low-intensity 320-kev y ray. 
The dotted curve shows the expected shape of the 
low-energy part of the pulse distribution resulting from 
a 320-kev y-ray line (due to Compton scattering and 
backscattering) as found from the “singles’’ spectrum 
of the intense 325-kev line. The 70-kev peak arises 
completely from the characteristic x-rays in the lead 
filter. The difference between these curves, shown in 
Fig. 6 is ascribed to the internal bremsstrahlung 
spectrum coincident with the intense 325-kev line. 

The total intensity of the internal bremsstrahlung 
spectrum coincident with the 325-kev y ray is in good 
agreement with the formula of Morrison and Schiff, 
but the errors in the resultant curve obtained by the 
above procedure are too big to permit an accurate 
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Fic. 7. Proposed decay schemes of Cr“ and Ti". (The labeling 
of the energies of 320 and 325 kev of two cascade y rays has been 
incorrectly interchanged in the above figure.) 


comparison of the spectral shape with that predicted 


by theory. 
DECAY SCHEME OF Cr*! 


In the level scheme, shown in Fig, 7, 
parity assignments, except those of the 645-kev excited 
level, are as given by Bunker and Starner. The # 
transitions from Ti to the excited levels of V"' are 
also shown. The logft value of the Cr A-capture 
transition to the 645-kev level of V" is about 10. It is 
therefore likely that this transition is first forbidden 
with A/=2. The possible spin assignments for the 
645-kev level are then 3/2 or 11 
value 11/2, the y transition to the 325-kev level would 
be #3 while the crossover transition to the ground 
state would be M2. The theoretical ratio of intensities 
between competing single-particle M2 and £3 transi- 
tions is about 10°, whereas the experimental ratio is 
about unity. In the light of the data which are known 
concerning the retardation factors for M2 and 3 
transitions,’ such a large divergence between experi 
mental and single-particle values seems unlikely and 
therefore this evidence does support the 11/2 
assignment. If, on the other hand, one assumes the 3/2 
assignment, the transitions become £1 and M2 respec 
tively. The comparison between the theoretical single 
particle and experimental intensity ratios then shows 
that the #1 transition may be retarded by a factor up 
to 10°, This is in the range of retardation factors 
obtained for low-energy £1 transitions. On this assign 
ment one would expect the 3/2 level at 645-kev to be 
excited with a low probability in the decay of Ti”. 
This has not been reported. Nevertheless, it is inter 
esting to note that the y-ray scintillation spectrum of 
Ti® displayed in the work of Bunker and Starner® 
seems to indicate the presence of a weak y ray of energy 
somewhat greater than the clear 610-kev ¥ ray. 

The authors would like to thank Dr. S. G 
for his continued interest and guidance. 


*M. Goldhaber and G. Weneser, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 1 
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Calorimetric Determination of the Average Total Kinetic Energy of 
Fragments from Fission of U**} 
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(Received May 27, 1957) 


The average kinetic energy of the fragments from thermal neutron fission of U™ has been redetermined 
calorimetrically; a value of 16642 Mev is obtained, in excellent agreement with other measurements. 
The calorimeter and the method of correction for beta absorption are described. The number of fissions 
occurring in the samples was determined by a Mo” radiochemical analysis which is described in detail. 
An improved value for the half-life of Mo”, 66.004-0.15 hr, has been determined. 


I. INTRODUCTION 


EACHMAN and Schafer! have recently published 

the results of a calorimetric determination of the 
average total kinetic energy of fragments from thermal- 
neutron-induced fission of U™* in which a value of 
167.141.6 Mev was obtained. This is in excellent 
agreement with the value of 167.142 determined by 
Leachman? from velocity and ionization measurements. 
The present work was initiated before the publication 
of Leachman and Schafer’s results and is now presented 
as an independent confirmation. 


Il. EXPERIMENTAL PROCEDURES 
A. Calorimetric Measurements 


The calorimeter was of the twin resistance-bridge 
steady-state type, similar in principle and operation to 
others’ used at this Laboratory, but modified in con- 
struction for use in a 4-inch-square channel of the 
Livermore water-boiler reactor. A cross section through 
one side of the instrument is shown in Fig. 1. The 
central section of the cylindrical aluminum sample 
holder is 1.00 in. long, 0.310 in, o.d., 0.005 in. thick, 
and is wound with a heater consisting of about 70 ohms 
of No. 35 (Brown and Sharpe gauge) manganin wire; 
the uranium samples and lead absorbers are wrapped 
around the holder outside of the heater. Flanges on the 
end of the sample holder fit inside the aluminum 
thermometer tube, which is 4.00 in. long with a 0.010-in. 
wall, except for a central section 1.25 in. long with a 
0.005-in, wall. The sample holder is positioned longi- 
tudinally by means of a Styrofoam rod. The ther- 
mometer tube is held by means of Lucite supports 
inside an aluminum submarine tube of 1.370 in. i.d. 
The two submarine tubes are mounted in a Lucite 
jacket through which water is circulated from a thermo- 
stated bath outside the reactor. 

Each thermometer tube supports two bifilarly wound 
coils of No. 40 (B. & S. gauge) double-nylon-covered 

t This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

'R. B. Leachman and W 
(1955). 

?R. B, Leachman, Phys. Rev. 87, 444 (1952). 


4S, R. Gunn, University of California Radiation Laboratory 
Report UCRL-4547, July, 1955 (unpublished). 


D. Schafer, Can. J. Phys. 33, 357 


nickel wire. The four coils are connected to form a 
bridge through which a current of 8.000 ma is passed. 
The bridge output is measured with a Rubicon Type B 
potentiometer, a Liston-Becker amplifier, and a Brown 
recorder. Calibration of the instrument is effected by 
developing a measured power in the electrical heater. 
The sensitivity is about 98 wv/mw; the noise level due 
to thermal and electrical disturbances is about 2 pv. 
The fission powers measured are of the order of 50 mw. 
The half-equilibrium time of the calorimeter is about 
2.5 minutes, permitting measurements to be made in 
30 minutes. 

The uranium foils are 93% U**, measure 0.001 by 
(0.81 by 1.00 in., weigh about 240 mg, and are wrapped 
in two 0.001-in. layers of aluminum to prevent loss of 
fission fragments. After the calorimeter is loaded with 
the sample, it is placed in the reactor with the power off 
and is calibrated electrically at a power level near that 
expected in the fission measurement. The pile is then 
brought to its full power of 500 w for 30 minutes and 
the fission power is measured, A fission counter located 
in a channel adjacent to the calorimeter is used to 
determine the integrated thermal-neutron flux devel- 
oped while the reactor is being turned on and off; these 
integrated fluxes are equivalent to 20 to 30 seconds and 
4 seconds at full power, respectively. The estimated 
error in timing the equivalent full-power run is about 
+0.2%. The pile flux during the run is constant within 
0.5%; assuming either a linear or random fluctuation 
within this limit, an error of no more than +0.2% 
should result in the fission measurement. After the run 
the calorimeter is again calibrated before removal from 
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Fic. 1. Cross section of the fission calorimeter. 
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CALORIMETRIC 


the reactor. The sensitivities established by the two 
calibrations for each run differ on the average by less 
than 0.1%, and the sensitivities for the 14 runs per- 
formed were all within a range of 0.5%. Appropriate 
small corrections have been established for asymmetrical 
absorption of the reactor flux in the calorimeter, both 
with and without absorbers present. It was also deter- 
mined that the sensitivity varied by no more than 
0.03% with the pile on or off. 

The dimensions and materials of the calorimeter are 
such that a considerable part, but not all, of the energy 
of the beta particles produced by decay of the primary 
fission fragments will be absorbed. To determine the 
magnitude of this absorption, two preliminary series of 
experiments were performed in which a 0.003-in. 
rhodium foil was inserted in the calorimeter in place of 
the uranium foil. When bombarded with a steady 
thermal-neutron flux, this forms a steady-state amount 
of 44-second Rh’ which undergoes beta decay to 
stable Pd™, producing a beta spectrum of 2.6-Mev 
maximum energy. This approximates the beta flux of 
the fission products in the fission experiments. ‘Two 
series of experiments were performed: in one the 
rhodium foil was inserted alone in the sample holder, 
and in the other it was wrapped in a lead absorber, 
there being a thickness of 0.009 in. of lead inside the 
cylindrical foil and 0.018 in. outside of it. It was found 
that 59+ 2% as much energy was absorbed in the first 
series as was absorbed in the second. Two series of 
fission measurements were performed in the same 
manner; since the uranium sample is lighter than the 
rhodium sample, and the average beta-particle energy 
of short-lived fission products is greater than that of 
Rh) it is estimated that 52+ 5% as much beta-particle 
energy was absorbed in the experiments without 
absorbers as in those with absorbers. 


B. Measurement of the Number of Fissions 
1. Measurement of Fissions in Calorimetric Samples 


When the mass thickness of the target is large 
compared to the range of a fission fragment, radio- 
chemical analysis is often the best method to determine 
the number of fissions that have taken place in a 
sample. The selection of the fission-product nuclide to 
be used as a fission detector is governed principally by 
the following considerations: high fission yield, approxi- 
mately constant fission yield over a range of bombarding 
particle energies, a convenient half-life, and a nuclide 
which may be radiochemically purified easily and 
reliably. The nuclide Mo” is one which fulfills all of 
the above requirements. 

The number of counts per unit time of Mo” produced 
in a target is proportional to the number of fissions. 
The problem of absolute beta counting may be by- 
passed by determining the ratio of fissions to the 
counting rate of Mo” measured in a reproducible 
manner. The method is described in the following. 
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The fission samples obtained in the previously de- 
scribed calorimetric runs were dissolved in 6M hydro- 
chloric acid with a trace of nitric acid and diluted to 
a known volume with 6M hydrochloric acid. Suitable 
aliquots of this solution were then added to known 
amounts of molybdenum carrier. The molybdenum 
fraction was then purified. (See Appendix for details.) 
Correction for the chemical loss was determined by using 
a known amount of molybdenum carrier and weighing 
the final molybdenum fraction as lead molybdate, Sub- 
sequently the lead molybdate was mounted in such a 
manner as to ensure reproducible counting conditions. 

For each of the fourteen calorimetric samples, quad- 
ruplicate aliquots were taken for the determination of 
the Mo” content. Samples were not counted until 48 
hours after purification to allow Tc” to grow into 
transient equilibrium. Then each sample was followed 
for decay in a continuous flow-type methane propor- 
tional counter for a period of ten days, in which at 
least ten individual counts were taken, To minimize 
statistical errors in counting, each count was taken for 
a sufficient time to record 256 000 counts. Corrections 
for radioactive decay were made analytically for each 
individual count. After the counting rate of Mo” in the 
total target was determined, the proper proportionality 
factor was applied to obtain the total number of fissions 
that occurred in a particular calorimetric run. 

Final results are given in Sec. III. 


2. Calibration of Counters 


The fission counter used in these experiments was a 
continuous-flow type using a mixture of 96% argon and 
4% carbon dioxide as the counting gas. Insofar as 
possible, all parts of the counter were made of graphite; 
gaskets and screws, however, were made of Teflon or 
polystyrene. ‘The sensitive volume of the counter was 
divided into two independent chambers by a removable 
carbon shuttle. Samples for fission counting and for 
irradiation were mounted on both sides of the shuttle 
with double-sided Scotch tape. 

Small amounts of U**® were vacuum-evaporated on 
0,002-in. x 1.5-in.-diam platinum disks for use as fission- 
counting standards, A typical sample contained about 
0.02 wg U** spread uniformly over a circle about 3 in. 
in diameter. Two samples were then placed in the 
double fission counter, and irradiated with thermal 
neutrons. Discriminator bias plateaus were taken on 
each counter to determine the true fission counting rate 
and the ‘‘counting efficiency” of a given discriminator 
setting, in a manner similar to that described by 
Leachman and Schafer.' The slope of the discriminator 
bias plateau was such that the extrapolated counting 
rate at zero bias was not more than 1.5% above that 
for a bias setting corresponding to the center of the 


plateau. The counter was then withdrawn from the 


thermal column and the fission counting samples re- 
moved from the shuttle. The number of fissions pro- 
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duced in the fission counting samples was too small to 
yield significant amounts of Mo”, therefore two targets 
(0.9-in, diam X 0.005 in.) were prepared from an alloy 
consisting of 4% uranium (93% U**) and 96% alumi- 
num by weight and wrapped with 0.001-in. aluminum 
foil to catch recoils. The alloying of the uranium with 
aluminum prevented any contamination of the counters 
with U™, a problem that occurred when pure uranium 
metal foil was used. These large targets were placed in 
a recess in the shuttle and the fission counting samples 
secured directly over them. The flux profile is such that 
the flux measured by the fission counter was within 1% 
of that present in the large target. 

After irradiation, the large alloy targets were dis- 
solved, diluted to a known volume and aliquots were 
taken for analysis. 

Assayed amounts of freshly purified U used as a 
tracer were added to several aliquots of each target 
solution. The uranium was purified, and vacuum- 
evaporated on platinum plates. Determination of the 
fraction of the total target present on the plates was 
made by alpha counting of the U™ tracer, The number 
of fissions occurring in each large target during the 
irradiation was then measured by fission-counting the 
samples so prepared in the position in which the target 
was irradiated. During this series of counts only one 
side of the counter at a time was used to count target 
aliquots, the other side being occupied by the appro- 
priate fission-counting standard as a flux monitor. The 
amount of U™ tracer present gave no detectable 
fissions. This method of analysis eliminated the question 
of isotopic composition of the target material. 

Other aliquots were added to known amounts of 
molybdenum carrier, and the molybdenum fraction was 
purified radiochemically. The purified molybdenum was 
precipitated as lead molybdate, transferred to tared 
aluminum dishes, weighed, and fixed to the dishes with 
a solution of clear Zapon lacquer. The dishes were then 
mounted in a depression in y'g-in.-thick aluminum plates 
machined to fit into a standard end-window propor- 
tional-counter mount, Samples were counted for a fixed 
number of counts (1000256) in a position that 
corresponded to about 10% counting yield. The coun- 
ters used were continuous-flow-type methane propor- 
tional counters. In this counting position it was found 
that for samples weighing between 12 and 25 mg/cm’, 
the apparent specific activity was independent of the 
sample thickness. In this series of experiments all 
samples weighed between 20 and 24 mg/cm’. 

Each individual counting-rate determination was 
extrapolated analytically to the midpoint of irradiation, 
and these values were averaged. This method of 


extrapolation is an approximation that corrects for 
decay of the Mo” during the irradiation. The approxi- 
mation is extremely accurate for irradiations short 
compared to the half-life of the species concerned. The 
irradiations described were all approximately one-ha'f 
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TABLE I. Total kinetic energy of U™® fission fragments. 


With absorber (£4) 
Measured 
fission 
energy 
(Mev) 


170.5 
170,2 
169.6 
171.8 
172.4 
170.9 
173.0 
169.2 
176.3 
169.9 
176.4 
178.2 
177.1 
171.1 
172.8 
173.5 
172.0 
172.6 
175.8 
175.7 
172.4 
178.0 
172.9 
181.6 
182.4 
173.2 
165.3 
176.0 
Average of 7 runs=174+1 


Measured 
energy 
(104 Mev) 


6.241-4-0.012 


10° XNo., 


Sample fissions Average 


la 3.600 
1b 3.666 
Ic 3.679 
id 3.632 
3a 4.883 
3b 4.926 
& 4.867 
3d 4.975 
Sa 3.563 
5b 3.696 
5« 3.561 
5d 3.524 
7a 3.747 
7b 3.879 
7c 3.840 
7d 3.824 
9a 3.6600 
9b 3.648 
% 3.580 
9d 3.582 
12a 3.652 
12b 3.538 
12¢ 3.643 
12d 3.467 
l4a 3.659 
14b 3.854 
14 4.039 
14d 3.793 


170+1 
8.420+-0.017 


6.281+0.013 


6.63640.013 


6.295 40.013 


6.298 +0.013 


17642 
6.6764+0.013 


Without absorber (£4) 


Measured 
fission 
energy 
(Mev) 


163.5 
166.4 
170.7 
170.3 
165.5 
176.1 
171.8 
173.7 
166.1 
165.9 
171.4 
180.2 
167.8 
170.7 
167.5 
162.6 
169.2 
168.9 
176.1 
170.2 
173.1 
172.5 
173.4 
176.8 
161.2 
171.7 
170.7 
169.2 
Average of 7 runs=170+1 


Measured 
energy 
(10 Mev) 


6.432-40.013 


10° XNo, 


Sample _fissions Average 


2a 3.935 
2b 3.865 
2c 3.768 
2d 3.776 
4a 3.810 
4b 3.581 
A 3.671 
4d 3.632 
6a 3.720 
6b 3.726 
6x 3.006 
6d 3.430 
Sa 3.889 
&b 3.822 
&« 3.895 
8d 4.011 
10a 3.652 
10b 3.659 
10« 3.510 
10d 3.632 
lla 3.712 
lib 3.724 
11c 3.706 
lld 3.633 
13a 3.959 
13b 3.738 
13¢ 3.759 
13d 3.793 


6.307 +0.013 


6.1814+0.012 


16747 
6.524+0.013 


167+2 16144 


6.1814-0.012 
6.425+0.013 


6.418+0.013 


16245 
166+2 


hour long. The number of fissions corresponding to one 
count per minute of Mo” could then be calculated. ‘The 
value obtained for our counter was (6.91+0.07) x 10°. 
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3. Half-Life of Mo™ 


In order to determine the number of fissions, it is 
necessary to correct the counting rate of the Mo” for 
radioactive decay. An accurate value for the half-life 
of Mo® is essential to minimize the error involved in 
this correction. Since the several published values* of 
the half-life of Mo” differ by several percent, it was 
deemed advisable to redetermine the half-life of Mo™. 

The nuclide Mo” was prepared both by thermal 
fission of U* and by neutron capture of Mo® in natural 
molybdenum. In both cases the molybdenum was 
purified by the chemistry outlined in the appendix. 
The lead molybdate was mounted for counting as above. 
In order to allow Tc” to be in transient equilibrium 
and Mo*®™ to decay, samples were not counted until 
48 hours after purification. Samples were counted for a 
fixed number of counts (at least 256 000), and counted 
twice a day for at least three half-lives. Some samples 
were followed for eight half-lives. Counter stability was 
checked with a U™* standard. Sixteen samples were 
prepared, ten from fission, and six from capture reac- 
tions; three samples from each type of target were 
subjected to the additional chemistry outlined in the 
appendix. No evidence of activity other than Mo” was 
observed in any of the samples. The decay constant 
was determined by the method of least squares. The 
average value of sixteen determinations of the decay 
constant was 0.010502+0.000025 hr! which corre- 
M. 


sponds to a half-life of 66.00+0.15 hours. E. 
Douthett® has determined the half-life of Mo” with 
comparable accuracy. His results agree within the 
above-quoted limits of error. 


III. RESULTS 


Data from the fourteen calorimetric are 
marized in ‘Table I. Seven runs were made with the 
lead absorber (£4) and seven without the absorber 
(Ex). Average results were 174+1 Mev and 170+1 
Mev for E, and £z, respectively, where the standard 
deviations were calculated from the formula: 


runs sum- 


o=+[2d*/n(n—1) }}. 


The final value for the average kinetic energy of the 
fragments is calculated from the expression : 


E= Eg— (1.08+0.22)(E,— En), 
where the factor 1.08 represents the ratio of the beta- 
absorption power with the lead absorber present to the 


4 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 
*“E. M. Douthett (private communication) 
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difference in beta-absorption powers with the absorber 
present and absent, as estimated from the rhodium ex 
periments; this gives a value of 166+2 Mev. This is in 
excellent agreement with of Leachman and 
Schafer! and Leachman.’ 


those 
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APPENDIX. PURIFICATION OF MOLYBDENUM 
FRACTION 


Samples containing Mo” and 10.02 mg of natural 
molybdenum were adjusted to 6M in HCI and absorbed 
on a column (6 mmX10 cm) of Dowex A-1 anion 
exchange resin® equilibrated with 6M HCl. The resin 
was then washed successively with 10 ml 0.1M HCI, 
2 ml H.O, 5 ml 3M NH,OH, and 2 ml! H.O, and these 
washings discarded. Molybdenum was eluted with 15 
ml 4M HNQO,. Fet*+, Te**, Zr*4 and 1 drop of 1M 
KNOzy, were added to the eluate, and the solution made 
at least pH 10 with NH,OH. The solution was cooled 
to prevent bubble formation, centrifuged, and the 
precipitate discarded. 

The supernatant solution was poured into a tube 
containing Fet*+* and the resultant precipitate was 
centrifuged and discarded. The supernatant solution 
was adjusted to pH 5 with acetic acid, and 2 ml of 
0.1M Pb(NOs). solution added to precipitate PhMoO,, 
The precipitate was washed with water, dried, and 
weighed. 

In order to confirm that the above chemistry gives 
adequate decontamination from other fission-product 
species, three samples each of the fission- and capture 
produced Mo” were subjected to further chemistry. 
The washed PbMoQ, precipitates were dissolved in 
1M HNO, the solution cooled, and a-benzoin oxime 
added to precipitate the molybdenum. ‘The precipitate 
was washed with 1M HNOs, and dissolved in concen 
trated HNQO,, followed by fuming with HCIO,. The 
resulting molybdenum solution was adjusted to pH 5 
and PbMoO, was precipitated as before. There was no 
evidence of any activities other than those of molybde 
after the chemical 


num isotopes present standard 


purification 


* It was found by one of the authors (P.C.S.) that best results 
were obtained with this resin when it had previously been digested 
for 6-8 hours with warm 6M NaOH and HO, to eliminate lower 
amines from the resin 
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In view of the experimental work of A. H. Snell and F. Pleasonton [Phys. Rev. 107, 740 (1957) ], which 
indicates that the product atom following the beta decay of krypton is frequently left in high states of 
ionization, it is of interest to attempt a calculation of “shakeoff” probabilities for all the outermost occupied 
configurations. The method of calculation used here essentially follows the formulations of A. Migdal [J. 
Phys. U.S.S.R. 4, 449 (1941) ], E. L. Feinberg [J. Phys. U.S.S.R. 4, 423 (1941) ], J. S. Levinger [Phys. Rev. 
90, 11 (1953) ], H. M. Schwartz [J. Chem. Phys. 21, 45 (1953) ], and earlier workers. The details of the 
calculations are governed to a considerable extent by the availability of Rb* Hartree wave functions. The 
innovations which are attempted here involve (1) the use of newly determined analytical approximations 
to Hartree functions, (2) the use of a simple scaling technique, and (3) the extension of the work to the 
outermost occupied levels. Comparisons of the calculated shakeoff probabilities with those inferred from 
experiment by Snell and Pleasonton are made, The agreement is fairly satisfactory. It is believed that some 
of the innovations used here might be useful for other types of atomic calculations. 


1. INTRODUCTION 


HE calculation of electron shakeoff probabilities 
following beta decay have usually been carried 
out with the use of the sudden-perturbation approxi- 
mation. Accepting the premises of this approximation, 
the problem of calculating shakeoff probabilities may 
be solved directly by calculating matrix elements con- 
necting the particular occupied wave function of the 
parent atom with the continuum wave functions of the 
daughter atom. In the particular case considered here, 
neither initial krypton wave functions nor rubidium 
continuum wave functions are available, so that unless 
one wishes to attempt a very extensive series of Hartree 
calculations ab initio, the direct approach is ruled out. 
An indirect approach has been formulated which in- 
volves calculaiing the probability that a given initial 
state will be vacated as a result of the sudden change 
in nuclear charge. One then calculates the probability 
that the electron will be shaken into various discrete 
states. The probability of ionization is then the proba- 
bility of the vacancy less the sum of the probabilities 
to the discrete states. Since the number of discrete 
states which are important to the calculation is gener- 
ally relatively small, this becomes a feasible calculation 
if discrete state wave functions are known. 
For calculating the off-diagonal matrix elements, one 
must evaluate integrals of the form 


[vor (1) 


where ¥; represents the initial krypton wave function 
and @, represents the final rubidium wave function. 
In view of the orthogonality of the angle-dependent 
portions of the wave functions, it is necessary to con- 


* This work was begun at the time the writer was serving as a 
summer research participant in the Physics Division of the Oak 
Ridge National Laboratory. 

{ Supported in part by a grant from the U 
Commission. 
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sider only matrix elements between states of the same 
orbital angular momentum. The actual matrix elements 
which must be evaluated are then 


Ay=f G.G/'dr, (2) 
0 


where G; is the radial wave function for the initial state 
of the parent, and G,’ is the radial wave function for the 
final state of the ionized daughter atom. The first part 
of this work was to attempt to fit the Hartree functions 
of rubidium by analytical wave functions. 


2. ANALYTICAL WAVE FUNCTIONS 


In searching for convenient analytical wave func- 
tions an effort was first made on the basis of Zener- 
Slater' functions which have been used extensively by 
Morse, Young, and Haurwitz.? During the course of 
this effort it became clear that the number of separate 
integrations which would have to be carried out with 
such wave functions were so numerous that errors 
would be hard to avoid. To obviate many of the integra- 
tions a simpler set of analytic functions have been fitted 
to the Hartree functions, a set which differs somewhat 
from what has previously been used for atomic work. 

Letting the left superscript denote the number of 
intermediate nodes less one, the functions employed in 
this study have the form 


"G = ® "ay Ri, (3) 


where 
Ri =”"teé ker (4) 


The reduction in the number of integrals which need 


to be evaluated was accomplished by representing all 
the members of a family of states with a fixed / by a 


' J. C, Slater, Phys. Rev. 32, 339 (1924). 
* Morse, Young, and Haurwitz, Phys. Rev. 48, 448 (1935). 
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linear superposition of the same g; functions. This 
proved to be possible to a good approximation for the 
Hartree functions studied thus far. The procedure used 
in fixing the parameters was as follows. For the inner- 
most nodeless function the ordinate and abscissa of the 
peak of the Hartree function coupled with the nor- 
malization condition serves to fix 'a;, m;, and k;. For 
the next state with a single node, one first matches the 
inner portion of the wave function by using a constant 
times the first nodeless wave function. Then one sub- 
stracts the calculated values from the numerical values 
of the Hartree functions to obtain a residual which is 
nodeless. The ordinate and abscissa of the maximum of 
the residual are then used to fix its analytical form. 
Finally one sets up the requirements that the single 
node function is orthogonal to the inner nodeless func- 
tion and also normal. To illustrate the success of this 
over-all process, we show in Fig. 1 the Hartree function® 


i) oO. 02 O83 05 O06 OF 
Fic. 1, Hartree radial functions for 2p state (solid curve) 


and points calculated by using Eq. (5) 


and analytical fit to the 2p wave function in krypton. 
The analytical expression for the 2p radial function is 


Gop= 908.951! %¢-15-877, (5) 

The expression for the 3p state found by the process 
just described is 

Gap= 396.1897! %- 15-87" — 137 699? 4e- 8.7140, (6) 

The fit in this case is illustrated in Fig. 2. An extended 


procedure of a similar nature, when applied to the 4p 
state, leads to 


Gop = 127.879! 9-18-81" — 55.709? 4e- 8-74" 
+-3.6549? -4e>1:4r (7) 
The fit in this case is illustrated in Fig. 3. 


*D. R. Hartree, Proc. Roy. Soc. (London) A151, 96 (1935). 
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0.4 ‘ 1.5 


hic. 2. Hartree radial function for 3p state (solid curve) 


and points calculated by using Eq. (6) 


It is noted that the points calculated from the analyti 
cal functions agree quite well with the Hartree functions. 
Since graphical techniques were used in the fittings and 
much of the calculations, it is likely that some of the 
departures might be removed by slight readjustments 
of the parameters. On the other hand, a perfect match 


cannot be expected since, in order to use this method 


of approximation, analytic functions have been forced 
to be orthogonal to each other whereas the Hartree 
functions are not. For the purposes at hand, the analyti 


/ 


iG. 3, Hartree radial function for 4p state (solid curve) 
and points calculated by using Eq. (7). 
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TABLE I, Parameters for Rb* analytical wave functions. 
d states 


ky 
4.0 


Dp states 
ke 


15.570 


5 states 
ke 


37.0370 


Ne 


(1.6 
{2.0 
4.0 


ne Ne 


1.00 


20.0 
—0).5 


5.714 
1.644 
0.400 


13.6920 
7.2727 
2.5385 
0.4000 


1,78 
3.20 
3.30 
5.00 


Values of the coefficients of the terms in wave functions 


States a: as a a6 


Is 
2s 
35 
4s 
5s 
2p 
Sp 
4p 
5p 
3d 
4d 


ai 


450.730 
193.320 
66.403 
18.951 
0.000 
908.950 
396.180 
127.870 
1.996 
28.937 
0.071 


579.570 
228.220 
67.330 
0.373 


548.770 
214.090 
1,191 


10.807 
0.061 0.00015 
137.690 
55.700 

0.871 
146.520 

0.358 


3.054 


0.05% 0.00015 


0.00998 


cal functions used here should be adequate and most 
certainly they are vast improvements over screened 
hydrogenic functions. In the case of the 5p wave func- 
tion, for which Hartree self-consistent field is 
available, the following procedure is believed to provide 
a reasonable basis for finding an approximate wave 
function. The highest term in the hydrogenic wave 
function is used to characterize the n and k of the 
outermost antinode. One then permits the actual wave 
function to be a linear combination of this term and the 
three inner p wave functions. Orthogonality and 
normalization then provides sufficient conditions to 
completely characterize the wave function. 

In general for two radial functions belonging to the 
same /, the orthonormality conditions imply that the 
coefficients must satisfy 


no 


e 


f "G" Gdr 


> } "ay a; FF, bwv'y 


iw] pol 
where 


I (ny, +-nj+1) 


(9) 

(k, +h,)™* nj+l 
‘Tables of logarithms of gamma functions‘ are extremely 
useful in evaluating these integrals. The values of n,, ki, 
and "a, for the various states of Rb* are given in Table I. 


3. CALCULATION OF THE SHAKEOFF PROBABILITY 


In most prior estimates of shakeoff probabilities, 
both wave functions involved have been obtained by 
scaling from hydrogen wave functions. In this study 
the unknown krypton wave functions are obtained 
implicitly by scaling from the Rb* functions. If & is a 
scaling factor, then the normalization requirement 

* Tables of the Gamma Function for Complex Arguments, Nat. 


Bur. Standards (U. S.) Appl. Math. Ser. 34 (U. S. Government 
Printing Office, Washington, D, C. 1954). 
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insures that the modified function satisfies 
Gn=h'G (kr). 
In scaling from the known wave function of an atom 


with atomic charge Z to the wave function of a neigh- 
boring atom with atomic charge Z’, one may use® 


k= (Z'—a)/(Z—0) =14+[(Z—Z')/(Z—o)], (11) 


where o is the screening constant for the state. Letting 
AZ denote the change in nuclear charge and Z=Z—s, 
one may expand Eq. (10) to find 


(10) 


AZ[G dG 
Gm=G+ | 


—+r — 
2 dr 


1f/4Z\" G dG @&G 
AC) oe 
22 4 dr dr” 
In going from Rb* to Kr, AZ= —1. 
Upon integrating by parts, it is easy to show that 


the amplitude for remaining in a state (a diagonal 
matrix element) is 


" 14 es aG\* 1 
Ae f "G 'G,,dr=1—-- - | f (; ) ar | (13) 
0 22,2 0 dr 4 


Accordingly, the probability ?, for vacating the vth 


state is 
27 dG? 1 
P,=1-—A,,°=Z, {f (: ) dr— } (14) 
0 dr 4 


Qn the other hand, the total probability for transitions 


4 


| a 


to the discrete states is 


Pa | f "G “Gutr| 
eelI 


This series, which according to this single-particle 
approximation may include states which are completely 
filled, is rapidly convergent. For our special forms of 
analytical functions, the integrals are given by 


"7 dG? e {M+1\? 
f (r- -) dr -x( ) a? 
0 dr vl 2 


ev’ (kinjt+-kjn,) (nij+1) 
+2>°>> aa nn; 
i<j ki; 


a’'G - 
*Gr— ir). (15) 
dr; 


(16) 


7) 


Rikj(mijy+1) (ij; +2) 
nee 


2 
y 


*D. R. Hartree, The Calculation of Atomic Structures (John 
Wiley and Sons, Inc., New York, 1957). 
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and 


- dG 
f "Gr—dr 
0 dr 


2 kj(mij+1) 
ad PP “a,{ | Tj, (17) 


i=] j=l ki; 


where nij=ni+n; and ky;=k;+k;. 

These integrals have been evaluated using the pa- 
rameters in Table I. The important results are recorded 
in Table II. The second column gives screening con- 
stants which have been obtained from a recent study 
of scaling factors by Ridley.® For the 5s, 5p, and 4d 
states which influence P, only slightly, the approximate 
screening constant o~33 obtained from energetic con- 
sideration was used. Comparing the values of P, and 
P4, one sees clearly that the corrections for transitions 
to discrete states are relatively small, so that the proba- 
bility for transition to the continuum to a large extent 
is simply the probability for vacating the state. 

In view of the many numerical steps involved in 
these calculations, an independent check of the major 
terms was thought to be desirable. Since Eqs. (14) 
and (15) embody the orthogonality conditions under- 
lying this approximate treatment, one might attempt 
a direct appeal to these equations, and the numerical 
values of the Rb*+ Hartree functions. By graphical dif- 
ferentiation and mechanical integration, values of 
Z.*P, have been found which are in good agreement 
with those obtained from the analytical functions. One 
of the important cross integrals involved in Eq. (15) 
has also been checked in this way and found to agree 
with the analytical value. 

In retrospect it would indeed appear that these 
checking calculations using Eq. (14) and Eq. (15) 
probably constitute one of the principal results of the 
paper since the mechanical and graphical procedures 
needed to carry out the steps are quite routine as 
compared to the use of the analytical wave function. 

The values of Z?P, are also tabulated for hydrogenic 


TABLE II. Shakeoff probabilities 


ZP. 
Hartree 
Anal, Graph P Pa P 


0.73 0.056 0.031 0.025 
19 0.160 0.099 0.061 
30 0405 0.184 0.221 
33. 0.787. 0.083 0.704 


State a Hydr. 2(214+1)P 


Is 0.48 
2s 3.88 
3s 10.63 

20.22 


0.050 
0.122 
0,442 
1.408 


R~wR~ 


mano 


eda ted 


0).087 
0.274 
0.097 


0.400 
0.700 
7.580 


1 0.164 
4 0.400 
5 1.360 


0.077 
0.126 
1.263 


9.91 
12.61 
23.49 


Nw 
NmenmnN 
Ana 


0.259 2.590 
Total = 13.412 


* 0.260 0.001 


~ 
wn 


10.63 


* E. C. Ridley, Proc. Cambridge Phil. Soc. 51, 693 (1955). 
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functions and for the Hartree Rb* functions as ob- 
tained analytically and graphically. It is interesting to 
note the rather large departures, suggesting strongly 
that it is dangerous to use hydrogenic wave functions 
for shake off calculations. 


4. DISCUSSION AND CONCLUSION 


Snell and Pleasonton have discussed the significance 
of their charge intensity measurements in terms of 
single electron shake off probabilities. Their interpreta- 
tion suggests that the observed 10.9% probability of 
charge-2 product atoms should correspond to the total 
probability for shaking off 4s and 4p electrons, The 
sum of these two probabilities calculated here is 9.0%, 
in good agreement. In view of the high probability for a 
radiationless transition to occur following the creation 
of an inner vacancy, Snell and Pleasonton conclude 
that the shakeoff of an inner electron would almost 
always result in higher states of ionization than charge 
2. The theoretical sum which is found in this study for 
the sum of all probabilities other than the 4s and 4p 
is 4.4% as compared to the 9.9% found experimentally 
for the sum of states of charge 3 and higher. The dis 
crepancy of 5.5% is probably not unreasonable for 
approximate calculations of this type and perhaps one 
should not attempt to go farther with this matter, A 
possible way, however, would be to correlate the dis 
crepancy with the probability of the simultaneous 
shake off of two, three, etc., electrons. Detailed calcu 
lations of this type would be quite involved, since one 
would calculate matrix elements between 
initial and final wave functions which differ in the co 
ordinates of two or more electrons.’ However, order-of- 
magnitude estimates suggest that the probability for 
two-electron shakeoff would be ~(0,134)?= 1.8%, for 
three electrons ~(0.134)'=0.3%, etc. Thus an addi 
tional 2% in the theoretical expectation for states of 
charge 3 or higher might easily be rationalized. 

The mechanism studied by Wolfsberg and Perlman* 
might also be invoked to increase the percentage of 
atoms with ionization higher than charge 2. According 
to this mechanism, the Auger events following the 
creation of inner vacancies might lead to secondary 
sudden-perturbation excitation of the outer electrons, 
by virtue of the sudden effective change of nuclear 
charge seen by these outer electrons. However, since 
this effect involves an alternative mode for securing 
charges higher than 2, rather than an additional mode, 
it does not appear that it would help to remove the 


have to 


discrepancy. 

Detailed studies of self-consistent 
extrapolation by scaling alone does not lead to strictly 
accurate Hartree wave functions, Since the departure 
from unity of the diagonal matrix element is the main 
component of the answer, one might expect that this 


fields show that 


7M. E. Rose (private communication) 
*M. Wolfsberg and M. L. Perlman, Phys. Rev. 99, 1833 (1955) 
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error would be of some significance. Comparisons be- 
tween neighboring “reduced” radial wave functions® 
suggest that it is not a large effect although perhaps it 
is one that warrants further study after more Hartree 
functions become available in this region. The greatest 
opportunity to account for any differences between 
theoretical and experimental results probably lies in 
consideration of the limitations of the Hartree approxi- 
mation itself, particularly when applied to a problem 
of this type. 

In conclusion it might be remarked that the possi- 
bility explored here of carrying out shakeoff calcula- 
tions to the outermost occupied states suggests that it 
might be worthwhile to design experiments which would 
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test detailed predictions embodied in this type of 
calculation. It might also be noted that analytical wave 
functions developed in this study have convenient 
properties for the calculation of various expectation 
values and it would appear that they might profitably 
be applied to other types of atomic or nuclear 
calculations. 
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The absolute intensities of gamma rays having energies between 200 and 650 kev, emitted after resonant 
neutron capture in Cd, Te!, Sm’, Sm, and Sm! have been measured. The instrumentation involved 
a combination of time-of-flight technique and multichannel pulse-height analysis using a NaI(T1) scintilla 
tion counter. The even-even compound nuclei studied appear to emit intense low-energy gamma rays, while 
the even-odd nucleus Sm'™ shows no correspondingly intense low-energy transitions 


I, INTRODUCTION 


JREVIOUS work on the high-energy gamma radi- 
ation following thermal neutron capture has shown 
wide variations from element to element in both the 
number and intensities of resolved transitions as well as 
in the overall spectrum shape. These variations may 
be related to shell structure and odd-even characteristics 
of nuclei.!? 

Studies of the most prominent low-energy transitions 
with scintillation spectrometers have not been extensive 
enough to reveal any such systematics.*~* The present 
investigation obtains the absolute intensities of the 
most prominent low-energy transitions following reso- 
nant neutron capture in several nuclei with the aim of 
extending the data in this field. 

t Research supported by the U. S. Atomic Energy Commission. 

* duPont Fellow. 

t Present address: E. I 
Wilmington, Delaware oe 

§ Present address: Bell Telephone Laboratories, Whippany, 
New Jersey 

1B. B. Kinsey, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 799 ff. 

*B. B. Kinsey and G 
(1954) 

*B. Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 

4M. Reier and M. H. Shamos, Phys. Rev. 100, 1302 (1955). 

* T. H. Braid, Phys. Rev. 102, 1109 (1956). 


duPont de Nemours and Company, 


A. Bartholomew, Phys. Rev. 93, 1260 


Il. METHOD 


The geometry of the experiment is shown in Fig. 1. 
The Yale linear electron accelerator® was employed as 
a pulsed neutron source utilizing the (y,m) reaction in 
the beryllium target. The neutrons were collimated by 
a 3-in. aperture through 8 feet of concrete. Additional 
lead shielding, shown in the figure, reduced the effect 
of the x-ray flash on the scintillation spectrometer. 
Selection of resonant-energy neutron-capture gamma 
rays was accomplished by the time gating of pulses 
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Fic. 1, Geometry of the experiment. 


*H. L. 
(1951). 


Schultz and W. G, Wadey, Rev. Sci. Instr. 22, 383 





NEUTRON CAPTURE 


Fic. 2. Time-of-flight 
spectrum of cadmium using 
integral capture gamma-ray 
detection. Each horizontal 
segment represents a 2-ysec 
channel. The interval A in- 
dicates the position of the 
time gate during which 
gamma-ray counts were 
accepted for pulse-height 
analysis. 
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from the scintillation spectrometer. The position of the 
time gate was determined by using the 500-channel 
time analyzer’ and pulse-height analysis was carried 
out using the associated 160 channel pulse-height 
analyzer. 

The neutron production occurred during a 1-ysec 
interval and the channel width was 2 ysec. These 
conditions coupled with the comparatively short 3.1-m 
flight path and the 8-in. length of the paraffin moderator 
imply relatively poor time-of-flight resolution. How- 
ever, in the present experiment, it is only necessary to 
ensure that the neutron resonances are sufficiently 
separated in time so that the capture gamma rays 
observed are specific to a single resonance. For the 
resonances encountered here, this condition was clearly 
established. 

The detector employed was a 24 in. X1}3 in. Nal(TI) 
crystal coupled to a K-1418 photomultiplier. The 
gamma-ray energy calibration was afforded by radio- 
active sources of Cs'*? and Hg” in addition to the 
478-kev gamma ray from the decay of the Li’ excited 
state formed in the B"°(n,a) reaction. The system had 
a resolution of 10% measured at 661 kev. Absolute 
intensity measurements of the low-energy gamma-ray 
transitions were made by an extension of a method 
applied in earlier work* concerned with thermal neutron 
capture. The pulse-height spectrum associated with 
capture in a particular resonance is compared with that 
obtained when the sample under study is replaced with 
a thick B” sample of the same area which absorbs all 
incident neutrons in the energy range of the resonance. 
The B” pulse-height spectrum consists of a 478-kev 
gamma ray which is emitted in 93.5% of thermal 
neutron captures.’ This absolute intensity is assumed 
to remain constant over the neutron energy range 
studied. 

To obtain the number of gamma rays emitted per 
neutron capture, the area under the photopeak associ- 
ated with the gamma ray of interest is compared with 
the area of the 478-kev photopeak of B”, both pulse- 

7 Schultz, Pieper, and Rosler, Rev. Sci. Instr. 27, 437 (1956). 

* Thornton, der Matosian, Motz, and Goldhaber, Phys. Rev. 
86, 604 (A) (1952). 


9J. A. De Juren and H. Rosenwasser, Phys. Rev. 93, 831 
(1954). 
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height analyses being taken through the same time gate, 
The comparison involves a determination of the ratio 
of the number of neutrons captured in the resonance to 
the number captured in the B"™ sample, and a correction 
of the measured photopeak areas for the energy varia- 
tion of the photopeak efficiency of the Nal crystal. 
Normalization for the two runs is furnished by a BF, 
monitor. 

The observed time-of-flight spectrum is used as a 
measure of the fraction of the neutrons captured within 
the time gate. The spectrum may be normalized to the 
incident flux using known resonance parameters and 
knowledge of the resolution function. Alternatively, 
a transmission experiment allows direct measurement 
since the areas in the transmission ‘dips’ represent the 
fractional neutron capture if it can be assumed that all 
neutrons removed from the beam are captured. For the 
very thick samples used, this assumption leads to 
negligible error. 

The variation of photopeak efficiency with energy 
for the NalI(T!) scintillation counter was determined 
from a calculation of the total efficiency and measure- 
ments of the photopeak fraction after the method 
described by Lazar ef al.” It was necessary to include in 
the calculation results of supplementary measurements 
which accounted for the fact that the neutron capture 
gamma rays were emitted from sources of finite size. 
For gamma-ray energies between 280 kev and 1 Mev, 
the error in the determination of the ratio of photo- 
peak efficiencies is estimated to be 10%. The absorption 


510 kev 
565 kev 
wttens, ft 
af : Verge - * 
OO pte 
—— rents 
100 500 
¥~Ray Energy in Kilovoits 





Fic. 3. Pulse-height spectrum of gamma-ray transitions in Cd! 
following resonant neutron capture, Resonance energy is 0.18 ev 
The arrow at 510 kev indicates the position expected for a photo 
peak associated with annihilation radiation. 


” Lazar, Davis, and Bell, Nucleonics 14, 52 (1956). 
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Fro. 4. Time-of-flight spectrum obtained from tellurium target 
The position of the time gate is indicated, 


of the gamma rays studied in the samples used was 
less than 10%, 

The samples used were in the form of 2} in. squares 
of varying thicknesses. The Cd and Te samples were 
metallic foils while the Sm sample consisted of Sm ,O; 
powder uniformly packed between sheets of 3-mil 
aluminum foil. No measurable gamma radiation was 
emitted from the aluminum sample holder. 


Ill. RESULTS 


(1) Cadmium 


The sample used consisted of a foil of thickness 
0.249 g/cm?, The resonance at 0.178 ev is due to Cd!” 
and dominates thermal capture. The measured time-of- 
flight spectrum is shown in Fig. 2 and the resulting 
pulse-height spectrum of gamma rays when the time 
gate was set at A is shown in Fig. 3. 
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Resonance energy is 


Fic. 5, 
Te™ following resonant neutron capture 
2.33 ev 


WALTERS, 


BOCKELMAN, AND SCHULTZ 

The intense gamma ray at 565+ 10 kev is presumed 
to be the same transition observed in thermal capture 
measurements,’:>!~# 

It has also been observed"** in the decay of In’, 
and has been identified in Coulomb excitation experi- 
ments!*? as a 2+ to OF transition from the first excited 
state to the ground state. 

A line at 510 kev appears to some degree in most of 
the spectra, and is probably annihilation radiation 
resulting from pair production in the nearby lead 
shielding or in the sample itself by high-energy neutron 
capture gamma rays. The energy resolution of the pulse- 
height equipment was adequate to allow sufficient 
separation of an annihilation peak from the 565-kev 
photopeak to ensure that the former would not ma- 
terially affect the computed absolute intensity value of 
52+9 photons per 100 neutrons captured. The absolute 
intensity obtained is taken to be in agreement with 
that obtained by the Russian group!’ who report an in- 
tensity of 42 photons per 100 neutrons captured with 
no error given. 

Motz" has also measured the intensity of this gamma 
ray using thermal neutron capture and reports the 
higher value of 85+10 photons per 100 neutrons 
captured, 

(2) Tellurium 

The neutron resonance at 2.33 ev in Te is attributed 
to the isotope Te'”. The time-of-flight spectrum show- 
ing the time-gate position for the 2.33-ev resonance is 
shown in Fig. 4. The pulse-height spectrum taken 
through this gate is plotted in Fig. 5. The 625+ 10 kev 
gamma ray is attributed to resonance neutron capture. 
A transition of approximately this energy has been seen 
in thermal neutron capture,’ in the decay'*:® of Sb!™, 
and in inelastic alpha scattering.” All these experiments 
agree in the interpretation of the gamma ray as a 
transition between the 2* first excited state and the 
ground state of Te’, The Te’ 625-kev gamma ray 
was emitted in 56+14% of the neutron captures. 


(3) Samarium 


The sample was in the form of Sm,0, powder having 
an effective thickness of natural samarium of 0.427 


"'C. T. Hibdon and C. O. Muelhause, Phys. Rev. 88, 943 
(1952). 

2 Ad’yasevitch, Groshev, and Demidov, Proceedings of the 
Conference of the Academy of Sciences of the U.S.S.R. on the 
Peaceful Uses of Atomic Energy, Moscow, 1955 (Akademiia Nauk, 
5.S.S.R., Moscow, 1955) [translated by the Consultants Bureau, 
New York, 1955]. 

“H. Motz, Phys. Rev. 104, 1353 (1956). 

4 F, Boehm and P. Preiswerk, Helv. Phys. Acta 22, 331 (1949). 

‘6 Mei, Mitchell, and Zaffarano, Phys. Rev. 76, 1883 (1949), 

16©G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
(1955) 

7 Mark, McClelland, and Goodman, Phys. 
(1955) 

1 N. H. Lazar, Phys. Rev. 95, 292 (1954). 

* T. Azuma, J. Phys. Soc. Japan 10, 167 (1955). 

*”N. P. Heydenburg and G. M. Temmer, Bull. Am. Phys. Soc 
Ser. II, 1, 164 (1956); G. M. Temmer and N. P. Heydenburg, 
Phys. Rev. 104, 967 (1956). 
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Fic. 6. Neutron time-of- 
flight spectrum obtained 
from samarium oxide target. 
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g/cm*, Natural samarium has seven isotopes. The 
resonances at 0.096 ev, 0.86 ev, and 4.9 ev have been 
identified with capture by Sm. The resonances at 
3.4 ev and 8.2 ev are due to Sm!’ and Sm", respectively. 
Figure 6 shows the neutron time-of-flight spectrum 
obtained. Pulse-height spectra of transitions in Sm!” 
were taken with the time gate in positions B, D, and E. 
The results are shown in Figs. 7, 8, and 9. In each case 
transitions of 340+10 kev and 440+10 kev were 
present. The broad maximum at 150 kev is attributed 
to backscattering of these radiations. The 340-kev line 
is probably the gamma ray observed in several Coulomb 
excitation experiments*!~” as well as in the decay” of 
Pm?”, and has been identified as a transition from a 2* 
first excited state to ground state. The two gamma rays 
together with many of higher energy, have been re- 
ported by Ad’yesavitch et al.’* in thermal neutron 
capture, which is dominated by Sm™. Internal con- 
version electrons from these gamma rays following 
capture of thermal neutrons have been observed.'! The 
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7. Pulse-height spectrum of gamma-ray transitions following 
neutron capture in Sm!” at resonance energy 4.9 ev 


1N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
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latter data suggest an /2 character for both gamma 
rays. 

The detector time gate was set in position C, Fig. 6, 
to detect transitions in Sm'*. The pulse-height spec- 
trum, given in Fig. 10, shows a prominent photopeak 
corresponding to a 565+10 kev gamma ray. The 565- 
kev transition agrees in energy with that of a 2+ to O* 
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Fic. 8, Pulse-height spectrum of gamma-ray transitions follow 
ing neutron capture in Sm! at resonance energy 0.86 ev. The 
maximum at about 150-kev pulse height is attributed to backscat 
tering of the 340- and 440-kev gamma rays by the surroundings 
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Fic, 9, Pulse-height spectrum of gamma-ray transitions follow 
ing neutron capture in Sm! at resonance energy 0.096 ev. The 
maximum at about 150-kev pulse height is attributed to backscat 
tering of the 340- and 440-kev gamma rays by the surroundings 
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Fic. 10. Pulse-height spectrum of gamma-ray transitions 
following resonant neutron capture in Sm’, Resonance energy 
is 3.4 ev. 
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hic. 11, Pulse-height spectrum of gamma-ray transitions following 
resonant neutron capture in Sm'™ at 8.2 ev 


first excited state to ground-state gamma ray emitted 
after Coulomb excitation.”""* The shape of the high- 
energy side of this photopeak suggests the presence of 
unresolved gamma rays of lower intensity. 

Results of the intensity measurements of the indi- 
vidual Sm capture gamma rays are given in Table I. 
Ad’yasevitch et al." list the intensities of the 340- and 
440-kev gamma rays observed in thermal capture as 38 
and 33 photons per 100 neutrons captured, respectively. 
The present measurement is in good agreement for the 
440-kev gamma ray. For the 340-kev line the present 
result is higher by a factor of two. Larger errors are 
assigned to the intensities measured at the 4.9-ev reso- 
nance because of difficulty in ascertaining the con- 
tribution of the 8.2-ev resonance. 

Figure 11 shows the pulse-height spectrum obtained 
with the time gate in position A, Fig. 6. No clearly 
resolved gamma rays from Sm'™ with energies between 
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5249 
56+14 
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Z even, N odd 
625m <10 for 


E, = 600 kev 


no distinct 
lines observed 
200 kev <E 
<600 kev 


200 kev and 600 kev were observed. The maximum at 
about 130 kev is too broad to be interpreted as a single 
photopeak. It may correspond to several unresolved 
gamma rays. Experimental conditions were such that 
at 200 kev, transitions of intensities greater than 5 
photons per 100 neutrons captured would have been 
observed, while at 600 kev the corresponding intensity 
would have been 10 photons per 100 neutrons captured. 


IV. DISCUSSION 


Upon examination of the results listed in Table I, the 
following statements can be made. For four even-even 
final nuclei, gamma rays of high intensity (~50 per 
100 neutron captures) are present. For the even-odd 
nucleus, Sm', no resolved transitions were observed 
in the region 200 to 600 kev. 
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In the normal theory of stripping reactions it is assumed that the outgoing nucleon comes from the 
incident deuteron. It is well known that this is not strictly justified (although it may be a good approxi 
mation in many cases) because of the need in principle to antisymmetrize the total wave function. This 
paper discusses the process of stripping with nucleon exchange that appears when the antisymmetry is 
taken into account. With the help of simplifying assumptions, expressions are obtained for the exchange 
amplitude in a direct transition between initial and final states of the system. The relation of this treatment 
to a theory involving compound nucleus formation is discussed. 


I, INTRODUCTION 


T is well known that the theory of stripping reactions 
developed by Butler,! though remarkably successful 
in describing the main features of many such reactions, 
does not by itself account for all that happens. In some 
cases the characteristic peaking of the angular dis- 
tribution of outgoing particles in the region of small 
angles, demanded by Butler’s theory, does not occur at 
all in practice. More usually, however, there is observed 
an angular distribution which has a general similarity 
to the Butler curve for the relevant energy and angular 
momentum transfer, but with the property that an 
appreciable intensity of outgoing particles takes place 
at the more backward angles for which the theoretical 
stripping intensity would be vanishingly small. The 
natural inference is that the stripping mechanism is also 
accompanied by a certain amount of compound nucleus 
formation, which will lead in general to a more or less 
isotropic angular distribution. A difficulty with this 
explanation is that the compound nucleus process ought 
to be incoherent with the stripping process if many 
overlapping levels of the compound nucleus are in- 
volved; and at the high excitations typical of stripping 
reaction energies this would be a normal condition. 
Experiments have, however, shown’* the occurrence of 
broad resonances in (d,p) excitation curves which are 
very much more pronounced when measurements are 
made at the forward peaks of the angular distributions 
than at the minima. This suggests interference between 
the stripping amplitude and a second amplitude which 
exhibits resonances at various deuteron energies. The 
theory of pure stripping of course gives a monotonic 
variation of cross section with energy. 
The purpose of the present paper is to discuss an 
enlargement of stripping theory to include the exchange 


of a nucleon in the deuteron with a nucleon inside the 
target nucleus. This process can be considered as a result 
of the complete antisymmetrization of the wave func- 
tions involved in the collision process. Although in 
principle this antisymmetrization and its consequences 
must always be considered, its physical importance will 
depend on the likelihood that the exchanging nucleons 
shall interact with each other. Since this depends on the 
possibility of an overlap of their wave functions, an 
exchange contribution to the reaction process will be 
important only if both nucleons in the incident deuteron 
(and not merely the nucleon being captured) come 
close to the target nucleus. Regarded in these terms, 
therefore, an exchange contribution to the stripping 
mechanism is a rather specific means of introducing 
something equivalent to what is normally thought of 
as compound nucleus formation. The Butler formulation 
of stripping theory specifically discards this exchange 
contribution, by taking it for granted that the outgoing 
nucleon in the final stage of a stripping process was 
originally contained in the incident deuteron. 

One feature of the present treatment, which marks 
it off from a compound nucleus picture, is that it 
invokes no specific properties, such as angular momen 
tum, parity, and characteristic energy, of the inter 
mediate state, It speaks instead in terms of a direct 
transition from an initial state of two colliding particles 
to a final state of two separating particles. Under the 
conditions that normally hold in the study of stripping 
reactions, this approach seems to be rather reasonable, 
since the lifetimes of any intermediate states are almost 
certainly very short, the overlapping of levels is con 
siderable, and an expression of complete ignorance con 
cerning the intermediate stage is not far from the truth 


in most cases. 


II. TOTAL SCATTERING AMPLITUDE IN A STRIPPING REACTION 


Qur presentation of the problem will have much in common with the formulation due to Gerjuoy,* who analyzed 
and related the various treatments of what we shall call normal or ‘‘direct” stripping. We first consider a plane 


wave of deuterons incident upon a target nucleus consisting of a 


1S, T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


‘core”’ together with a single nucleon which we 


2 Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 (1955) 


4 J. B. Marion and G. Weber, Phys. Rev. 103, 167, 1408 (1956). 
‘ E. Gerjuoy, Phys. Rev. 91, 645 (1953). 
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shall assume is the one involved in a possible exchange process. Let us for definiteness assume that we are concerned 
with a (d,p) reaction, so that the single exchangeable nucleon in the target nucleus is a proton. We then admit 
the possibility that the outgoing proton may have come either from the deuteron or from the target nucleus 
itself. We shall label the protons in such a way that proton 1 is always the one which is unbound in the final state. 
The wave function of the residual nucleus can thus be written as ¥,(2,n,c), where 2 refers to the proton that is 
bound in the final state, n refers to the captured neutron, and c refers to the core of the target nucleus. (We 
assume that the core suffers no internal rearrangements as a result of the reaction.) The scattering amplitude for 
the (d,p) reaction is then given by 


A= lim rem **! “y*0() fv." Qne)¥ (12ne)d2dnde, (1) 


ry) 


where W is the total wave function of the system, and x,’ is a normalized proton spin function belonging to total 
spin 4 and z-component o,;’. (Where necessary, primes are used to distinguish symbols referring to the configuration 
after the collision.) The vectors 1, 2, n, and ¢ represent the total space and spin coordinates of these particles. 
The complete Hamiltonian of the system is 
H=Ty+T2t Tit Vnct Vict V2et Vint Vent Vie, (2) 

where 7 refers to the various kinetic energy operators and V to the interactions. (We assume the core to be 
infinitely heavy.) The Hamiltonian for the residual nucleus r is 

He=TeAT ait V nct Viet V on. (3) 
Thus 

H=He+T + Viet Vint Von. 


We also have the eigenvalue equations: 


HV = EW, 
Hw,= EW. 
These, together with Eq. (4), give 


(7,—(E-E,) | f ¥.%(2ney¥ (12ne)2ande - fvr2ne\CVict V int Vie W(12ne)d2dnde. (7) 


By a procedure similar to that of Gerjuoy, it can be shown that this leads to the following asymptotic form 
for A: 


1 /2M 
A(m;) ( ) fe ter riy (gi, *(2ne)[ Viet Vint Vie |W (12ne)d1d2dnde, (8) 


h? 


tar 


where M is the mass of a nucleon, and n, denotes the direction of k,. 
Now W can be written in the form: 


V(12nc) =V4( Inet #4 ty (2c) +-(12nc), (9) 


where ® is everywhere outgoing. ~a(In) is the internal wave function of the deuteron and y,(2¢) is the wave 
function of the target nucleus. Now this form of ¥ is not antisymmetrical with respect to interchange of protons 
1 and 2. We therefore write 


WV (12nc) = pal Inet #4 ty, (2c) —pa(Qned 4 (ety (Le) +-(12ne). (10) 


his, together with (8), gives the required antisymmetrical form for A, since it can be shown that it is unnecessary 
to antisymmetrize the final wave function ¥,(2n) exp(ik,-1,) as well as V. 
In the Born approximation, we neglect the contribution which ® makes to A, so that we have for the total 


1 2M 
A(n;) = - ( ur Gi, (11) 
4 \ he 


hk fe mrt *' (gi h,*(2ne)[ Viet Vint Vie Wal Impet #4 (ty) ,(2¢)dld2dnde, (12) 


scattering amplitude: 


where 


G fe Mr riy 0 (gi ,*(2ne)[ Viet Vint Vio Wal2med #4: tty (1e)dld2dnde. (13) 





NUCLEON EXCHANGE 


The outgoing proton intensity is then simply | A |*. It is easy to show that we may write 
V 16 Vacet V ne, V in Viaact V on, (14) 


without introducing any further approximations, although we shall not in fact make use of these relations in 
the present treatment. 

We shall ignore the contribution to F and G produced by the V,. interaction, thus assuming that pretons 1 
and 2 interact with each other only indirectly. F and G can then each be split into two terms arising from V;, and 
V1, separately. Thus: 

FHF yytF i, G=GintGie. (15) 
We shall consider these four terms separately, assuming an infinitely heavy target nucleus in each case so that 
center of mass corrections can be neglected. 


Ill. EVALUATION OF G,, 


In this section the following notation will be used : Cj,j2( jms; mym2) is a Clebsch-Gordan coefficient as defined 
by Blatt and Weisskopf*; f(r) and g(r) are the normalized radial wave functions of bound proton and captured 
neutron, respectively, in the nucleus; x,’ represents a normalized spin wave function characterized by a total 
spin s and its z component o. The total angular momentum j of any system or subsystem is composed of orbital 
angular momentum / and spin s, the z components of these three quantities having quantum numbers m, \, and o, 
respectively. Suffixes will be used to identify parts of the system as follows: 1—a proton initially bound in the 
target nucleus and subsequently ejected from it; 2-—the proton initially bound in the deuteron and subsequently 
captured by the target nucleus ; »—the neutron contained in the deuteron; d—the deuteron, ¢—the target nucleus, 
r—the residual nucleus; c—the “core” of the target nucleus, depending for its description upon all the nucleon 
coordinates apart from those of 1, 2, and n. 

Gi, can be expressed as the sum of a number of terms depending upon the s-component angular momentum 
quantum numbers defining the initial and final states of the whole system. Thus: 


Gia= > Gy,™maimran’ (16) 


mimamyoy" 


We now expand the wave functions for the target and residual nuclei in terms of the complete set of simultaneous 
eigenfunctions of the total angular momenta and their z components, for the component parts of these two nuclei 


wi™(Le)= So Cay(Jumi; Aroi)Cirve(jeme; mym.)xy""(SiWie™(€) f(r) Vr(Qy), (17) 


mimedioi 


v™(2nc)= > DL Cink (Jamin Ann’ )\Cindc(JncMncs Mame \C oh Juma; Ava’ )Cincial JrMr; Mn M2) 


Mrememnme’ Andon’ ar’ 


x47? (82) x47" (Sn)Wier™ (€)f'(r2)g'" (Hn) V tn*(Mha) V in(Men). (18) 


We have here assumed 7 coupling, and have supposed that » and ¢ are first coupled to give the subsystem nec, 
which then couples with 2 to give r. 
We also have 
V4"4(2n) = ; Cys (Jama; 20 n) x47"! 82)x4°" (Sn )balPon), { 19) 


729" 


where ¢a(r2,) is the spatial part of the internal wave function of the deuteron. Using (17), (18), and (19) in Eq 
(13), and the usual orthonormality relations between the various spin wave functions, we obtain 


Gin™™d ror’ = D~ Cy (Gama; 20 nC (jim; Ayo )Cirvie( J eme; mum )Cind(jnMn§ Anon) 


MiMeMnMeMne AihaAngWn 


XK CindeljncMne; MemM,)C oh ( JyMe; Ao2)C i nciol J -Mr; MncMe) 


x fe iki tif *la(79)9*!™(7,,) V ig**2(Qe) Vin *(2,) Vi ned #4 rattn haley) f(r, ) Vi (Q))dridrdr,, (20) 


In order to separate the integrations over dr,, dt2, and dr,, we make the assumption that V,, is of the form 
Vin = Vob(11,F,,) (21) 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), p. 789 
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where 


5(r;,%,)=0, (18x); J eeutodeie=t, (fin=Pi—Tn). 


—# 


We also introduce Hulthén’s form® for @a(ren), viz. : 


1 
ba(Ton) = B-—e~ a" (1—e-Prm), 


Ton 
where 
1fa(a+) (2a+ 8) }! 
B- |. 


B 2nr 


This can be expanded in terms of spherical harmonics of the angles 22 and Q,, as follows: 
4nB a +1 ; : 
alton) = EE Muylars)K yarn) —Liy sl (at+A)re]K ys (atB)rn VV M22) V (Q_). (23) 


(ro,)4 b=OK= I 
r 


1<7n 


I(ar) and K (ar) are Bessel functions of imaginary argument as defined by Watson.’ Using Eqs. (23) and (21) in 
(20), and denoting the product of the seven Clebsch-Gordan coefficients in (20) by the symbol J] C;*, we have 


, oy! ’ . . . . , 
GG," l'= G,,,™ma mre ja — (7, ,, emda; Mra satB (24) 


< : : T i44(are) 
Gynt mre ja ir B > > > Il cy f sme) ehika #2V 1y*42(Qo) V (Qe) dre 
j 


MIM IMoMe MuerirArn aranld Ts 


K 44 (arn) 

x fetinira) f(r) ' eK mV (0,)Viy'(Qe,)V(Q,)drn, (25) 
Tn 

where 


K= }$ki—ky. 


The products of spherical harmonics of the same argument may be expanded as sums of single spherical harmonics 
as follows: 


(Qn+1)(2h+1) 
4n(2L"+-1) 


) 
| Cin (LO; OO)Ciny (Lr, ~An; At, —\n)Vie™ (Qn), (26) 


Vin®*(Q,) Vi(Q,) = ( m5 | 
ry 


(2L""+-1) (214 


1)}! 
V p(0,) VP (Qy) = ( »»| | Cp (L'0; OO)C pr ( Ly — An Vj AH Any A) V POD), 
Ll 


(27) 


4n(2L’+1) 


(2l,+-1)(2/+-1) 


V ty*92(Qe) V (Qe) (- ja z| 
L 4n(2L+1) 


4 
| Cryt( LO; 00)Cit(LA2—d 5 Aa, —A)V 1 ** (D2). (28) 


Also we can expand the two plane waves along the direction of K: 

ebika ta Spy deri” jp(ARafs) V p?(Q2) V p*?(ka,K), (29) 
[where (ky,K) is the angle between ky and K}, 

eK ts Sp [ 4r(2P’+1) |’ jp (Kran) Vp (Qn). (30) 
Using Eqs. (26) to (30) in (25) and making use of the orthonormality properties of the spherical harmonics, we 


*L. Hulthén, Arkiv. Mat., Astron. Fysik 28A, No. 5 (1952). 
1G. N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge University Press, New York, 1944), Chap. 3 
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have 
- . (21+-1)?( 21; +1) (2de+-1) (21,41) 7! 
Gin ™momrer'sa= de BV 5 + > =.= (yearn | Tc)" 
MiMiMaMeMne Aida2ARA C19010n LLL'L"” (2L+ 1 ) 


XCiah(L"0; OO)C 1 (L'0; OO)Ciat(Lo; OO)Cinn (Lr, . Ae ; At i” An) 


i T i44 (are) 
KC ri ( Lr An—Aj Ar An, ACU LALA; Aa, ») frm jr(hkare)redrs 


r2 


K i44(arn) 
x f emir) f"(r,) ju(Kra)retdrnY 1***(ka,K). (31) 


Tr 
This equation, together with (16) and (24), gives the required expression for Gi,. 


IV. EVALUATION OF G,, 


We now consider the scattering of the emitted proton by the core of the nucleus. This implies that the state 
of the core will be changed in the collision process. It will be assumed that this change of state is associated with 
only one of the nucleons composing the core, and we label this nucleon by the suffix v, the rest of the core being 
denoted by £. We can write ¥j,™(c) in terms of the simultaneous eigenfunctions for £ and v, thus: 


Wie™(e)= DS Cualjome; Aror)x47"(8, hk" (r,) Vt,*(Q, po" (E) ; (32) 


Avy 
we have here assumed that the nucleons included in & are combined so as to give a state having a total 7 of 
zero; this is therefore a special assumption (made in the interests of simplicity) which will not be generally ap- 
plicable. For the residual nucleus we can in this case write: 


vie (C)= DS Cu's(j'me; dJo,')h"" (r,) ¥,*(Q,)Wo(&). 


hy’o,’ 


(33) 


The total wave functions for the target and residual nuclei can therefore be written: 


ve™(Le)= SYS Cas(jumi; Aro) Ciric( Jame; mum. )CLA(j Me; Avr) x47! (81) x4" (8) Wo? (E) 
mimediry Tidy 


K fan )ho(r, )Vy(Q)) Vi)(Q,), (34) 


y,™(2nc) > YY Cras (Gamnj Anon’ )\Cinie’(JneMnes mam,’)\Cis(jome; 209')Cincia(JrMr; MncM2) 


MaMnMneMe’ Aadrndry’ O2'an' oy’ 


XC (fem s Avo’) x472( 82) x4" (8) x4 (Sn) Wo (E) f2(ro)g (rn dh'” (7,) V o* (Qe) Vinr*(Q,) Vu" (Q,). (35) 


Using Eqs. (19), (34), and (35) in (13), together with the various orthonormality relations between the spin 


wave functions, we obtain 


Gimrerrer’ = > a pi D Cy (Gama; ern) Cus (jimi; Aran )Cirviel Jame; mum. )CLA( J Me; MA») 


MiMaMn MeMe' Mine \idtAnAAY’ Crd ney 


KCint(JnMnj AnOn)Cinic’(JncMne; Mam-')Clay(jome; A22)Cincia( J rMr; Mn-M2) 


KC's (j'm,’; mis) fe ims 11 f¥la(79) g¥ln(y, AP!’ (7,) V 1o**8(Q2) Vin (2) Vi, (22) 


KV cebike atm ba (ton) f(r h(n) Vay (Qi) V1 (Q,)dridede,dr,, (36) 


and = 
Giu= | G,,memaimran’ (37) 


mymamra\’ 


We now write: 
Vie= U6(r1,8,), (38) 


where 


6(r,1,) (r,Ar,); Jf sonddn, =1-(r},=1r,—F,) 


—H 
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Again using the expansion for @a(re,) given in Eq. (23), and denoting the product of the nine Clebsch-Gordan 
coefficients in (36) by [] C/*, we have 


G,.™m4i mroy’ Gy ,memai mrai’; a Gy memd; mai’; at 6 (39) 


G,memamre'iemigBU, 82 Zs » Ic fe tee rip lo’ (ry )h'e(1y) f" (11) Vy” (Qh) 


M\MaMnM Me’ Mune hidsdndpry’ Granaylh 


Ti44(are) 
x Vi,?*(Q;) Vun(taydes fob " f*"*(r9) V ***(Qs) Vi (Qs)dry 


ry) 


Ki,,(arn) 
x fom tn gt (7, ) Vin *(Q,)VOr(Q,)dtn. (40) 


Tn 


We again express the products of spherical harmonics of the same argument as sums of single harmonics, and 
expand the three plane waves, this time along the direction of ku: 
(21,41) (21,’+1) 


j 
| Crt,’(LO; OO)CL (LA, —o' 5 Ay, —Ae) VO" (Q)), (41) 
4m(2L+1) 


V1, (1) Vi*(Mh) =O | 
L 


(2L+1)(2h+1) 
1 


j 
Cry (L’0; OO)Cry(L’0y— Ay +A Av mA’, A) V1), (42) 
4n(2L'+1) 


Vo (9) Vay(2y) 


(214-1) (2l,+-1) 


' 
| Cri(L'’0; OO)Cit(LA2—A 3 Aa, —A)V 1? (Qh), (43) 
4 (21 +1) 


V in**(Qo) V (Qe) 


V1,” "(2,) V i** (Qa) 


ete 
L 


yy 
Cintl(L'0; OO)C inte AnD 5 AWA) V 17799 (0,,), (44) 
49 (2L'" +1) 


eet th Sp, 4ar(— i)? jp( Ris) V p*? (Qi) Vp? (ky, ka), (45) 


ehika tam 5 p[ 4r(2P! +1) MP” jp: (Share) V p?(Q2), (46) 


eb ika tn SF pf 4ar(2P +1) iP” jp (Rat n) V p(Qa). (47) 


Using Eqs. (41) to (47) in (40), together with the orthonormality relations for the spherical harmonics, we obtain 


Lael ele he le lal 
_ 
mimemMamMeme' tine idpry’ereney DALL'L”'L'” 


G,.memarmras’ «a 4n BU gy i > 


[= 1)?(20;+1)(2lo4+1) (21,41) (21,41) (21,’+1) 
x 

(2L'+1) 
K Cro L"0; 00)Ci,0(L0; OO)C (LAY Ao! 5s Ay, HAS) Cen (LA, — Ay’ +A; Avy’, Ad) 


; 
(TI Cfh9C117(L0; 00)Ciy(L’0; 00) 


KCii(L"0; A, —A)C1,(L0; A,r) fae (rhs(rn) f(r) jue an rit 


Ti, (are) K y44(arn) 
x f irr) je(Sharstrs | g(r) j ju kata) tdr nV p> (Kika). (48) 
Tn 


r,) 


This, together with Eqs. (37) and (39), is the required result. 

It can be seen that |G,.|? will not have such a strong angular dependence as |G,,|?, since in Eq. (48) there is 
no analog of the factor j,'(Kr,) in Eq. (31), which varies rapidly with the angle (k,,k,) because of the change 
produced in K. Rough calculations using Eq. (48) suggested that |G,.|* tends to be fairly isotropic in practice ; 
at worst it contains only spherical harmonics of low order which give rise to an angular distribution not unlike 


those produced through compound nucleus processes, 
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To obtain the total exchange intensity, we have from Eqs. (11), (15), (16), and (37): 


1 2M\? 
A(n)|*=( ) 1 Sl Gigmemaimran’ 4G, mama moran’) | 2 (49) 


4n hh? mymamray’ 


Since the final state of the system can be expressed in terms of the complete set of eigenfunctions describing the 
initial system, the cross terms in Eq. (49) belonging to different sets of the quantum numbers m,, ma, m,, 0, 
cancel out, so that we can write this equation in the more tractable form: 


12M\? _ 
hain rat ) EH [Gigmemeimren’ Gi, memarmren’ | 
4n hh? 


memamyoy’ 


V. EVALUATION OF |F;,.|* 


Both F;,, and F;, have been considered by a number of workers, the theories of Butler! and of Bhatia eé al." 
being concerned with the former, and the modifications introduced by Horowitz and Messiah,’ Francis and 
Watson,” Tobocman,!! Grant” and others taking into account the additional contribution from /’;,. It is however 
of interest to re-evaluate the ordinary direct stripping intensity using as nearly as possible the same approximations 
as those used in obtaining the expression for G,, in Sec. IL] of the present paper. This enables a rough estimate to 
be made of the ratio of the cross sections for the direct and exchange processes. 

Since the states of the nuclear “core” and proton 2 are unchanged by the direct collision process, we shall not 
need in this case to expand the total wave function describing the target nucleus in terms of eigenfunctions of the 
constituent subsystems. We merely replace ¥,(2c) by ¥i,(2e) in Eq. (12). Now for the direct process: 


vem (2nc)= SY Cink (Jann; Anon’ \Citin(Jrmr; MeMn) xy (Sn)Pir™ (Ze) g(r 9) Vin” (Qa). 


mndrnon’ 


wa4( In) = > Cy (Jama; 1F n) x4" "( 81)x4""( 8,)dalTin). 


719% 
Using these two equations in Eq. (12), we obtain 


Fy,memaimron’ = S$ Cy (fama; oy an)Cins (jnMnj AnOn)Civin( jrmr; Mem) 


mndnon 
x fe iki -tig*ln(y,) V1, * "(Qh ) Vy ned he tt ha (71,)d tide. 
With Eqs. (21), this gives 
F,,memaimror' <= Vobal(O) SY Cyy( fama; ov'on)C ini (JnMnj Andn)Civin( jrmr; mum,)W(A,), t 


WindnOn 


where 


W (A,) fe ik tig®ln(y,) V1,*"(Q),)dry, 


and 
k 7 ky k, 


Then 


lFinl|?=VoerLoa(0) ]? > 0 i D> Cay (fama; 1a n)Cins (JGnMnj Anon)Citin( jm,; mem,) 


TnOnrndAn MnMn mMimamra,’ 
mae - 
KC yy (fama; oy En)Cins (Jans AnFnCiun(Jrmr; mah, )WAW)W*(A,), (56) 


the bars denoting quantum numbers associated with F,,*. The sum rules for Clebsch-Gordan coefticients give the 


* Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952) 

J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 695, 731 (1953 
0 N. C. Francis and K. M. Watson, Phys. Rev. 93, 313 (1954), 

'!W. Tobocman, Phys. Rev. 94, 1655 (1954 

217. P. Grant, Proc, Phys. Soc. (London) A67, 981 (1954); 68, 244 (1955) 
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relations: 
7 ee ; 2jat1 
DL Cy(jama; oso n)Cyy( Jama; 016») =— 


maoy! 


5(On,Fn), 


2jr+1 


> Citin( jrm,; mem,)Cjtjn(jrmr; mmM,) = 5(my,Mn), 


mrme jn 

2jint1 2 
AnyAn)- 

21,+1 


YS Cint (Jan j AnTn)Clnb (J nMn; Ann) > 


MrnIn 


These, together with Eq. (56), give 


a — 2jatl 2j,+1 
| '[ a(0) P ¥ ——— 
2 2na+1 


An n 


[Fin|? W (dn) W*(X»). 


Expanding the plane wave in W (A,,) along the direction of k, we have 


> [49r(21 + 1) Ji! j,(krs) Y (QM). 


ik-r) (59) 


P 
Thus 


2 


| Fin | 2 == Qe VoL a(O) }?(2ja +- D(airtn)| f ehieajMtbrdntir ° 
| 


(60) 


It should be noted that the expressions in Eqs. (58) and (60) above, and the corresponding expressions for |G|?, 
are all to be divided by the factor (2j4+1)(2j,4-1) if the cross section evaluated as an average over the initial 
spin states is required. The familiar statistical weight factor in the direct stripping cross section may then be 
recognized, 

The internal motion of the deuteron has been partially ignored in Eq. (60), whereas in the evaluation of Gi, 
it has not. Since we shall be concerned to compare the probabilities of direct and exchange processes, the insertion 
of a correction factor in | F;,|? is properly called for. At the peak of the normal stripping curve we shall postulate 


a correction factor y* given by™ 
K,?+a’\? 
y*= ace n> ’ 
K 2+a? 


where Ko, K, are the values of |4ky—k,|? at 0° and at the peak of the | F,|? distributions, respectively. y* then 
corresponds to the usual factor resulting from internal motion of the deuteron in the theory of direct stripping. 
It also seems more realistic to assume that the interaction concerned in producing the stripping reaction becomes 
effective at a distance about equal to the range of nuclear forces. To give approximate expression to this idea, 
we replace @a(0) by da(ro) in Eq. (60), where ro= 1.5 10-" cm. Thus finally we put 


(61) 


(62) 


kK ‘” + a 


Ki?+a’*\? ; : | , {* 
| Fin|? 2e( nee ) VoL alto) }(2ja+1)(27,+1) ferscraaeterdrta : 


VI. DISCUSSION For the purposes of the present treatment, in which the 


Equations (31) and (62) provide a basis for com exchanging proton is assigned to a definite orbital 


paring the properties of direct and exchange contri- state in the target nucleus, it seems more reasonable 


to multiply the exchange amplitude by the number of 
equivalent protons for the transition considered. (One 
can, of course, envisage a more elaborate treatment of 
the problem in which one uses the complete wave 
function of the target nucleus throughout, instead of 
arbitrarily dividing the nucleus, as we have done, into 
one odd particle and a “‘core’”’). 

One of the main questions of interest is the relative 
magnitude of G and F, and it is by no means obvious 


butions to stripping processes under the assumptions 
that we have made. One important feature has, however, 
been omitted in our discussion of the exchange process. 
It has been pointed out by Lane" that, if there are Z 
protons in the target nucleus, then the value of |Gi,|? 
for a (d,p) reaction should be enhanced by a factor 7? 
over the value obtained assuming that only one of these 
protons can exchange with the proton in the deuteron. 


18 We should strictly include some terms involving 8 (see refer 


ence 1), but their effect on 7? would be very slight. 
4 A.M. Lane (unpublished, 1955), 


that exchange will be of negligible importance, as is 
often assumed. It is difficult to generalize on the basis 
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of an equation as complex as (31), but it may be noted 
that an exchange process will (granted the assumptions 
underlying our calculation) be encouraged if /,= 1), i.e., 
if the captured neutron enters the same shell as the 
exchangeable proton. The extensive recoupling of 
angular momenta in the exchange process will evidently 
tend to discourage it, as will the limited amount of 
overlap in the radial integrals appearing in G,, and G¢. 
There is little doubt that the direct reaction amplitude 
will exceed the exchange amplitude in any case where 
both are possible. On the other hand, it may happen 
that restrictions imposed by conservation of angular 
momentum will render a direct stripping process impos- 
sible in circumstances that do not rule out exchange. 
Indeed, it was the recognition of this as a practical 
possibility in a particular reaction—-B!°(d,p) leading to 
the first excited state of B''—that led to the present 
investigation. The detailed calculations (reported 
separately'®) for this case indicate that one may have 
an exchange stripping cross section that is of the order 
of 10% of a direct stripping cross section under com- 
parable conditions. 

Reference must be made to the work of Grant!’ and 
of Madansky and Owen!® who have approached this 
same problem in different ways. Grant makes the 
formal separation of the reaction amplitude into direct 
and exchange terms, as we do, but proceeds to identify 
the exchange part explicitly as a compound nucleus 
effect. This is then evaluated in the normal way as a 
transition through an intermediate state, but the 
properties of the intermediate are suppressed through 
summation over all possibilities. The final result is an 
angular distribution whose form is essentially similar 
to G,, of the present paper [ Eq. (48) |, being dominated 
by spherical harmonics of fairly low order. Madansky 
and Owen, on the other hand, concentrated on a simple 
and ingenious treatment of a true stripping process in 
which the roles of the deuteron and the target nucleus 
are interchanged. This then corresponds to our exchange 
process, in that the outgoing nucleon is assumed to 

16 N. T. S. Evans and A. P. French (to be published). 

16. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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come from the target nucleus, but from the way in 
which the problem is formulated by Madansky and 
Owen it necessarily follows that their angular distri 
butions are in general peaked towards the backward 
direction with respect to the incident deuteron. The 
treatment in the present paper, on the other hand, will 
give peaking in the forward direction. ‘To this extent 
the two methods (both of them approximations) may 
perhaps be regarded as complementary. Both types of 
peaking seem to occur in practice. 

It is hardly necessary to stress the drastic nature of 
the simplifications in the present treatment. The main 
aim has been to draw attention to the general features 
of an exchange contribution to stripping reactions, 
namely the possible combination of a forward peak, 
rather similar to that of a conventional stripping 
process, together with a more or less isotropic angular 
distribution of the compound nucleus type. As has been 
pointed out by Thomas," there is no clear division of 
nuclear configuration space into separate regions be- 
longing to compound nucleus and to surface transfer 
processes. Peaslee,'* in his review of nuclear reactions 
at intermediate energies, similarly emphasizes that 
features of the optical and the statistical models, repre- 
senting two extremes, will both normally appear in 
some compromise form in actual reactions. ‘The present 
treatment of a (d,p) or (d,n) reaction as a combination 
of direct and exchange processes is one way of realizing 
such a synthesis, 
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The Minnesota 16-inch double-focusing mass spectrometer has been used to measure a series of mass 


doublets which enable one to calculate the atomic masses of H', C", and S®. The doublet 4C,H,O 


HO» 


is used to relate the C’ mass directly to that of the O' standard. Recent tests of the instrument and its 
calibration give confidence in the reliability of the present results. The resulting mass values are H! 
= 1,008 145142, C= 12,003 815644, and S*® = 31.982 2388+9 amu. These values differ from the previously 
reported results by more than the published errors might lead one to predict. However, in no cases do the 


changes reflect a significant change in previously published atomic masses. 


INTRODUCTION 


ECAUSE knowledge of the masses of the secondary 

standards H', C, and S* is essential in the meas 
urement of atomic masses by the doublet method, these 
masses have been the subject of numerous investiga- 
tions.' In particular, the C'’ mass has been measured 
using a variety of mass-doublet combinations in an 
effort to resolve previous inconsistencies. Most in- 
vestigators now agree upon the essential correctness 
of the recently published result.’ 

These secondary standard masses were among the 
first measured using the Minnesota 16-inch double- 
focusing mass spectrometer. In the nearly two years 
that has elapsed since these results were obtained, the 
instrument has been to determine the atomic 
masses of all isotopes of all elements from boron to 
zinc.2-* During this period improvements have been 
made in the technique of instrument calibration and on 
the spectrometer focusing procedure. 

Therefore, to test the long-term reproducibility of 
our results and to examine the effect of the various im 
provements upon the mass values, we have remeasured 
certain doublets and measured a new one which enable 
us to calculate new values for the atomic masses of 
H', C®, and S®. It is somewhat encouraging to note 
that these new values deviate only slightly from the 
earlier results, and that in no case does the change 
reflect a significant change in previously published 
atomic masses. 


used 


INSTRUMENT CALIBRATION 


The technique used with our mass spectrometer re- 


duces the measurement of a mass difference to the 


t Research supported by the joint program of the U. 5. Atomic 
Energy Commission and the Office of Naval Research 

*Now at the University of Pittsburgh, Pittsburgh, 
sylvania 

t National Science Foundation Fellow, 1954-1957. Now at the 
University of Chicago, Chicago, Illinois 

' For a summary of earlier work, see Duckworth, Hogg, and 
Pennington, Revs. Modern Phys. 26, 463 (1954) 

? Quisenberry; Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 

'Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 

‘Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 

°C. F. Giese, Ph.D. thesis, University of Minnesota, Minne- 
apolis, Minnesota, 1957 (unpublished) 
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determination of a resistance ratio.” The exact disper- 
sion relation is 


AM/M=AR/R, (1) 


where AM is the mass difference, M is the mass of the 
lighter of the two doublet members, R is the resistance 
in the circuit when the instrument is focused on mass 
M, and AR is the resistance change required to shift the 
focus to the heavier doublet member. An accident early 
in 1956 destroyed several of the precision resistors used 
in AR and their replacement stimulated considerable 
improvement in both the physical construction of the 
resistance unit and in the calibration technique employed. 

All the precision resistors are now mounted inside a 
Lucite box, through which temperature-controlled air 
is circulated. The air system is closed so that the tem- 
perature controller holds the air temperature to 
+0.05°C at the more important resistors. All parts are 
mounted to eliminate (as far as can be detected) 
harmful leakage resistance. 

The sensitivity of the calibration has been improved 
to the point where the ratio between two individual 
resistances can be reproduced to within 1 ppm. In the 
over-all combination, however, uncertainties do enter, 
and we estimate the ratio AR/R is calibrated to an 
accuracy of 10 ppm or better for any ratio in the range * 
used, 


CALIBRATION TESTS 


Perhaps the most sensitive test of the exactness of 
the instrument dispersion relation, Eq. (1), is the 
direct measurement of the H' mass. This is done by 
using a “doublet” whose heavier member differs from 
the lighter member only by containing one additional 
hydrogen atom. Thus, such a doublet involves ions of 
two adjacent mass numbers. This test has been applied 
periodically during the past nine months and the aver- 
age of 24 runs gives H'=1.008 1443+-13. (Throughout 
this paper each error listed refers to the last significant 
figure of the particular result.) The error given is the 
statistical standard error only and does not include the 
resistance calibration uncertainty. It should be men- 
tioned that, because of the interrelation between the 


way the resistors are combined in the resistance- 


1664 





ATOMIC MASSES 
calibration procedure and in these wide-doublet meas- 
urements, certain calibration errors cancel. Hence, the 
over-all resistance calibration uncertainty for these 
wide-doublet measurements is reduced to about 5 ppm. 
It is interesting to note that the relativistic correction 
to these measurements is +1 ppm. This correction has 
been included in the result stated above. 

The good agreement between the value obtained and 
our final H' mass of 1.008 1451+-2 amu suggests that 
the dispersion relation is correct to at least 2 ppm. 
However, the uncertainties present in the over-all re- 
sistance calibration force the inclusion of the calibration 
uncertainty error, 10 ppm, as part of the error associated 
with the results for all ordinary mass doublets. 

Another test of the calibration is to compare the re- 
sults of different doublets that give the same mass 
difference. This test was applied previously to this 
spectrometer,’ and is repeated here using the mass 
difference CH,—0.* The results of both the present and 
previous tests are listed in Table I. The doublet CHy—O 
was not remeasured because the spectrometer was 
never operated in the mass-16 region during this test, 
and because of the good internal consistency between 
the other three measurements. 

The internal consistency seems to be excellent for 
both sets of data. However, the discrepancy between 
the two sets is difficult to explain. Since this test meas- 
ures the correctness of the calibration of AR only, it 
may be that the discrepancy lies in the calibration of 
R in one or both of the cases. Unfortunately the loss of 
the precision resistors previously used in AR prevents 
any meaningful investigation of this difference. There- 
fore we adopt, in light of the present excellent hydrogen- 
mass test results, the newer value as the correct one. 


QUOTED ERRORS 


The errors quoted for the doublet and mass results 
are based on the assumption that all observed devia- 
tions contributing to the uncertainty in the results are 
of a statistical nature. That this is not strictly true has 
been suggested previously,’ and evidence seems to 
indicate that our errors aré a factor of 2 or 3 smaller 
than they should be to explain all data inconsistencies 


TABLE I. Results of the CH,—O mass difference measurements. 


Mass difference in mMU 


Previous» Present 


36.393149 
36 3934 +8 


Doublet* Mass 


CH,-O 16 
C.H,—CO 28 
CH,OH—O, 32 
4(CyHs— CO.) 44 
Average 


36.3904 § 
36.3958 +12 
36.39664 & 
36.39614 5 


36,3935 48 
36.3933+5 


* See reference 6. 
» See reference 2. 
* Adopted as the final result. See text for discussion 


* Throughout this paper H, C, O, and S refer to the isotopes 
H!, C#, O'* and S®, respectively. 
7A. H. Wapstra, Physica 21, 367 (1955). 
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TaBLe II. Doublet results used in the mass calculations 


AM in mMU 


Previous” 


33,.0269+13 
17.7599+ 9 
25.3926+ 9 ri 
19.0367+ 8& ( 
11.40334-21 ri 
8.31024 4 ‘ 
32.4729+4-20 unreliable® 
26.7937+ 6 unreliable® 
36.39334 5§ 36,39614 54 
1.54774 4 r 
68.9344+ 13 68.9346+ 11 
41.9390+4-13 r 


Doublet*® Present 


C,-SO 
O.-S 
4C,H,O—-H,S 
4C,H,O—O80 
H,O —O" 
D,.O~-H,O"* 
C;—A*™ 
H,O-—4A* 
CH,—O (av) 
H.—D (av) 
C;H,—A® 
D,0 — 4A” 


c 
17.7623 4114 


® See reference 6 

> Taken from reference 2. 

* Not remeasured in the present investigation 

4 For the final value of this mass difference, see text. 

* Remeasured and found to be unreliable, Previous values are also con 
sidered to be untrustworthy, See text and reference 5 for discussion, 


as statistical fluctuations. We use the statistical ap 
proximation only because we have no better method 
with which an estimate of error may be obtained from 
the raw data. 

Each doublet result is calculated from the average 
of 10 or more runs, where a run consists of 20 separate 
determinations of the ratio AR/R for the doublet, 
taken in 4 ways to minimize systematic effects due to 
the operator and the instrument. ‘To obtain the final 
error the statistical standard error of the mean of these 
runs is combined with the values representing the 
resistance-calibration uncertainty. These are combined 
by taking the square root of the sum of the squares of 
the individual error components. 

Because the resistance-calibration uncertainty is an 
estimated standard error, the final error values are only 
approximately standard errors. Experience shows, how 
ever, that a realistic limit of error may be obtained by 
multiplying the quoted error by a factor of 3 to 4, and 
we suggest strongly that this be done before comparing 
these mass results with other data where limit of error 
is used. Such an arbitrary factor has not been included 
in-any errors given here. 


Cc” 


All previous determinations of the C' mass have 
involved results from two or more mass-doublet meas 
urements. Five different doublet combinations were 
used to obtain the mass of C” reported recently from 
this laboratory.2?, Remeasurement of several of the 
doublets used in this previous calculation stimulated 
a further examination of the earlier data, with several 
changes resulting from the analysis. In Table IL the 
mass doublets necessary for the various cycle calcula 
tions are listed together with their measured results, 
both previous and present. 

Doublet cycles yielding the C’ mass are summarized 
in Table III together with the cycle results obtained 
using both the older and the more recent doublet 
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Tasie III. Doublet cycles yielding the C* mass. 


C# mass in amu 
Equation*® Previous» Present* 
12,003 816244 
omitted4 
omitted4 
3 816147 
omitted4 
3815548 
12.003 8159 +4 


C4 =1244(a —b) 

Cit 12 44(c —b) 

C4 w124+9(a—c) 

C8 12 4+4(2d —e —f —2k) 
C48 12 4+4(g 4+ 5 —2h) 

C¥ m124 Ot) —2m ~4) 
Average 


12,003 8168 +4 
3 816446 

not usedé 
3 816147 
3819746 
3814748 
12,003 8167 +8 


* Lower case letters in the equations refer to doublets listed in Table II. 
* Calculated from previous doublet values, Table II. 

* Calculated from present doublet values, Table Il, wherever possible 

4 See text for discussion. 


results listed in Table IL. One change introduced by the 
new measurements is caused by the change in the 
CH,—O mass difference. This affects Cycle V, raising 
the result. 

In recent measurements involving the argon isotopes, 
the doublets C;— A and H,O— 4A were found to be 
unreliable and are therefore rejected in the present 
work (g and A, Table I1).* This eliminates Cycle IV 
from present consideration. 

Further, it was observed that Cycle IIA can be 
formed from the doublets C,—SO and 4C,H,O—H.S 
(a and c, Table II) to yield the C” mass, This cycle 
was not included in the earlier analysis. When it is 
included in an unweighted average it combines with 
Cycle Il, eliminating doublet c and leaving Cycle L. 
Because Cycle | is already included and because we will 
adopt the unweighted average as our final result, we 
reject Cycles II and IIA. 

This leaves Cycles 1, III, and V. Cycle I is changed 
by the new O,—S measurement (doublet 6), Cycle LT 
is unchanged since no doublets involved in it were re- 
measured, ‘The new cycle average gives a C’* mass of 
12,003 8159+4, a value 0.8 «MU lower than the previ- 
ous result. The major cause of the change is the rejec- 
tion of Cycle IV, one which looked high previously but 
for which no reason for its rejection could then be found. 

A better approach to the C” mass was suggested by 
Kettner who proposed the doublet 4C,H,O—H,O,. 
This doublet connects the C” mass directly to the O'* 
standard with one measurement.’ It has the advantages 
that both ions are molecular, thus eliminating the 
possibility of break-up energy complications; and that 
its separation is only 1 part in 4000 in mass. Such a 
narrow doublet demands less in the way of accuracy 
from the dispersion relation for a given final mass 
accuracy. 

The singly charged H,O, ions are obtained from 
hydrogen peroxide which, owing to its extreme re- 
activity, is difficult to pass into the spectrometer. 
Commercial hydrogen peroxide solution (30% H,O») 
was concentrated by pumping away vapor from a 
sample until only about 10% of the original volume 
remained. Vapor from this concentrate was admitted 
to the spectrometer ion source through }-inch diameter 


*M. E. Kettner, Phys. Rev. 102, 1066 (1956). 
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aluminum tubing. The adjustable leak was simply a 
pinched-off portion of the tubing with an adjustable 
clamp. The doubly charged C,H,O ions are obtained 
from the organic chemical Furan. 

The final result for this doublet is 4CsH,O—H,0, 
= 7.631248 mMU, yielding a C” mass of 12.003 8156 
+4 amu. Data for this doublet were obtained over a 
period of about one year, the final result being the 
average of 32 runs. 

The resultant value for C” is in good agreement with 
the new cycle result of 12.003 8159+-4, given in Table 
III. Because of the several reasons given above, we 
consider the result derived from the peroxide measure- 
ment to be more reliable than that from the cycles. We 
consider the cycle result to be an excellent confirmation 
of the over-all consistency of the doublet set. Because 
some doublets used in the cycles were not remeasured, 
and because cycle results introduce more potential 
sources of error, we adopt the peroxide-doublet result 
as the sole source for our final C’ mass. This chosen 
final value is listed in ‘Table IV where it is compared 
with the earlier value. The mass value decreases slightly 
more than one error, an amount not surprising in view 
of the consistently small quoted errors. 


H! 


The H' mass is determined, as it was previously, 
from the adopted C mass and the average result for 
the CH,—O mass difference. The value obtained, 
H'=1.008 1451+2 amu, is compared to the previous 
value in Table IV. The change in result is caused pri- 
marily by the change in the CHy,—O mass difference 
discussed above. 


S*2 


The S* mass was determined previously using only 
the O.—S doublet (6, Table Il). The presently adopted 
value is calculated from an unweighted average of both 
the present and previous O.—S doublet results together 
with the O.—S mass difference obtained by substituting 
the derived C” mass into the 4C,H,O—H.S doublet 
(c, Table Il). This doublet is the one eliminated by the 
rejection of the C” cycles II and IIA. The average of 
the three values is O0.—S=17.761249 mMU, giving a 
S® mass of 31.982 2388+9 amu. This value is adopted 
as the final result for S* and is listed in Table IV. 


TABLE IV. Masses of the secondary standards H', C”, and S*. 


Mass in amu 


Isotope Previous* Present® 


“HD 1,008 1442-42 
cu 12.003 816748 
sa 31.982 2401 4-9 


1,008 145142 
12.003 8156-44 
31.982 238849 


* See reference 2. 

> These adopted values are recommended for use in all calculations of 
atomic masses from mass-doublet data. Errors are standard error. Limit 
of error is estimated to be about three times the value shown. See text for 
error discussion. 
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CONCLUSIONS 


The changes in these secondary masses, though 
larger than might first be expected from the magnitude 
of the quoted errors, are small when reflected into 
calculated atomic masses, Changes of the order of mag- 
nitude observed here have no significant effect on either 
the atomic masses derived from doublets measured on 
our instrument or the various conclusions drawn from 
the mass data. 
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The recent work of Smith gives a value for the C” 
mass of 12.003 814 58+11 amu. This value is in dis- 
agreement with our value by more than two errors, yet 
using either of the two together with the published 
doublet results to obtain atomic masses leads to the 
same conclusions regarding neutron and proton separa- 
tion energies and pairing energies. 


*L. G. Smith, Bull. Am. Phys. Soc. Ser. II, 2, 223 (1957) 
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Search for Monopole Pairs from the Second Excited State of C’’ 


G. GoLprinc AND Y. WoLrson, Weizmann Institute of Science, Rehovoth, Israel 


AND 


R. Wiener, The Hebrew University, Jerusalem, Israel 
(Received March 15, 1957) 


A thorough search for monopole pairs from the second excited state in C™ is described. No pairs could be 
detected and it is concluded that the question of the angular momentum and parity of this state cannot yet 


be considered as solved. 


INTRODUCTION 


HE second excited state of C' at 7.68-Mev decays 
primarily by a@ emission leading to the ground 
state of Be*'!; a cascade y transition through the first 
excited state of C' at 4.43 Mev has also been re- 
ported.?* No direct y transition to the ground state of 
C'* has been observed and an upper limit for the high- 
energy radiation is put at 4X10 of the cascade 
transitions.? In addition evidence was found‘ for elec- 
tron-positron pair emission in a direct transition from 
the 7.68-Mev level to the ground state. The author 
investigated internally converted pairs from the 4.43- 
Mev level excited in the Be*(ap.,n)C™ reaction® in a 
cloud chamber, and together with 70 pairs from the 
4.43-Mev transition he found 7 pairs of about 6 Mev 
which he interpreted as pair radiation from the 7.68- 
Mev level. From the upper limit for y emission in this 
transition as quoted above, the pair conversion coeffi- 
cient would have to be of the order of unity or bigger 
to account for those pairs. This can only be the case if 
the transition is of the monopole type (the conversion 
coefficient would then be ~). The 7.68-Mev state was 
therefore assigned zero angular momentum and even 
parity—the same as the ground state. 
This is the only definite information one has, to date, 


Miller, Rasmussen, and Sampson, Phys. Rev. 95, 649 (1954). 

8 ~ Halban, Husain, and Sanders, Phys. Rev. 90, 1129 
(1953). 

*R. G. Uebergang, Australian J. Phys. 7, 279 (1954). 

4G. Harries, Proc. Phys. Soc. (London) A67, 153 (1954). 

Sap, indicates a particles from a Po source, i.e., at energy 
5.3 Mev. 


on the angular momentum and parity of this state and 
the evidence in this work could not be considered con- 
clusive. It was therefore thought desirable to look for 
these high-energy pairs with a counter system which 
could be expected to give a much greater yield of pairs 
than the cloud chamber procedure. An experiment of 
this nature is reported in this paper. The main results 
of this investigation have been presented at a meeting 
of the Israel Physical Society.® 


APPARATUS AND EXPERIMENTAL PROCEDURE 


In order not to complicate the apparatus unduly, it 
was decided to look just for electron (or positron) 
emissions, and not more specifically for pairs of given 
total energy. 

The experimental arrangement is shown in Fig. 1. 
The source consisted of 50 mC of Po deposited on a Pt 
foil of 7 mg/cm?, facing a piece of Be of 23 mg/cm?. 
The energy of the electrons was measured in a Nal 
crystal which was covered by an Al foil 0.09 mm thick. 
The height of the pulses from the crystal was measured 
in a single-channel pulse-height analyzer and the output 
of the analyzer was gated by pulses from a thin-walled 
G.M. counter which was placed between the source 
and the crystal. In this way counts due to electrons 
produced inside the crystal were largely eliminated. 
A 0.05-mm brass absorber had to be placed in front of 
the counter to reduce the intense x-ray radiation from 
the source, 


* Goldring, Wiener, and Wolfson, Bull. Research Council 


Israel 5A, No. 1, 87 (1955) 





1668 GOLDRING, 








Fic. 1. Source and counter arrangement. Distances are given in 
mm. In “geometry (a)” s=17 mm, c= 20 mm. In “geometry (b)” 
s=8 mm, c=9 mm. 


The spectrum of the single counts in the crystal was 
found to exhibit three well-pronounced peaks which 
were attributed to the photopeak of the 803-kev line 
in Po and to the pair peak and pair+one annihilation 
quantum peak of the 4.47-Mev line. These peaks served 
as energy standards. 

Coincidences between the crystal and the G.M. 
counter in the arrangement of “geometry (a)” in 
Fig. 1 were registered for pulses corresponding to 
electrons of 3.4 Mev or less. Such counts could con- 
ceivably come from three sources: (a) electrons from 
C'™*, (b) electrons produced in the source or the wall 
of the counter by 7 rays or neutrons, and (c) electrons 
produced inside the crystal which leave the crystal and 
penetrate into the counter. To evaluate the relative 
number of electrons from these sources, measurements 
were made under the following conditions: (i) the front 
wall of the counter and the source material were 
exactly duplicated [thus doubling (b)]; (ii) the source 
and the counter were interchanged [in this position 
only (c) is counted |. It was found that approximately 
50°), of all coincidence counts were due to spurious 
effects [(b) and (c) }. 

The number of internal pairs emitted in the 4.43- 
Mev transition was determined as V,= 66+ 20 per sec. 
This number could also be deduced from the number of 
y rays (determined both by counting and from the 
strength of the source). In this way NV, was found to 
be 554-20 per second in good agreement with the direct 
measurement, 


SEARCH FOR HIGH-ENERGY ELECTRONS 


After it was established that it was possible to detect 
electrons from excited C'™ nuclei with the counter- 
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crystal telescope, the discriminator was set to record 
electrons of energy above 4.8 Mev, and the source, 
counter, and crystal were all brought close together 
[‘“‘geometry (b)” in Fig. 1] in order to increase the 
solid angle. 

The number of electrons of energy above 4.8 Mev was 
found to be 6.8+0.8 per minute, and after applying 
corrections as in (i) and (ii) above: 340.8 per minute. 
If these counts were all due to electrons from monopole 
pairs in the 7.68-Mev transition, one would get for N,, 
the number of high-energy pairs, N, = 1042 per minute 
(since the spectral region above 4.8 Mev comprises 
about } of the electrons). This is 1/400 of the number 
of low-energy pairs. 

Actually the fact that measurements (i) and (ii) 
gave nonvanishing results made it clear that there were 
some other processes involved. To test this point 
further, absorbers were introduced between the two 
counters and the counts were found to rise very slightly 
with absorber thickness whereas they would drop 
sharply if a large fraction of the high-energy counts 
were due to electrons emitted from the source. It is 
therefore very likely that most if not all high-energy 
counts are due to some other processes (presumably 
involving neutrons), and we estimate that certainly not 
more than 60% of the observed counts are due to 
monopole pair electrons. This puts the upper limit for 
N,,/N, at approximately 1/600. 


CONCLUSION 


The number of monopole pairs in the reaction 
Be*(ap,,n)C™ is less than 1/600 of the number of pairs 
from the 4.43-Mev transition. This means that the 
pairs observed by Harries, which were about 60 times 
as prolific, must have been due to other causes, and the 
conclusion that the second excited level of C'? is of the 
type OF is not justified on these grounds. An upper 
limit for pair emission of the same order has recently 
been reported by Kruse, Bent, and Eklund.’ 

We would further like to point out that the absence 
of high-energy electrons also implies the absence of a 
y transition the pair conversion of which should have 
yielded electrons. The lower limit on electron emission 
reported here places a lower limit on the y emission 
which is larger by a factor of approximately 4 than the 
limit arrived at by y spectroscopy. 


7 Kruse, Bent, and Eklund, Bull. Am. Phys. Soc. Ser. II, 2, 
29 (1957). 
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Neutron Separation Energies and Pairing Energies for Heavy Nuclei* 


W. H. Jounson, Jr.,t ano V. B. Buanort 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received June 3, 1957) 


A six-inch double-focusing mass spectrometer has been employed to determine 32 mass differences between 
neighboring isotopes of even-Z elements in the region Z «64 to 82. Neutron separation energies and neutron 
pairing energies are easily calculated from the experimental results. These calculated values are sufficiently 
precise to conclude that lack of uniformity in neutron separation energy and pairing energy systematics 
appears in regions where other nuclear properties exhibit changes in their systematics. Neutron separation 
energy data have also been employed for the isotopic assignments of several nuclear reactions 


INTRODUCTION 


HIS paper presents the results of some mass- 

doublet measurements in the rare-earth and 
heavy-mass region performed with a six-inch double- 
focusing mass spectrometer. These measurements were 
undertaken to study neutron binding-energy systematics 
for A> 150. Thirty-two mass differences between neigh- 
boring, even Z, isotopes in the region Z=64 to 82 have 
been determined. These doublets can be measured with 
sufficient precision to make them valuable in the de- 
termination of neutron separation energies and pairing 
energies and also in the assignment and verification of 
nuclear reaction Q values. 


PROCEDURE 


The general procedure of mass measurement has been 
discussed previously and has not been modified for the 
present determinations.'~* The mass spectrometer em- 
ployed has the property that the mass of the ion col- 
lected is directly proportional to the resistance of a 
voltage divider which determines the electric fields in 
the instrument. Thus the mass difference, AM, measured 
in terms of a difference in resistance AR is calculated by 
means of Eq. (1)*: 


M, Mu 
au~( Jar or au=( ar. (1) 
R R+AR 


The masses M, and M y refer respectively to the masses 
of the lighter and the heavier constituents of the doublet, 
and R is a fixed, accurately known resistance. In a 
typical run, twenty determinations of AR are recorded. 
Four or more such runs, taken generally on different 
days and under different experimental conditions, are 
averaged to obtain the final result for a mass difference. 

In the region A > 150, increasingly large C satellite 


* This research is supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Present address: Knolls Atomic Power Laboratory, General 
Electric Company, Schenectady, New York. 

t On study leave from Muslim University, Aligarh, India. 

1 National Bureau of Standards Circular 522, 1953 (unpub 
lished). 

2W. H. Johnson, Jr., 
(1957). 

4 Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 


and A. O. Nier, Phys. Rev. 105, 1014 


corrections? must be applied to hydrocarbon doublets 
because of resolution limitations of the mass spectrome- 
ter employed. Because of inherent inaccuracies in the 
calculation of these corrections, doublets containing 
hydrocarbon comparison ions were not employed. In 

stead, mass doublets composed of two isotopes of a 
particular element differing by one mass number were 
measured. Doublets such as these, called isotopic mass 
units, have been employed previously,’ but largely as a 
consistency test for the hydrocarbon doublet data. Be- 
cause of the good agreement of the previous isotopic 
mass-unit measurements with the corresponding mass 
differences derived from hydrocarbon doublet data, we 
feel that we may rely on the isotopic mass-unit de- 
terminations alone in the present region where hydro- 
carbon doublet results with small C™ satellite correc 

tions could not be obtained. In general, doublets 
containing hydrocarbon comparison ions are preferred 
because an actual atomic mass is determined. However, 
because of the emphasis of this paper on neutron 
separation and pairing energies, we feel that the isotopic 
mass-unit measurements can supply satisfactory results. 


RESULTS 


Table I lists the doublets measured and the mass 
differences obtained. The use of Eq. (1) for the computa- 
tion of AM requires an approximate value for either M;, 
or My. The assumption of the masses of the secondary 
standards C= 12,0038156+4 and H'=1,0081451+ 2* 
combined with the doublets listed in the review article 
by Duckworth ef al.® provides us with mass values 
accurate enough for our purpose. High accuracy for 
these masses is not required. For example, a change of 
10mMU in M, or My would not lead to a change in the 
value of these doublets that is more than the quoted 
error. Previous mass results for the element ytterbium 
appear to be incorrect. For this reason the required 
ytterbium masses were estimated from average binding 
energy per nucleon systematics for this region. 

The general procedure of error analysis for the 


‘ Quisenberry, Giese, and Benson, Phys, Kev. 107, 1664 (1957), 
this issue. Each error listed refers to the last significant figure of 
the particular result 

6 Duckworth, Hogg, and Pennington, Revs. Modern Phys. 26, 
463 (1954) 
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Tasie I. Measured mass differences. 


Doublet 
Gd'* Gd'* 
Gd!#* —Gd' 
Gd!" —Gd' 
Gd!" —Gd'*" 


4M amu* 


1.002 15 
0,999 90 
1.002 20 
1.000 53 


1.002 10 
1,000 21 
1,002 26 
1.000 80 


Dy! —Dy'@ 
Dy! —Dy'# 
Dy'*—Dy'® 
Dy'*—Dy'® 


1.002 06 
1.000 65 


Er’ 
Er'® 


Fri 
Er 


1.001 88 
1,000 40 
1.002 17 
1.000 97 


Yb?! yp 
Yb" —Ybim 
Yb'" —Yb'” 
yb “Yb 


1.002 25 
1.000 88 
1.002 36 
1.001 13 


Hf"? — pt" 
He” — Hp" 
Hf” Hf 
Hi” —Hf'" 


1.002 23 
1,000 99 


wis wis 
Wwi4— wis 


1,002 14 
1,000 33 
1,002 55 
1.000 52 


Os'*” - 
Os'** 
Os!” 
Os™® - 


Os'** 
Os'*7 
-Os'** 
Os'® 


pu 
Pt 196 


Pt 1o4 
pr 


1.002 45 
1.000 49 


1,001 82 
1.000 31 
1.002 26 
1.000 64 


Hg -_ Hg" 
Hg™ — Hy 
Hy™ — Hyg? 
Hg™ —Hg™! 


Pb™’ 7 Pb™* 


Ph™ — Ph™? 


1.001 74 
1.001 06 


® The error in each measured mass difference is 4.0.06 mMU, Le., +6 for 
the last significant figure. This error is to be considered as a standard error, 
We estimate that the limit of error is about three times the standard error. 


present work is similar to that used previously in this 
laboratory. However, use of the isotopic mass-unit 
technique necessitated consideration of several con- 
tributing errors that were previously negligible. For the 
present doublets, the statistical standard error calcu- 
lated for the set of runs is not the predominant source of 
error. Errors arising from resistance-calibration un- 
certainties, in the case of wide doublets such as these, 
contribute most to the final doublet error. We have 
assumed errors in our resistor calibration of 50 parts per 
million in R and 30 parts per million in AR. The final 
error in a mass difference has been taken to be the 
square root of the sum of the squares of the individual 
contributing errors. The quoted errors are to be con- 
sidered as standard errors. We estimate that the limit of 
error is about three times the standard error. 

A verification of the reliability of doublet results can 
be made by measuring some doublet having a known 
mass difference. In this region, hydrocarbons differing 
by one hydrogen mass and selected to have the smallest 
possible CC corrections were the most convenient 
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doublets for this verification. Although the C” correc- 
tion for these selected doublets was small, it was taken 
into consideration in the calculation of the final doublet 
result and its error. The final average of these results is 
1.0081564-70 amu which because of the magnitude of 
the error can be considered to be a satisfactory com- 
parison with the accepted mass difference 1.0081451 
+2 amu. 

Several of the present mass differences can be com- 
pared with corresponding mass differences derived from 
nuclear-reaction Q values. Table II indicates the com- 
parisons that may be made. In most cases, there is good 
agreement between the two independent methods of 
measurement. This fact, together with the good agree- 
ment found for the hydrogen mass-unit measurements, 
appears to indicate that there is no significant system- 
atic error in the present results. 


NEUTRON BINDING ENERGIES 


The region N = 82 to 126 shows considerable promise 
for the study of the systematics of various nuclear 
properties. The “distance” between the shell closures is 
greater than any other in the naturally occuring ele- 
ments. In addition, it contains the region of large static 
nuclear deformation. Many nuclear properties in this 


TaBLe II. A comparison of the present mass differences with 
similar mass differences obtained from nuclear-reaction Q values 
The particular type of reaction employed is indicated after the 
nuclear reaction result, 


Mass difference in amu* 


Nuclear reaction 
result 


Present 


Mass difference result 


Gd — Gd" 
wis _ wis 


Pum - Pp 


1.000 534-6 — 
1.000 99-46 
1.002 4546 


| 
— ee ee 


32 222 £235 


Pt 196 _ pr 


— 


1,000 49+-6 


— 
_ - PON 


1 
2 
2 


—_ 


0 (yn ) 
1.000 3146 4 (n,y)4 


Hg —Hg'™ 
3 (n,y)® 


o_ = 


— 
a 


1.002 264-6 
1.001 74+6 


Hg®! —Hg™ 
Pb®? — Ph» 


8388s 
— 


Pb™ = Pb”? 


1.001 064-6 


| 3888 
SSSI HKIVFS 
HHH HHH HH HEE HEE 


. . ach error listed pee to the last cuties fous of the particular 
result. 

» Unless otherwise noted, nuclear-reaction O values are obtained from the 
review article, D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

© This reaction appears to be misassigned. A discussion of this is given in 
the section on Nuclear Reaction Assignments. 

4 This reaction appears to be misassigned or incorrect, 

* Adyasevich, Groshev, and Demidov, Proceedings of the Conference of the 
Academy of Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy, 
Moscow, July, 1955 (Akademija Nauk, U.S.S.R., Moscow, 1955) (translated 
by the Consultants Bureau, New York, (1955) }, Phys. Math. Sci., Pp. 270. 

! This result is calculated from a weighted average of the individual 
results listed in Van Patter and Whaling. 
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area exhibit systematic behavior that is predicted from 
calculations based on the collective model. 

The present experimental mass differences may be 
employed to determine a number of neutron separation 
energies, S,,° and pairing energies, P,, for even-Z nuclei 
in this region. A neutron mass of 1.0089860+10 amu’ 
was employed in these calculations. The results of these 
calculations are given in Table III. The pairing energy 
associated with the “last” pair of neutrons for the 
nucleus with Z protons and N neutrons is given by 
Eq. (2). 

P,(Z,N)=S.(Z,N)—Sn(Z, N—1) 
=[M(Z, N—-1)—M(Z, N—2)] 
—[M(Z,N)—M(Z,N—-1)]. (2) 


N even 


TABLE III. Neutron separation energies and neutron pairing 
energies determined from the present mass-diflerence results. 


Isotope N 
‘ .Gd!55 91 
Gd's 92 


Gd'*" 93 
Gd'ss 94 


Sa mMU* 


6.84 
9.09 
6.79 
8.46 1.67 


P,»mMU> 


2.25 


6.89 
8.78 
6.73 
8.19 


wDy' 95 
Dy'@ 96 
Dy'* 97 
Dy! 98 


1,89 
1.46 


6.93 


os Er!®? 99 
8.34 1.41 


Eri 100 
Yb! 101 7.11 
Yb!” 102 8.59 
Yb! 103 6.82 
Yb!" 104 8.02 


nf”? 105 6.74 
Hf'"8 106 8.11 
Hf 107 6.63 
Hf 108 7.86 


6.76 
8.00 


nw! 109 
wi 110 


6.85 
8.66 
6.44 
8.47 


6.54 
8.50 


7Os'*? 111 
Os!** 112 
Os'* 113 
Os™ 114 


mPt 117 
Pr 118 1,96 

119 7.17 

120 8.68 1.51 

121 6.73 

122 8.35 1.62 

125 7.25 


126 7.93 0.68 


® The error associated with the Sx calculations is +0.06 mMU. 
> The error associated with the Ps calculations is 40,03 mMU, 


*In conformity with growing practice, we will use the term 
neutron separation energy, S,, in place of the term binding energy 
of the last neutron, B,, which has been previously employed in 
publications from this laboratory. 

7 The neutron mass employed was determined from the mass of 
H! (see reference 4) together with the n —H!' mass difference from 
A. H. Wapstra, Physica 21, 367 (1955) 
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Fic, 1, Neutron separation energies S, plotted as a function of 
the neutron number NV. Data from a given element are connected 
by a solid line. The circled results from N = 80 to 90 are taken from 
reference 2, A result indicated by a triangle is calculated by using 
nuclear-reaction Q values or 8-decay energies 


Because the pairing energy is found by taking the differ- 
ence between two experimental mass differences, de- 
termined under the same conditions, the principal 
source of error in an individual mass-difference de- 
termination, that due to resistance-calibration errors, is 
largely eliminated. Instead, the predominant error in 
the final result is just that due to the statistical errors. 
An error of +0.03 mMU has been assigned to these 
experimental neutron pairing energies. 

Neutron separation energy, S,, is plotted as a function 
of the neutron number in Fig. 1. For completeness we 
have included values from NV = 80 to 90 taken from the 
previous paper® and also several neutron separation 
energies, derived from nuclear-reaction 0 values. While 
the present results provide interesting data, the fact 
that odd-Z elements are not included does provide some 
limitation. To conform with the limitation of the present 
results, we have chosen from the previous investigation 
only stable, even-Z results for the region NV = 80 to 90, 
This limitation obscures to some extent the decrease in 
neutron separation energy so clearly shown in the 
previous, more complete study.? Nevertheless, several 
general conclusions may be reached from the results 
illustrated in Fig. 1. It is interesting to observe that the 
values of S, remain in general rather constant in the 
region N= 82 to 126. However, there are several minor 
departures from uniformity that should be pointed out. 
There appears to be an increase in the neutron separa 
tion energy of odd-N neutrons beyond N=90. For 
even-N neutron separation energies, there is a more or 
less general decline from N=90 to 110 followed by a 
discontinuity between V = 110 and 112, with the values 
at NV = 112 and beyond somewhat larger than the values 
immediately below N = 112. Because no other S, values 
were available, the values at V=115 and 116 were 
calculated from nuclear-reaction ( values* for iridium, 


* H. Kubitschek and S. M. Dancoff, Phys. Rev. 76, 531 (1949), 
* Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951) 
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an odd-Z element. The 5, value at N=115 is con- 
siderably smaller than the neighboring values. This 
large departure cannot be attributed to the fact that the 
nucleus has odd-Z. 

With the present data, it is possible to make a more 
complete study of the relation between neutron pairing 
energy and other nuclear properties in the region N = 82 
to 126. Many nuclear properties exhibit lack of uni- 
formity in this region. The change from a vibrational to 
a rotational type of energy level spectrum takes place 
between NV = 88 and 90.'° Also anomalies in the isotope 
shift" and electric quadrupole measurements” indicate a 
change in nuclear structure in the neighborhood of 
N=90, In a recent review article, Way ef al.” have 
discussed several of these properties of nuclei. One of the 
properties that they investigate is the ratio of the energy 
of the second excited state to the energy of the first 
excited state. This property has previously been studied 
by Scharff-Goldhaber and Weneser" who found that the 
ratio is quite constant from N = 36 to 90 at a value of 
about 2.2 but changes to about 3.3 above N= 90. Way 
et al, have extended this analysis to show that the value 
of 3.3 is maintained from N = 90 to 112 and decreases to 
about 2.2 again for N=114 to 134. For N=136 and 
higher, the value is again about 3.3. They state that a 
value of 3.3 is in agreement with that expected for 
rotational states. The prediction of a rotational-state 
region from N = 90 to about 112 is also indicated in the 
study of systematics of the energy of the first 2+ state 
in even-even nuclei by Alder ef al.!® Their results show 
that excited state energies for the osmium nuclei at 
V=110, 112, and 114 are only slightly larger than the 
predicted maximum for a rotational state. The value for 
osmium at .V = 116 is considerably larger than the other 
three values. The experimental values for platinum at 
N=114, 116, 118, and 120 are much larger than the 
predicted maximum for rotational states. 

Figure 2 illustrates neutron pairing energy calculated 
from the data appearing in Fig. 1 and plotted as a 
function of the neutron number. The P, value at 
V = 116, derived from nuclear reaction data for iridium, 
is the only odd-Z neutron pairing energy in the diagram. 
Pairing energy results in a lower mass region'® suggest 
that one would expect an even-Z value at V = 116 to be 
slightly larger than the present odd-Z value. The 
previously reported’ increase in the neutron pairing 
energy in the neighborhood of V = 90 is shown in Fig. 2. 
In addition, another maximum at \ = 116 is indicated 


“ N. P. Heydenberg and G. M. Temmer, Phys. Rev. 100, 150 
(1955) 

" P. Brix and H. Kopfermann, Phys. Rev. 85, 1050 (1952). 

"Pp. Brix, Z. Physik 132, 579 (1952). 

Way, Kundu, McGinnis, and van Lieshout, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
» 129. 

“G,. Scharff-Goldhaber and J. Weneser, Phys 
(1955). 

® Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

'6 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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Fic. 2. Neutron pairing energy P,, plotted as a function of the 
neutron number N. Data from a given element are connected by 
a solid line. The circled results from NV = 80 to 90 are taken from 
reference 2. A result indicated by a triangle is calculated by using 
nuclear-reaction Q values or 8-decay energies. 


by the new results. The actual maximum at V= 116 is 
the odd-Z value for iridium calculated from nuclear 
Q-value results. The neutron pairing energy value at 
N = 116 is not required, however, for the conclusion that 
the neutron pairing energy becomes large in this area. 
Values at V= 112, 114, and 118 from our measurements 
are also considerably higher than neighboring values. 
From a consideration of these results together with 
other nuclear properties we conclude that the neutron 
pairing energy is large where there is a transition from a 
nuclear model characterized by vibrational energy 
states to one characterized by rotational energy states. 
As neutrons are added and the shell is filled, we reach a 
point where the model changes from a rotational type to 
a vibrational type. Here the neutron pairing energy is 
again large. Because neutron separation energy and 
pairing energy are related quantities, it is clear that lack 
of uniformity near V = 90 and 116 will also appear in the 
neutron separation energy results, as is observed in 
Fig. 1. 

In order to have a better understanding of the nature 
of the maximum in the neutron pairing energy in the 
region near N= 116, one must have considerably more 
data. A direct determination of stable atomic masses 
together with active atomic masses that could be 
calculated from reaction Q values and 8-decay energies 
would provide a much more complete set of data. 
Confirmation of the low S, value at V= 115 would also 
be very valuable. It is doubtful, however, that further 
data will change our general conclusions about neutron 
pairing energy systematics in this region. 


NUCLEAR REACTION ASSIGNMENTS 


The present measured mass differences offer an inde- 
pendent verification of a number of nuclear-reaction Q 
values. Furthermore, in several cases we have been able 
to assign a target nucleus, with reasonable certainty, to 
reactions where the target nucleus was previously 
unassigned or assigned incorrectly. 
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Table II contains a comparison of a number of the 
present mass differences with similar mass differences 
derived from nuclear reactions. The Gd!*"(n,y)Gd'** 
reaction, measured by Kubitschek and Dancoff* and used 
to determine the Gd'**— Gd!’ mass difference appears 
to be misassigned. One can compare their measured 
energy of 6.4+0.4 Mev with several predicted energies 
that can be determined from the present mass differ- 
ences. These predicted Q values are listed in Table IV. 
The reaction energy of 6.4+0.4 Mev can be assigned to 
either Gd!*(n,y)Gd!® or Gd!" (n,y)Gd!*’ rather than to 
Gd!*7(n,y)Gd!*, 

In the Pt'*— Pt comparison in Table I, one 
observes that the agreement found between the meas- 
ured mass difference and the mass differences calculated 
from the (n,y) and the (d,p) reaction energies is very 
good. The (y,m) reaction energy predicts a smaller mass 
difference. However, when one considers the error as- 
signed to this reaction energy, this is really a minor 
disagreement. For the mass difference Pb**’— Pb** our 
results agree well with those calculated from the (n,y), 
(d,p), and (d,t) reaction energies but disagrees with the 
mass difference derived from the (y,) reaction. The Q 
value for this reaction is a weighted average of four 
different measurements. The disagreement is somewhat 
reduced when one compares our value with the indi- 
vidual (y,m) measurements having correspondingly 
larger errors. 

Sher ef al. measured two thresholds for the (y,n) 
reaction on wolfram. Threshold energies of 6.25+0.30 
and 7.15+0.30 Mev were obtained. Table IV lists the 
two Q values that can be predicted from the present 
wolfram mass differences. The 6.25-Mev threshold 
should clearly be assigned to the reaction W'™(y,n)W!®. 
The wolfram isotope at mass number 183 is the only 
odd-A, stable isotope. It is unlikely that the neutron 
separation energy for any stable, even-A wolfram 
isotope would be as low as 6.25 Mev. Comparison of the 
7.15+0.30 Mev threshold with the values for wolfram 
reaction energies in Table IV suggests that this thresh- 
old energy possibly could be assigned to the W'™(y,n)W'™ 
reaction. When one considers that in general the neutron 
separation energy in this region and therefore the y-ray 
threshold decreases with an increase in the neutron 
number, it would seem more reasonable to assign the 
7.15-Mev threshold to the W'**(y,2)W!* reaction. 

A number of de-excitation y-ray energies from the 
(n,y) reaction for platinum and wolfram have been re- 
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TABLE LV. Some selected nuclear-reaction Q values predicted from 
the present experimental mass differences. 


Predicted Q value 
Mev 


Nuclear reaction 
6.37+0.06 
8.45+0.06 
6.39+0.06 
7.88 +0.06 
6.29+0.06 
7.45+0.06 
6.09 +0.06 
7.91+0.06 


Gd! (n,y) Gd! 
Gd!*(n,7)Gd'** 

Gd!" (ny)Gd!*? 

Gd!" (n,y) Gd" 

W!8 (7.0) W!® or WI (n,>) Wi 
W!™ (92) W!® or WI (n,) Wi 
Pt! (ny) Pe 

Pt! (ny) Pte 


ported by Kinsey and Bartholomew."’ We confirm their 
assignment of the 7.42+0.02 Mev y ray to the 
W'*(n,y)W'™ reaction; see Table IV. They assign the 
ray with an energy of 6.182+-0.008 Mev to the reaction 
W'*(n,y)W'*, Our measurements predict a value of 
6.29+0.06 Mev for the ground state y ray. This sug- 
gests that the 6.182-Mev y ray may not be the ground- 
state transition. For platinum, they assign the 7.920 
+0.012 Mev y ray to the Pt'*(n,y) Pt reaction, Our 
predicted energy for this reaction from Table IV, 
7.91+0.06 Mev, confirms their assignment of this 
energy to the ground state reaction. They indicate that 
the y ray with energy 6.07+0.04 Mev probably could be 
assigned to the ground-state transition in the reaction 
Pt™ (n,y)Pt. The ground-state y-ray energy, pre 


dicted from the present results, is 6.00+0.06 Mev. This 
excellent agreement suggests that their assignment is 
correct. 
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K-shell internal conversion coefficients have been measured for a number of pure E2 and mixed E2+M1 
transitions resulting from the decay of low-lying rotational states. These states were produced either by 
Coulomb excitation or by radioactive decay. The experimental values for a2* are appreciably larger than the 


calculated values of Sliv and co-workers. 


I, INTRODUCTION 


LIV and co-workers! studied the effect of the finite 
nuclear size on internal conversion coefficients and 
found in some cases, notably M1 transitions for high Z, 
appreciably different values from those calculated by 
Rose et al.2 for a point-charge nucleus. The limited ex- 
perimental evidence on M1 transitions seems to confirm 
the values obtained by Sliv and co-workers.*~* While 
making additional measurements on M1 transitions, we 
also measured a number of pure £2 transitions and we 
were surprised to find that the experimental values for 
the internal conversion coefficients for these £2 transi- 
tions were considerably larger than the calculated values 
of Sliv and co-workers. It is this experimental informa- 
tion on the internal conversion coefficients, of pure fast 
E2 transitions resulting from the decay of rotational 
states in even-even nuclei and of mixed M1 and £2 
transitions from the decay of rotational states in odd-A 
nuclei, that we wish to report here. 

The apparent discrepancy for £2 transitions is espe- 
cially surprising, because the calculated values of Sliv 
and co-workers for £2 transitions differ only slightly 
(~2%) from those of Rose et al. and this suggests that 
the finite nuclear size is relatively unimportant for £2 
transitions. The model taken for the nucleus by Sliv and 
co-workers was a uniformly charged sphere with radius 
1.20 10-8 At cm. The nuclear currents were taken to 
be on the surface of the nucleus. Only slight variations 
in the calculated values were observed when the nuclear 
radius was altered by 10% or when the nuclear currents 
were taken to be uniformly distributed rather than 
confined to the nuclear surface. They therefore conclude 
that the internal conversion coefficients are not sensitive 
to the details of the distribution of charge and current 
within the nucleus and that the differences from the 
‘point charge” values are principally the result of the 


1 L. A. Sliv, Zhur. Eksptl. i Teoret. Fiz. 21, 77 (1951); L. A. Sliv 
and M. A. Listengarten, Zhur. Eksptl. i Teoret. Fiz. 22, 29 (1952) ; 
and “Tables of K-shell Internal Conversion Coefficients” privately 
circulated by L. A. Sliv and I. M. Band. 

2 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951) and “Tables of Internal Conversion Coefficients” privately 
circulated by M. E. Rose. 

+A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 

4 Nordling, Siegbahn, Sokolowski, and Wapstra, Nuclear Phys. 
1, 326 (1956). 

*F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 
(1956). 


removal of infinities in both the transition potentials and 
relativistic electron wave functions. 

Recently, Church and Weneser® have pointed out 
that the finite nuclear size introduces additional matrix 
elements for the rate of internal conversion which are 
different from those for y-ray emission of the same 
multipole order. To illustrate the effect of these matrix 
elements, they considered M1 transitions and found 
that for certain types of transitions, where the gamma- 
ray matrix element is attenuated, one might expect 
appreciably different values from those given by Sliv 
and co-workers. Possibly these matrix elements could 
account for the observed discrepancy for £2 transitions, 
but the prospect is not encouraging because of the ap- 
parent unimportance of the finite nuclear size for £2 
internal conversion coefficients. Alternatively, there 
could be some unrecognized systematic error in our 
measurements, Several investigators have previously 
measured internal conversion coefficients of low-lying 
fast £2 transitions and, in general, our values agree 
with the earlier results. However, the discrepancy was 
then not so easily discerned, partly because of the some- 
what larger errors but mostly because exact calculations 
for y rays with energies less than 150 kev have become 
available only within the last year. 


II. APPARATUS 


Singly ionized He ions of variable energy were ob- 
tained from the 5.5 million volt ORNL electrostatic 
generator, Targets were mounted on the target support 
at 45° with respect to the incident ion beam. The target 
support was a stainless steel tube with 0.005-inch wall 
thickness. By placing the detector at 235° with respect 
to the incident ion beam, i.e., so as to face the bombarded 
surface of the target, the gamma rays and x-rays could 
reach the detector with a minimum attenuation from 
the traversal of intervening material. Metallic targets 
were prepared either by electrodeposition onto 0.005- 
inch nickel, by sintering metallic powders into thin foils 
0.5 inch in diameter by 75 to 150 mg/cm? thick, or 
from commercial foils. 

The gamma-ray detector was a thallium-activated 
Nal crystal, 3 inches in diameter and 3 inches long, 
mounted on a DuMont type 6393 photomultiplier tube. 
The crystal container was prepared from 0.005-inch 


*E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 
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Fic. 1. Pulse-height spectrum of the gamma radiation for a particle bombardment of Sn, Te, and Ce 


aluminum foil. The inner surface of the container was 
sprayed with a high-efficiency diffuse reflector of alpha 
alumina mixed with sodium silicate. Thickness of the 
diffuse reflector was ~20 mg/cm’. Pulse-height spectra 
were measured with a 20 120 channel analyzer.’ 


III. METHOD 


The method which we have used to measure K-shell 
internal conversion coefficients involves the measure- 
ment of the number of K x-rays and the number of 
gamma rays from a source or a target. The K-shell 
internal conversion coefficient (a*),., is given by the 
expression 

N, 
(a*) «p= 


N, 


Ry,e,A, 
Rye A 2WK 


where JN is the number of counts in the full energy peak 
of the x-ray or gamma-ray pulse-height spectrum, R is 
the ratio of the counts in the full energy peak to the 
total counts in the pulse-height spectrum of the x-ray or 
gamma ray, ¢ is the detection efficiency of the detector, 
A is a correction for the attenuation of the x-ray or 
gamma ray by intervening material between the target 
and detector, and wx is the fluorescent yield* for K 


hase’ Bell, and Goss, Oak Ridge National Laboratory 
Physics Division Quarterly Progress Report ORNL-1278, 1951 
(unpublished). 

* Steffen, Huber, and Humbel, Helv. Phys. Acta 27, 167 (1949) ; 
Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 


x-rays. The number of counts in the full-energy peak is 
obtained from the sum of the counts in an appropriate 
number of channels which include the full-energy peak. 

Since the measurements to be discussed involve 
E, £140 kev, the peak-to-total ratio, R, is obtained 
from a knowledge of the “escape peak” intensity. For 
this purpose we have used a calculation of the “escape 
peak” intensity for the case of a collimated beam of 
gamma radiation entering a semi-infinite crystal of Nal 
normal to its plane surface. In several cases the “escape 
peak” intensity was measured directly from the pulse- 
height spectrum of x-rays incident on the detector. R, 
from the computations weighted by the relative in 
tensities® of 0.535, 0.267, 0.160, and 0.037 for K a, K a2, 
K,, and Kg», respectively, agreed with the experimental 
values to within 1.5%. For the purpose of assigning an 
error to (a*),x, we have taken the uncertainty in the 
peak-to-total ratio R to be +2% for E,= 33 to 70 kev 
and +1% for E,>70 kev. 

For the attenuation corrections, we have used the 
absorption cross sections for gamma rays in various 
materials from tables compiled by White.’ In addition, 
the attenuation of the gamma rays or x-rays by the 
0,005-inch stainless steel target support was measured 
directly by placing radioactive sources at the target 
position. These sources included Te (K x-rays), Ba!™ 

°A. H. Compton and S. K. Allison, X-rays in Theory and 
Experiment (D, Van Nostrand Company, Inc., New York, 1935) 


 G. R. White, National Bureau of Standards Report NBS-1003, 
1952 (unpublished) 
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F1G. 2. Pulse-height spectrum of the gamma radiation for a particle 
bombardment of Ta 


(K x-rays of Cs), Lu'”’ (113 kev and K x-rays of Hf), 
Hf'" (133 and 136 kev and K x-rays of Ta), and Os!'*! 
(134 kev and K x-rays of Ir), For the Coulomb excita- 
tion experiments, we believe that the attenuation cor- 
rections are not uncertain by more than +2% for 
E,> 50 kev. 

The intrinsic detection efficiency of the detector 
differs from unity at most by 2% for the gamma-ray 
energies involved in the experiments. Insofar as the 
determination of (a@*).x) is concerned, the error intro 
duced by ¢ is negligible. Also, for the nuclei investigated 
the fluorescent yield wx is probably not uncertain by 
more than +1%, 


IV. MEASUREMENTS 


The yield of K x-rays and gamma rays for a@ particle 
Coulomb excitation of nuclei with Z between 50 and 90 
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Fic. 3. Pulse-height spectrum of the gamma radiation for a particle 
bombardment of W'** 
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has been determined. Figures 1 to 4 show the spectrum 
observed when thick targets of Sn, Te, Ce, Ta, W'*, and 
Bi were bombarded by 4.044-Mev a particles. The 
source of the peak at 180 pulse height units, which 
corresponds to ~25 kev, in Fig. 4 is not known. 
Numerous checks have been made to locate the source 
of this radiation. It is associated with a beam on the 
target and has the same intensity for a variety of 
targets, e.g., Bi, Pb, Tl, Au, and Pt. This would seem to 
exclude an impurity from a medium-weight element. In 
addition, medium-weight elements (such as silver solder ) 
near the target area were shielded from possible scat- 
tered ions. This precaution did not remove the spurious 
peak at 25 kev. In any case this peak does not interfere 
with any of the measurements to be discussed in this 
paper. 

Additional information on £2 K-shell internal con- 
version coefficients has been obtained from £2 transi- 
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Fic. 4. Pulse-height spectrum of the gamma radiation for a particle 
bombardment of Bi 


tions following B~ decay. The intensities of K x-rays and 
the gamma rays have been measured for £2 transitions 
in Er'®, Yb'”, and Hf'”*. A typical spectrum of the K 
x-rays and the 84.26-kev gamma ray following the 8 

decay of Tm'” is shown in Fig. 5. To check on the 
method of measuring K-shell internal conversion coeff- 
cients with a scintillation spectrometer, the pulse height 
spectrum of the K x-rays and the 661-kev gamma ray 
from Ba'*” was measured and is shown in Figs. 6 and 7. 


V. INTERPRETATION AND DISCUSSION 
A. Coulomb Excitation Experiments 


From the absolute yields of K x-rays and gamma rays 
for a particle bombardment of nuclei, one can deduce 
the K-shell internal conversion coefficient (a*),., for 
several gamma-ray transitions. The yield of K x-rays 
resulting from the stopping of the @ particles is as much 





PURE E2 AND MIXED 
as two times smaller than the yield of K x-rays resulting 
from internal conversion of nuclear gamma rays follow- 
ing Coulomb excitation. The number of K-shell vacancies 
produced by the stopping of the a-particles in targets of 
different Z was determined for a few elements for which 
there is no appreciable nuclear excitation (Th, Bi, Pb, 
Tl, Ce, Te, and Sn). In addition, the yield of K x-rays 
from three targets of platinum containing different 
amounts of Pt'®* was used to determine the yield of K 
x-rays resulting from the stopping of the a particles. For 
platinum there is no appreciable nuclear excitation 
which yields K x-rays from internal conversion except 
in Pt!®, The results from a typical set of measurements 
for Ea= 4.044 Mev are given in Table I. The principle 
uncertainty in the measurements for CeTe, and Sn is 
the attenuation correction for the material that the}K 
x-rays must traverse between the target and detector. 

In our communication® of the results from 3-Mev 
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Fic. 5. Pulse-height spectrum of the gamma radiation following 
B~ decay of Tm!”, 


a particles incident on thick targets, we assumed that 
the £2 K-shell internal conversion coefficient a,* was 
not appreciably altered by the finite nuclear size.! As a 
result we used the data from the measurements on 
W!*) W186 and Os to determine the number of K-shell 
vacancies J x produced by the stopping of the a-particles 
because the yield of K x-rays from internal conversion 
could be determined from the intensity of the nuclear 
gamma ray of known £2 multipole. Our original curve® 
of Ix as a function of Z for 3-Mev a particles was 
adjusted to fit the data for Ce, W'™, W'*, Os, TI, Pb, 
and Bi. From the more recent measurements with 
E,=4.044 Mev, it appears that our interpretation of 
this original yield curve is probably incorrect. The 
results for 7x from two different sets of measurements 
with E,= 4.044 Mev are given in Fig. 8. 

The theoretical cross section for the ionization of the 
K-shell has been computed in Born approximation for 


E2+M1 TRANSITIONS 
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nonrelativistic electron wave functions,"" The depend 
ence of the cross section on the Z of the target atom is 
Z”, The thick target yield /« should vary approxi 
mately as Z~"-®, However, the results in Table I with 
Z 2 78 indicates that the dependence is Z~*. With this 
dependence on Z, the points for Sn, Te, and Ce fall 
appreciably below a curve fitted to the data for Z 2 78, 
This trend seems to be in agreement with the experi 
mental cross sections found for protons,” i.e., the pre 
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"' W. Henneberg, Z. Physik 86, 592 (1933) 
2 Lewis, Simmons, and Merzhacher, Phys. Rev. 91, 943 (1953) 
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TaBLe I. Yield of K-shell vacancies resulting from the stopping of 4.044-Mev a particles incident on thick targets and the yield of 
nuclear gamma rays where there is appreciable nuclear excitation. 


Th 
Bi 
Pb 
Tl 

Pt (D.1A% Pt) « 
Pt (28.6% Pr')« 
Pt (33.7% Pr) 

Ce 

Te 

Sn 

Os 


Exo y 
(kev) 


93.5, 90.1, 105.7 
77.2, 74.9, 87.2 
75.0, 72.8, 84.8 
72.9, 70.9, 82.5 
67.9, 65.1, 75.6 
67.9, 65.1, 75.6 
67.9, 65.1, 75.6 
34.7, 34.3, 39.3 
27.5, 27.2, 31.0 
25.3, 25.1, 28.5 
63.0, 61.5, 71.3 


155 
186 
206 
Witta b 59.4, 58.0, 67.3 
124 
WiMa, b 59.4, 58.0, 67.3 
112 


Ik 
(internal conversion) 


Kot 7 
(excitations/ycoul) 


(1.10+0.10) « 10* 
(3.494-0.21) x 104 
(3.984-0.24) K 10* 
(4.384-0.31) K 104 
(1.40+-0.08) x 10° 
(1.07 40.06) 10° 
(1.164+0.07) « 10° 
(1.954+0.29) x 10° 
(7.1440.57) K 10° 
(1.07 40.16) K 10’ 
(1.79+0.11) K 10° 
(3.46+0.17) x 10* 
(4.6€04-0,23) K 10+ 
(4.26+4-0.21) x 10* 
(4.934-0.30) K 105 
(4.1340.21) K 10° 
(5.82+0.35) K 10° 
(4.3240.22) K 10 


0,323 
0,205 
0.158 


1.12 10* 
0.94 104 
0.67 X 104 


0.563 2.33 108 


0,695 3.00 10° 


* The enriched isotopes and the isotopic analysis were supplied by the Stable Isotopes Research and Production Division at ORNL. 


» The W'* target contained 97.2% W'**, 0.38% W'*, 1.94% W'™, and 
and 0.9%, W'* 


dicted cross sections are low, particularly for the heavy 
elements. For interpolation purposes a log/ x versus logZ 
presentation of the data in Table I did not appear as 
good as the log/« versus Z presentation given in Fig. 8. 
The curve is a straight line which seems to represent the 
data fairly well except for W'™, W'**, and Os. These 
points have already been corrected for the contribution 
of K-shell vacancies resulting from internal conversion 
of £2 transitions. For this purpose we have used the £2 
internal conversion coefficients a,* as given by Rose 























Fic. 8. Yield of K-shell vacancies resulting from the stopping of 
4.044-Mev a particles incident on thick targets as a function of Z. 
Ix, the number of K-shell vacancies per microcoulomb of singly 
charged helium ions, is the yield of K x-rays corrected for the 
fluorescent yield. 


0.5% W'®; the W'™ target contained 95.7% W'™, 1.25% W'**, 2.07% W'*, 


et al and by Sliv.! We are inclined to consider the 
deviation of J for W'*, W'**, and Os from the straight 
line curve as evidence that the a)“ are actually larger 
than the values calculated by Rose ef al.’ and by Sliv.' 
The amount of the deviation from the straight line gives 
the result that a,“ for W' and W'* are larger than the 
values calculated by Sliv and co-workers by (43+ 15)% 
and (46+ 16)%, respectively. The percentage deviation 
for osmium is still larger, but the osmium results are 
rendered uncertain because of the possibly important 
contribution to the K x-ray intensity from excitation of 
states in the odd-A isotopes. 

The K-shell internal conversion coefficients deduced 
for several gamma-ray transitions in odd-mass nuclei 
are listed in Table II. The yield of K-shell vacancies 
resulting from the stopping of the a@ particles was ob- 
tained from the curve in Fig. 8. The £2 and M1 
internal conversion coefficients az* and 6,* are taken 
from Sliv.' For several of these transitions the ratio 
E2/M1 is known from angular correlation measure- 
ments."* The values for £2/M1 of the transitions in 
Re!** and Re'*’ are based on an indirect determination.” 
Using these values for E2/M1, we have tabulated the 
expected values for a* based on Sliv’s values for a,* and 
B,*. The (a*),«, tend to be larger than the predicted a*. 
However, these transitions are of limited value as 
evidence for deviations in a;* from the calculations by 
Sliv because of the rather large uncertainties in (a*)exp 
and E£2/M1. Bernstein and Lewis have observed 
internal conversion electrons corresponding to the 
Coulomb excitation of states at 82 and 73 kev in Ir'™ 
and Ir, respectively. Our results for Ir™ and Ir’ 
would be rendered uncertain if there is appreciable 


4 F, K. McGowan and P. H. Stelson (to be published). 
“E, M. Bernstein and H. W. Lewis, Phys. Rev. 105, 1524 
(1957). 
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TABLE II, K-shell internal conversion coefficients deduced from Coulomb excitation experiments, The yield of K-shell vacancies / x’ 
resulting from the stopping of 4.044-Mev a particles was obtained from the curve in Fig. 8. 


Ex ot 
“Kor y 
(kev) 


~ $7.6, 56.5, 65.2 
136 


Nucleus 


Re (85.4% Re'*®, 14.6% Re!#”)* 
Re! 

Re (37.3% Re!**, 62.7% Re”) 
Re?*? 


60.8, 59.6, 69.1 
128 
60.8, 59.6, 69.1 


134 
64.9, 63.3, 73.5 
134 


Ir (85.8% Ir, 14.11% Ir!) 
Ir™ 


Ir (89.14% Ir, 10.86% Ir)* 64.9, 63.3, 73.5 
Irs 140 


Ir oy 
(excitations/pcoul) 


(5.04+0.30) X 10° 
(2.124-0.11) 10° 
(4.61+0.28) x 10° 
(1.41+0.07) X 10° 
(4.334-0.26) X 105 
(1.34+0.07) X 10° 
(2.85+0.17) K 10° 
(7.04+-0.35) X 10* 
(2,18+0.13) x 10° 
(5.21+0.26)  10* 


In’ Bik E2/M1 


1.79 105 


(aX® Jeap 


1.5340.18 0460 1.51 0.25 1.30 


1.28 10° 


2.434036 0.514 2.13 (0.025) 2.09 


1.28 10° 


2.124032 0464 1.90 (0.025) 1.86 


9,20 104 

2.904:0.58 0445 2.20 
9.20 104 

2.24+0.45 


0.403 1.94 


* The enriched isotopes and the isotopic analysis were supplied by the Stable Isotopes Research and Production Division at ORNI 


TABLE III. K-shell internal conversion coefficients deduced from a measure of the K x-ray and 
gamma ray intensities of transitions following 8~ decay. 


Source ER ot y (kev) 
49.1, 48.2, 55.7 
80.0 
52.4, 51.4, 59.4 
84.26 
55.8, 54.6, 63.4 
89.0 
32.4, 31.8, 36.4 

661 


NX or 4 


2.154 10° 
1.408 x 10° 
4.507 X 108 
3.232 10° 
1.580 10° 
1.389 10° 
6.79 104 
3.44 105 


Hoa, Er'66 


Tm! yp!” 
Lu?76sHf76 


Cs'#’— Ba!3’* 


A wK Merp* anak (a* )exp/ar* 


0.851 0.923 
0.876 
0.914 
0.931 
0.916 
0.931 
0,862 
0.967 


0.9880 1.85 +0.13 1.63 1.13 
0.9960 
0.9858 
0.9930 
0.9767 
0.993 


0.660 


0.930 


1.65 +0.12 1.34 1.23 
0.933 

1.32 +0.11 1,10 1.20 
0.88 


0.095 +0,008 


* The samples of rare earth oxides were purified by Dr. Boyd of the Chemistry Division of ORNL. 


Coulomb excitation of these states compared to the 
excitation of the 134- and 140-kev states in Ir! and Ir'™, 


B. £2 Transitions Following §~ Decay 


For a simple decay scheme consisting of a single 
gamma-ray transition following B~ decay, the K-shell 
internal conversion coefficient can be obtained from a 
measurement of the pulse-height spectrum of the gamma 
radiation. Measurements of this type for £2 transitions 
with £,~85 kev have been done earlier by several 
groups of workers.'!*-* At that time no calculations of 
ay* for E, <150 kev were available for comparison with 
experiment. Within the last year both Rose et al.? and 
Sliv!' have extended the calculations to lower gamma-ray 
energies. We have repeated our measurements with 
considerably better energy resolution and with a multi- 
channel pulse-height analyzer in place of the single- 
channel analyzer used in the original measurements.'® 
As a result the uncertainty in (a*),., has been reduced 
from +({15 to 20)% to 8%. The K-shell internal 
conversion coefficients deduced from the measurements 
of £2 transitions in Er'®*, Yb'”, and Hf!’ are listed in 
Table III along with a2* as given by the calculations of 
Sliv.! Only the intrinsic efficiency of the detector is 
given in Table III because the solid angle subtended by 


16 F, K. McGowan, Phys. Rev. 85, 151 (1952); 87, 542 (1952). 
16 Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952) 

17 A. W. Sunyar, Phys. Rev. 93, 1345 (1954). 

1®K. Linden and N. Starfelt, Arkiv Fysik 7, 109 (1954). 

” Bisi, Germagnoli, and Zappa, Nuovo cimento 3, 109 (1956). 
* Graham, Wolfson, and Clark, Phys. Rev. 98, 1173A (1955). 


the detector at the source cancels out in the deduction 
of (a*)..». The experimental values for the K-shell 
internal conversion coefficients seem to be appreciably 
larger than the calculated values. The calculations by 
Sliv include a correction for the finite nuclear size. For 
£2 transitions and for this region of Z, the correction 
amounts to a 2% reduction from the values given by the 
point-nucleus calculations by Rose et al.? 

These recent measurements agree well with the earlier 
measurements. For instance, McGowan,'® Sunyar,!’ and 
Graham et al.” obtained (a* )ox,= 1.9 for the transition 
in Er'®*, For the transition in Yb!” the following values 
have been reported; 1.50.2 by McGowan,'® 1,640.15 
by Graham ef al.,'* 1.6 by Linden and Starfelt,'* and 
1.69 by Bisi et al.! 

A few check experiments with a Tm!” source have 
been done to look for systematic errors which might 
account for the deviations from the calculated internal 
conversion coefficients. At these low energies the K 
x-rays and gamma rays scattered from the surroundings 
into the detector by Compton scattering are not de- 
graded appreciably in energy. The amount of backscat 
tered radiation was measured directly by introducing a 
shadow shield of 0.010 inch of Ta+0.030 inch of 
Sn+0.0035 inch of Mo+-0.005 inch of Cu between the 
source and detector. This effect of backscattering con- 
tributed 2% to the number of counts in full energy peak 
of the K x-ray. This correction has been included in the 
results given in Table II. In addition, the pulse height 
spectrum from Tm!” was measured with the source and 
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detector suspended in the middle of a laboratory room 
24X 16 10 feet in order to reduce backscattering from 
the surroundings. From this measurement we obtained 
(a* ) oxy = 1.69. To check on the intensity of the escape 
peak of the 84-kev radiation, which falls at the position 
of the K x-ray in the pulse height spectrum, the spec- 
trum was measured with 1.29 g/cm?* of Pb between the 
source and the detector. Under these conditions the K 
x-rays are attenuated by a factor of 52 over that for the 
gamma ray. Graham et al.'* also performed this measure- 
ment in their work with Tm!”, The escape peak intensity 
was in good agreement with the values used in the 
analysis of the data in Table III. The background from 
the electron bremsstrahlung and the escape peak of the 
gamma ray contributed 8% to the total counts observed 
in the full-energy peak of the K x-rays and the back- 
ground in the full-energy peak of the gamma ray was 
about 6% for Er'®, Yb!”, and Hf!7®, 

The K-shell internal conversion for the 661-kev transi- 
tion in Ba!’ deduced from the data shown in Figs. 6 and 
7 is given in Table LI. This transition is generally ac- 
cepted to be a M4 multipole based on B--ray shape 
studies” and measured K-shell internal conversion 
coefficients.”*" From Sliv’s calculations, the effect of the 
finite nuclear size on the internal conversion coefficients 
should be negligible for Z=56. This measurement of 
(a* )ex» for the 661-kev transition should provide a check 
on the general method of measuring K-shell internal 
conversion coefficients with a Nal scintillation spec- 
trometer. The calculated value! for B,* is 0.094 and the 
experimental value agrees well with this. Our experi- 


“J. S, Osaba, Phys. Rev. 76, 345 (1949), 

™(. Peacock and A. Mitchell, Phys. Rev. 75, 1272 (1949). 
“1. Langer and H. Price, Jr., Phys. Rev. 76, 641 (1949). 
“M.A. Waggoner, Phys. Rev. 82, 906 (1951) 

** A. H. Wapstra, Arkiv Fysik 7, 275 (1954) 
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mental value also agrees with the careful determination 
of (a*).x, by Waggoner and by Wapstra using magnetic 
spectrometers for the measurements. 


VI. CONCLUSIONS 


Information on K-shell internal conversion coeffi- 
cients has been obtained from Coulomb excitation ex- 
periments and from £2 transitions following 6 decay. 
The measured £2 K-shell internal conversion coeffi- 
cients seem to be appreciably larger than the calcula- 
tions by Rose and by Sliv. Several experimental checks 
were done in search for possible systematic errors in the 
method of measurement and these errors appear to be 
appreciably smaller than the errors assigned to the 
(a*) x». At first sight these deviations from the calcu- 
lated £2 K-shell internal conversion coefficients would 
seem to be rather large to have escaped detection by 
other methods. However, for these £2 transitions in 
Er'®, Yb!” and Hf!” an absolute determination of the 
number of K-shell internal conversion electrons is not 
favorable because the energy of the electrons is rather 
small. In magnetic spectrometer measurements of in- 
ternal conversion coefficients, a known £2 transition 
and the calculated internal conversion coefficient are 
frequently utilized to calibrate the spectrometer. 

We report these results in the hope that they may 
stimulate and encourage others to check our results. The 
deviations we have observed in the values of a2“ may be 
evidence for the importance of the additional nuclear 
matrix elements in internal conversion.*** This could 
mean that internal conversion coefficients are not as 


independent of nuclear properties as previously believed. 


26T. A. Green and M. E. Rose, Bull. Am. Phys. Soc. Ser. II, 2, 
228 (1957). 
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Circular Polarization of Internal Bremsstrahlung 


A. PYTTE 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 
(Received June 4, 1957) 


A calculation is made of the circular polarization of the internal bramsstrahlung in allowed 8-decay with 
the most general 8-interaction. The polarization is found to rise from zero at the low-energy end of the 
spectrum to a maximum value at the high-energy end. This maximum value depends critically on the relative 
magnitudes of the coupling constants in the 8-interaction. With the two-component neutrino theory and only 
the scalar and tensor interactions present, the polarization is complete at the high-energy end of the spec 
trum. Plots have been made, with this 8-coupling, of the Born approximation result for the circular polariza 
tion as a function of photon energy for S* and P®. The effects of the nuclear Coulomb field on the y-ray 


spectrum and polarization are discussed 


1. INTRODUCTION 


HE bremsstrahlung accompanying 8 decay will be 

circularly polarized only if parity is not con- 
served in the # interaction. Assuming nonconservation 
of parity, we shall calculate the degree of this circular 
polarization for the internal bremsstrahlung in allowed 
decay. The calculation will be carried out in the Born 
approximation, but we shall also discuss the corrections 
to the Born approximation due to the effect of the 
nuclear Coulomb field. The correction to the first order 
in Za is easily found and gives a simple result when all 
the coupling constants in the @ interaction are real (or 
in phase). In our calculations we employ the Green’s 
function of the second order Dirac equation. This 
technique, which was developed by Glauber and 
Martin! for radiative K-capture, is particularly suitable 
in finding the Coulomb field corrections. 

In calculating the degree of polarization we have used 
the most general # interaction. With certain interaction 
combinations the result is independent of the coupling 
constants and the nuclear matrix elements. This is the 
case, for example, if we take the two-component neu- 
trino theory to be correct and the vector and axial 
vector interactions to be absent. In this special case we 
have plotted the Born-approximation result for the 
degree of polarization as a function of energy for S* 
and P®, 

An experimental confirmation that the internal 
bremsstrahlung is circularly polarized would present 
further evidence that parity is not conserved in the 
8 interaction. Such experiments might also supply us 
with a check on the two-component neutrino theory. 
Furthermore, since the vector and axial vector inter- 
actions in the two-component theory polarize in the 
direction opposite to that of the scalar and tensor 
interactions, we might obtain an indication of the 
amount of a possible vector-axial vector admixture to 
the f interaction, which at the present is assumed to be 
predominantly tensor and scalar. 


1 R, J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956); 
and P, C. Martin and R. J. Glauber, Phys. Rev. (to be published). 


2. CALCULATIONS IN THE BORN APPROXIMATION 


The over-all process of internal bremsstrahlung may 
be pictured as taking place in two stages. In the first 
stage we have the nuclear transformation from an 
initial state 1, whereby a neutron goes into a proton 
with the creation of an antineutrino and an electron in 
an intermediate state /, In the second stage we have a 
transition of the electron from the state / to the final 
state f with the emission of a photon. 

The standard second-order perturbation theory gives 
the following expression for the probability, S(k,e)dk, 
that a photon will be emitted with energy between k 
and k+dk and with polarization e: 


dE (ky — E—k) Ep 


x fan, fan. fa, > |Mi*, (1) 


(fH, || Mahi 
a = 


S(k,e) k 
f 8 


M 


Here E is the energy and p the momentum of the 
electron in the final state f; E, is the energy of the 
electron in the intermediate state /, and Zp is the total 
energy available in the decay. The summations are 
over the final spin states of the electron, s,, and the 
antineutrino, s,, as well as the magnetic quantum num 
bers of the final nuclear states, labeled n. The expression 
is also to be considered as averaged over the initial 
nuclear states, The integrations are over the momentum 
directions of the electron, 9,, the neutrino, {2,, and the 
The electromagneti term is 


photon, 9, interaction 


given by’ 


(f\H,\l (one /b) f ¥ne ‘tea -ep(r)d(r), (2) 


2 We use units in which h= 1 and c#1, and the Dirac matrices 
= 90,8 =ps, 75 ~p1. Hermitian conjugate is designated by a 
superscript dagger 
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The general f interaction term in allowed decay is 
(L\ Hp\t) =X (Os); (O)NOLCi+C/75]x(0). (3) 


Here (O,;),; is the matrix element of the 6-coupling 
operator, O;, taken between the final and initial nuclear 
states. ¥(0) and x(0) are the electron and neutrino 
wave functions evaluated at the origin. The expression 
(3) must be modified (by taking into account the finite 
size of the nucleus) for relativistic Coulomb wave 
functions, which are singular at the origin. 

Following Glauber and Martin,’ we introduce the 
Green’s function, G(r), for the second order Dirac 
equation, describing propagation from the origin to the 
point r. The matrix element M defined in (1) then 
becomes 


M= (2net/B)\ f deve! he ik-r 


X[—2ie-v+ie-(exk)+ka-e | 
x Gase(t) D2 (Os) pOLCi+C v5 Jx(0). (4) 
i 
Let us for the moment neglect the nuclear Coulomb 
field. The Green’s function is then simply the unit 
matrix times a scalar, which satisfies 
[V2+ (E+k)?— m? |Gese(r) = —4(r), (5) 

whose outgoing wave solution is 


Geya(e) =e'*"/4nr, (6) 


The momentum, u, is defined by u=[ (£+-k)?—m? |}. 

To simplify the following expressions we shall tem- 
porarily restrict ourselves to the two component neu- 
trino theory, C’= —C. M is then, 


dre’ \ 
M ( ) ut fare (pth) +s 
k 


x[ —2ie-V+i0-(exXk)+ka-e | 
er 


X— ¥ CKO;),0j)1—vy5)v. (7) 


4nr i 


Here v and u are the plane-wave spinors of the neu- 
trino and the electron in the final state. The spatial 
integration is easily carried out and yields 
M = (2we®/k)*(| p+-k|?—p*)-'u!' 
x [2e-pt+io-(eXk)+ka-e | 
XZ iC (O;)0j(1—rs)v. (8) 


We introduce the circular polarization vectors, e*, 
defined by 
et= 4vV2(e,+1€2), (9) 
where e;X e:=k/k. Because of the identity, 
(10) 


ia -(e;+1e:) X k= Fhe -(e;+ie2), 


PYTTE 


Eq. (8) can be written 

M = (2me*/k)*(| p+-k|?—p?)“"'u'[2p+-k(p1¥ 1) | 
-e€* DC (0;),0j(1—6)0. 

For the scalar and tensor interactions, 


0;(1 —7s) nant (1+75)0;= (1 —pi)Oj. 


(11) 


(12) 
For the vector and axial vector interactions, 


0;(1—5) = (1—75)0;= (1+1)0;. (13) 


Hence 


2re*\ 4 1 
u~( ) ut 
kJ \ptk\|*—? 


X{(2p—(1+1)ko]-e* 3) CiOj),0; 
j= 8,T 


+[2p+ (1 1)ko]-e* 3° C,(O;),05} 


~-V,A 
K (1+ pi)v. (14) 


We see that the scalar and tensor interactions polarize 
in the e* direction, the vector and axial vector inter- 
actions polarize in the e~ direction. Since the scalar and 
tensor interactions are at the present assumed to domi- 
nate, we expect the internal bremsstrahlung to be 
polarized in the e* direction.’ 

It is apparent already at this stage that the polariza- 
tion is more pronounced the higher the photon energy 
becomes. In the low-energy limit there is clearly no 
circular polarization. To make the resulting expressions 
more manageable, we shall now consider only the 
tensor and scalar interactions. The result of an arbitrary 
interaction mixture can be found from an obvious 
extension of the following formulas, and will be given 
later. 

We sum over the spin states in the usual way. The 
integrations over the neutrino and electron directions 
are trivial. With the scalar and tensor interactions, we 
obtain 


(|Cs|*| (8)|?+ |Cr|?| (Be) |*) 
4n*k 


Eo-k 1 
xf dE( Eo— pf d(cos@) 
-1 


eat (1-4 1)k? 
(E—p cosé)? 


S(k,e*) = 


(15) 
E—p cosd 


Here 6 is the angle between k and p. The nuclear terms 
|(8)|*? and | (Se) |? are averaged over initial and summed 
over final states. (15) shows clearly the dependence of 
the circular polarization on @. In particular the radiation 
‘ There are conflicting definitions of “right’”’ and “left” circular 
polarizations. We identify “right” polarization with the vector e*. 





POLARIZATION OF 
in the + p-direction is completely polarized at all 
energies. When we integrate over 6, the result can be 
written as follows, 


S(h,e*) = (e/4x*k)[|Cs|2| (8) 2+ |Cr|?| (Be) |] 


XC9it+-(1+1)92], (16) 


where 


I -4f dE(x— EYE |In(E+ p)— Ep], 
1 


(17) 


4:= 24 | dE(x—E)[ (k+2E) In(E+p)—2p)]. 
1 


Here we have set m=1, and ky—k=-x. We define the 
momentum s by s=(x*—1)!. The integrals g, and gz 
when carried out, oe 
‘| [on 
-3 
450 


1 
So=k Inet s|B of vee) + ‘ 
3 3 
11 4 19 23 
4 Bol a+ )- z+ “| 
9 9 36 72 


If we define the degree of polarization, @(k), by 


@(k) =[.S(k,e+) —S(k,e~) |/[ S(k,e+)+S(k,e~) ], 


it follows that 


Ji=In( vt xi— 
5 900° 


(18) 


O(k) = Jo/ (Git 92). (19) 


A plot has been made of @(&), &S(k,e*) and kS(k,e~) 
as functions of k for S* with Rau. =167 kev (Fig. 1), 
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Fic. 1. The internal bremsstrahlung spectra, kS(k,e*) and 
kS(k,e~), and circular polarization, P(k), as functions of photon 
energy, k, for S*®* (kmax = 167 kev), with a=1 and b=0. 
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Fic, 2. The internal bremsstrahlung spectra, &S(k,e*) and 
kS(k,e~), and circular polarization, Y(k), as functions of photon 
energy, k, for P™ (Ring, = 1.70 Mev), with a= 1 and b=0 


and P® with Rinax=1.70 Mev (Fig. 2). Note that (19) 
and Figs. 1 and 2 are based on the two-component 
neutrino theory and the scalar-tensor interaction 
mixture, The total probability that a photon of energy 
k will be emitted is 


S(k) = S(k,et)+5(k,e7) = (e?/2n*k) 


x |Cs|?| (B) 24-1 Cy 2! (Ba) |? 


This probability was first calculated by Knipp and 
Uhlenbeck and by Bloch.‘ Our result agrees with theirs 
when we note that |C;|*|(O;)|? in the old theory be 
comes 2|C;|*| (O;)|? in the two-component theory. 

Following Knipp and Uhlenbeck, we can rewrite the 
expressions for S(k) in terms of the 8-decay probability, 
P(E+k), that an electron of energy E+k will be 
emitted, and the conditional probability, #(#,k), that 
the electron will radiate a photon of energy k: 


I Jitde). (20) 


Ko-k 
S(k) J dEP(E+k)®(E,R), 

where 
P(E+k) = 9 |Cg\?|(B)\*+ (Cz 


X (ho E 


p 2| (Ba) |? | 


k)*?(E+k)u, (22) 
and 


©(E,k,e*) =e 2euk(E+k) P22? + 1+ DR(2E+k) J 


XIn(E+p)—2p[E+(141)k]). (23) 


The differential radiative probability can be inferred 


‘J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936); 


F. Bloch, Phys. Rev. 50, 272 (1936) 
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from (14): 
ep 
dy 
89’ pk( E+-k) 
p’ sin’@LE+(1t1)k} (+1)F 
+ ; 
[E- p cos6 E— p cos6 


db( Ek §,e*) 


(24) 


One advantage of writing S(k) as in (21) lies in the 
fact that the experimentally observed 8 spectrum can 
be inserted directly and unambiguously. When we go 
through the above steps with the most general 8 
interaction, the formulas (7) through (24) will change 
in an obvious manner. Thus (16) and (19) become’ 


S(k,e*) = (e/8x'k) tl git 1+4)$o+b9,), (25) 


and 


it+Gotbds 


ase 


W(k) (26) 


where 


Is if dE (x— E)*LE In(E+p)— p) 


1 


1 1 25 55 
In(ts)( t+ x°+ )-x( +—z 
3 s 36 72 


J, and Jo are given by (17) and (18), and 
E=[|Cs) 
+ [| Cr|?+ | Cr’ |?+ |Cal?+[Ca’|*]| Mor’, 


*41C 5/24 |Cy|2+ | Cv’ |?)| Mel? 


at =[—Cs*Cg'—CsC5'*+Cy*Cy'+CyCvy"™* || Me}? 
tlL—Cr*Cr’ 


be =(Cs*Cvt+CsCv*+Cs"Cv'+Cs'Cy™ ]| Me|? 


Crp +Ca*Ca'+CaCa™ )| Mar)’, 


+ [ ( "Ca + CrC4* +-( r'Ca’ + Cr’'Ca™ | Mar'\’. (28 


We have set |(8)|?= | (1)|?= | Mpr|* and | (fe) |*= | (@) |? 
Mar 
The Fierz interference term 6 is known to be quite 
small, If we set b=0, (26) still differs from (19), but 
only by the constant multiplicative factor a, From ex- 
periments measuring the circular polarization at any 
one energy, we should therefore be able to determine 


the constant a, 


3. EFFECT OF THE NUCLEAR COULOMB FIELD 


When we use the correct Coulomb field Green’s func- 
tion, Geya(r) and wave function, Wg(r), in (4) and take 
all the coupling constants in the f interaction to be 
real, we find a very simple correction to the first order 
in Za. [Z is the nuclear charge and a( =e’) is the fine 
structure constant. | One part of this Coulomb correc- 


* After completing the work reported here, we were informed 
about a letter by G. W. Ford ePhys. Rev. 107, 320 (1957) ], 
wherein he obtains the same result for the degree of polarization 
as in our formula (26). 
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tion may be recognized and evaluated immediately. The 
absolute value of the final state electron wave function 
at the nucleus differs from unity when the Coulomb 
field is taken into account. This absolute value is found 
to occur as a factor in the wave function and conse- 
quently as a factor in the expression for the matrix 
element M. The value for |Mj|* obtained with the 
Born approximation should therefore be multiplied by 
the square of the absolute value of the final state 
electron wave function at the nucleus. This is simply 
the well-known Sommerfeld factor, 


2arZak/p 
¥z(0)|?= 7/4)" 
1 —exp/( — 2rZak/p) 


or its relativistic analog, the Fermi function. Let us 
denote this factor by F(Z,£). It should be noted that 
it is the energy and the momentum of the electron in 
its final state that occurs in this Sommerfeld factor, 
rather than the energy and momentum with which the 
electron is “born” at the nucleus. The remaining first- 
order Coulomb corrections in M are also found without 
difficulty. However, these remaining corrections both 
from the Green’s function and the wave function are all 
found to be imaginary (or out of phase) with respect 
to the zero-order terms. They will therefore contribute 
to |M\? only as second and higher order corrections in 
Za. Our result agrees with the first order Coulomb cor- 
rection to the total spectrum, S(k), recently calculated 
by Lewis and Ford® with a rather elaborate third order 
perturbation procedure. 

It should be stressed again that this result is only 
correct if the 8-coupling constants are all in phase. If 
the theory is not invariant under time inversion (weak), 
we should expect any imaginary first order terms in M 
to contribute to the first order in Za in |M\* and S(k) 
as well. Assuming the 6-coupling constants to be in 
phase, the formulas for the degree of polarization, (19) 
and (26), take the same form to the first order in Za, 
but with the factor F(Z,E)=1+(xZaE/p)+---, in- 
serted in the integrals J,, Jz and J. Similarly we insert 
the factor F(Z,£) in the integrand of (21), 


Eq~-k 
S(k) = J dEF(Z,E)P(E+k)®(E,k). (29) 


If we use the observed 8-decay spectrum, which should 
take the form, 


P(Z, E+k)=F(Z, E+k)P(E+k), 
and define ®(Z,£,k) by 


Eg-k 
S(k)= J dEP(Z, E+-k)®(Z,E,k), 


6G. W. Ford and R. R. Lewis, Bull. Am. Phys. Soc. Ser. II, 1, 
195 (1956), and Atomic Energy Commission Report AEC-AT 
(11-1)-427 (unpublished), (See also S. B. Nilsson, Arkiv fér 
Fysik, 10, 467 (1956). 
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we see that to first order in Za: 


F(Z,E) 
F(Z, E+k) 


$(Z,E,k) (30) 


The analogy with the Elwert correction in external 
bremsstrahlung is obvious. The theory of internal 
bremsstrahlung has been used primarily to predict 
photon intensity relative to the electron intensity. 

We see from (30) that the ratio of photon intensity 
to electron intensity is less sensitive to the influence 
of the Coulomb field than either intensity by itself. 
There is a partial cancellation of the Coulomb effects 
on the two intensities in taking the ratio. Lewis and 
Ford® express the hope that a similar cancellation will 
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take place in the higher order corrections. The second 
order terms which have been neglected, however, are 
not simply wave function normalization factors, and 
there is therefore no reason to anticipate further 
cancellations. The second order Coulomb terms are 
somewhat more difficult to calculate. A discussion of 
the (Za)? corrections will be given in a subsequent 
paper. It is our hope to investigate their bearing on the 
disagreement with the present theory, which has re 
cently been reported by several experimenters.’ 

In closing we wish to express our gratitude to Pro 
fessor R. J. Glauber, who suggested the problem, for 
many helpful discussions. 

7K. Liden and N., Starfelt, Phys. Rev. 97, 419 (1955); N 


Starfelt and N. L. Svantesson, Phys. Rev. 97, 708 (1955); H 
Langevin-Joliot, thesis, Paris, 1956 (unpublished), 
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Elastic Scattering of a &* Hyperon from a Free Proton* 


Francis C. GitBpert AND R. STEPHEN WHITE 
University of California Radiation Laboratory, Livermore, California 
(Received June 3, 1957) 


An event has been found in nuclear emulsion which is interpreted as an elastic scattering of a 2* hyperon 
from a free proton. The center-of-mass scattering angle was 125 degrees and the energy of the hyperon at 


the point of scattering was 22.9 Mev. 


URING a systematic study of the interactions of 

K~ mesons in nuclear emulsion, an event was 
found which is interpreted as an elastic scattering of a 
2+ hyperon from a free proton. A photomicrograph of 
this event is shown in Fig. 1. A K~ meson, which was 
identified by ionization versus range, came to rest and 
produced a star with only one prong, track A. After 
traversing 4.79 mm of emulsion, prong A interacted 
yielding prongs B and C. Prong B then decayed at rest 
into a lightly ionizing track D which interacted in 
flight after traversing 28.2 mm of emulsion. The decay 
was characteristic of a 2* hyperon which decayed at 
rest into a w* meson. Prong C originated at the point 
of scattering and went 1.52 mm before stopping with a 
p-ending. 

An important feature of the event is the coplanarity 
of the tracks A, B and C. Track A made an angle of 
only 0,.2+1.5 deg with the plane of tracks B and C, 
The coplanarity suggests a two-body collision. From 
the measured angles and ranges that appear in Table I 
and energy and momentum conservation laws, the 
mass of the scattered particle can be calculated in a 
number of ways.' The results of seven of these calcu- 
lations are shown in Table IJ. In the second column 


*Work performed under auspices of U. S. Atomic Energy 


Commission. 
! Gilbert, Violet, and White, Phys. Rev. 103, 1825 (1956) 


appear the measured quantities that were used in each 
method for calculating the mass, in the third column 
the conservation laws that were used, and in the fourth 
column the resulting mass values. In the third column 
E, LM, and TM stand for the conservation laws of 
energy, longitudinal momentum (the total momentum 
parallel to the direction of the incident particle A), and 
transverse momentum (the total momentum perpen- 
dicular to the direction of A in the plane of ABC) 
respectively. In method 5 the mass of the scattered 
particle, B, depends on the direction of the incident 
particle, A, but not on its mass. In method 7 the 
calculated mass is independent of the direction of the 
incident particle but not of its mass. In all calculations 
except for method 5 the mass of the incident particle 
was assumed to be the same as that of the scattered 
particle B, and particle C was assumed to be a proton 


TABLE I. Range and angle measurements from event 659 


Prong Kange (mm) o (deg 
4.79" 

0.161 4-0.003 

1.52 +0.02 


A(z*) 
B(z*) 
C(p) 


* This range was measured from the K~ capture point to the scattering 
point 

» Angle 6 is the angle opposite the prong listed in the first 
the angle between the two other prongs 


column (Le 
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Fic. 1, Photomicrograph of the scattering of a Z* hyperon 
from a free proton in nuclear emulsion. A K~ meson is captured 
at rest to produce one charged particle, A(2*). Particle A scatters 
from a proton, C(p), and continues on as B(Z*). Particle B comes 
to rest and decays into a w* meson, D(r*), which interacts in flight 


These assumptions were roughly checked from meas 
urements on the tracks themselves. From ionization 
versus multiple scattering the mass of prong A was 
found to be (1.34+0.2)m,. Measurement of the scat- 
tering by the constant sagitta method on prong C gave 
a mass of (1.4+0.6)m,. Prong B was too short for a 
reliable mass estimate. 

It is stressed that 
independent and the best measure of the mass of the 
scattered particle may be obtained almost equally well 
from methods 2, 3, or 4. The values for the mass of 
the scattered particle that were obtained from the 
collision calculations are in good agreement with the 
known mass’ of the 2+ hyperon of 1189 Mev. Because 
of the coplanarity of the three tracks, the agreement 
of the measured 2+ hyperon mass with the accepted 
value, the agreement among the values obtained by 
the different methods of calculation, and because of the 
lack of a blob, electron, or recoil track at the point of 
scattering which would indicate a scattering event 
from a bound proton, the event is interpreted as an 
elastic scattering of a 2+ hyperon from a free proton 


the mass calculations are not 


* See for example, Gilbert, Violet, and White, Phys. Rev. 107, 
228 (1957) 


AND R. 8. 


WHITE 


in the emulsion. The kinetic energy of the 2+ hyperon 
at the point of scattering is 22.9 Mev and the angle of 
scattering in the center-of-mass system of the Zt 
hyperon and proton is 125 deg. 

To the best of our knowledge no other example of 
the elastic scattering of a 2+ hyperon from a free proton 
has been observed.’ As this type of event would not 
easily escape observation by other experimenters, it is 
of some interest to estimate the total path length of 
the 2+ hyperons that have been observed to date. The 
authors have followed only 6 cm of 2+ hyperon track. 
It is estimated that as of April, 1957 a total of about 
100 cm of hyperon track‘ has been followed by all 


TABLE. IT. Mass of prong B (or A) as calculated from measure- 
ments of Table 1. 


Mass 
(Mev) 


1360+340 
1218+35 
1221438 
, 1222+38 
M 1203+ 103 
Ra, Re, an, Oac cE, LM 1225+51 
Rp, Re, One E, LM, TM 1230+-220 


Conservation 
laws used» 


», LM, TM 
;, LM, TM 
:, LM, TM 
:, LM, TM 


Measurements 
used® 


Rp, Re, 4c 


I 
Ra, Re, Gan I 
Ra, 9B, Oac I 

I 


Method 


Re, 9aB, Pac I 
Rp, Re, On, Pac 1 


NOMS WH 


* Ry and Re here stand for ranges of particles B and C, respectively. 
Angles @4c, @an, and @xc are the angles between particles A and C, A an‘ 
B, and B and C, respectively. 

> E indicates conservation of energy; LM indicates conservation of 
longitudinal momentum; and TM indicates conservation of transverse 
momentum. 


emulsion groups. As 500 cm of track corresponds to a 
60-millibarn cross section (approximately geometric) 
for interactions with free protons in emulsion, it is not 
surprising that only one event has been seen to date. 
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4 Interactions of Z* hyperons in flight with nuclei in emulsion 
have been observed by Fry, Schneps, Snow, and Swami, Phys. 
Rev. 100, 939 (1955); and by R. G. Glasser and N. Seeman, 
Phys. Rev. 107, 277 (1957). 

‘From data presented at the 1957 Rochester Conference on 
High-Energy Physics it is estimated that about 10000 K 
captures have been observed in nuclear emulsion. In about 5% 
of the captures an identified 2* hyperon is emitted. As the mean 
range of the 2* hyperon is about 2 mm of emulsion, the resulting 
total path in emulsion is about 100 cm. An additional 20 cm of 
path length in liquid hydrogen, whose density was near that of 
the hydrogen density in emulsion, has been followed with no 2+ 
hyperon-proton scattering events (private communication from 
R. D. Tripp of the Berkeley hydrogen bubble chamber group). 
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Mean Free Path of High-Energy Nucleons in the Atmosphere* 


LEONILDA ALTMAN Farrowt 
Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 16, 1957) 


An altitude-variation experiment to determine the absorption mean free path in the atmosphere of high 
energy nucleons of the cosmic radiation has been performed using a large ionization chamber and associated 
counter trays. It is estimated that the nucleons studied in this experiment range in energy from 200 to 2000 
Bev, which is a higher energy region than has been investigated previously in similar experiments. The 
absorption mean free path for protons is found to be 12549 g/cm* and for neutrons 10548 g/cm’, and the 
charged-to-neutral ratio is 1.54+-0.15. These values are in good agreement with previous altitude variation 
experiments. There seems to be no change in the mean free path with energy. 

These results are compared with the calculations of Olbert and Stora, who consider the Fermi model for 
nuclear interactions with the assumption of no nucleon-antinucleon pair production and partial elasticity for 
the collision. It is seen that the experimental values fit fairly well into this picture 

Evidence is presented for the presence of high-energy nucleons near the cores of air showers, in agreement 
with previous work. If a power law is fitted to the density spectrum of air showers associated with nucleons, a 
crude value of 0.64 may be found for the exponent. Considering the scarcity of the data on which the evalu 
ation of this particular quantity is based, the result may be considered to be in reasonably good agreement 


with the only previous determination which is equal to 0.5. 


INTRODUCTION 


REVIOUS measurements of the mean free path of 
high-energy nucleons in the atmosphere have, with 
the exception of the results of two experiments, yielded 
values of approximately 130 g/cm’.!~* This value, how- 
ever, was subject to question because the two experi- 
ments mentioned both gave results close to the geometric 
value of 65 g/cm? for the mean free path®’ (assuming 
the nuclear radius to be 1.38 10~"A! cm). The present 
experiment was planned to obtain a value of this 
quantity which would have a smaller statistical error, 
less experimental uncertainty, and a better defined 
measure of the nucleon energy than had been possible in 
earlier work. 

The range of nucleon energies is estimated to lie be- 
tween 200 and 2000 Bev in this experiment. This is a 
considerably higher range than that of previous meas- 
‘urements with hard-shower detectors and ionization 
chambers, which were estimated to deal with values 
from 14 Bev to a maximum of 260 Bev, with average 
around 60 Bev.*.».*.". Higher energies, 2 100 Bev, were 
specially selected in another experiment with emulsion 


‘, nn: apy in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. This paper is 
based on a thesis submitted to the Physics Department of the 
Massachusetts Institute of Technology in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 
Present address: Bell Telephone Laboratories, Whippany, 

New Jersey. 
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*W. D. Walker, Phys. Rev. 77, 686 (1950) 
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cloud chambers, but relatively few events were ob- 
tained.® 

Absorption in the atmosphere is more easily inter- 
preted than absorption in dense materials," and can be 
measured in several ways. The method used in the 
present experiment is the altitude-variation technique. 
The detector was placed at three different altitudes 
separated by approximately one absorption mean free 
path in vertical distance. The attenuation in counting 
rates as altitude decreased was used, after suitable 
corrections, to obtain the absorption mean free path 
desired. 


DESCRIPTION OF APPARATUS 


The detector used in this experiment consists of a 
pulse ionization chamber and associated equipment for 
measuring the energy released in the gas of the chamber. 
The theory of the pulse ionization chamber has been 
discussed in detail elsewhere." 

The internal structure of the double ionization cham- 
ber used in this experiment is shown in detail in Fig. 1. 
The square steel box contains two electrically inde- 
pendent collecting grids separated by a }-in. lead plate. 
This plate, and the 1-in. lead plates above and below 
the top and bottom collecting grids, respectively, act as 
high voltage electrodes. The collecting grids themselves 
consist of 10-mil tungsten wires stretched between 
frames, which are supported as shown by a series of 
insulators and studs arranged on either side of the lead 
plates. When in operation, the chamber is filled with 
argon to a (gauge) pressure of 120+-2.5 psi. 


"H, S. Bridge and R. H. Rediker, Phys. Rev. 88, 206 (1952). 

"2B. Rossi and H. H. Staub, /onization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), pp. 20-71. 

4’ Bridge, Hazen, Rossi, and Williams, Phys. Rev. Th 1083 
(1948). 

“1. H. Wilkinson, /onization Chambers and Counters (Cam 
bridge University Press, New York, 1950) 
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hic. 1, Cutaway drawing of the double ionization chamber 


Figure 2 shows the large double ionization chamber 
and its associated equipment in the complete experi- 
mental set-up. The 17 in. of carbon of density 1.65 g/c« 
above the chamber represents 1.60 radiation lengths. 
When the neutrons, protons, and r* mesons of the N- 
component traverse the carbon, nuclear interactions 
may occur with the resulting production of ° mesons, 
which in turn develop into electron showers by means of 
the familiar cascade process in the lead plates of the 
double ionization chamber. Use of low-Z material both 
for the producing layer and for the cover of the chamber 
leads to production of a shower whose size is essentially 
independent of the point of occurrence of the nuclear 
interaction, since nearly all of the shower development 
takes place inside the lead plates. The top area of the 
carbon block is covered completely with a large tray of 
45 Geiger tubes, each tube being 4 feet long. This tray is 
shielded with 4 in. of lead. Below the double ionization 
chamber there is an 8-in. layer of lead; below the lead 
layer there is a bottom tray of 24 Geiger tubes. Because 
of this heavy lead shielding, only penetrating particles 
will be able to discharge tubes in the bottom tray. These 
tubes are separated from one another by }-in. lead 
spacers to prevent discharge by knock-ons from y 
mesons. 


Each collecting grid of the ion chamber is connected 
to the input of a Model 100 preamplifier. The output 
signal from each preamplifier is shaped into a square 
pulse by means of delay line clipping and is fed to a 
series of Model 100 amplifiers. This arrangement may be 
seen as a part of Fig. 3, which is a block diagram of all 
the circuitry used in this experiment. 

The chamber is calibrated wlth the aid of prepared 
sources of polonium a particles. The discriminators 
following the six Model 100 amplifiers shown in Fig. 3 
are set for pulse heights which are multiples of the pulse 
caused by a polonium a disintegration, namely, 9a, 15a, 
27a, 8la, and 243a. 

Coincidence between the two electrically independent 
collecting grids is required in order to discriminate 
against spurious events which are caused by the heavily 
ionizing prongs of low-energy stars produced near the 
surface inside a lead plate. To obviate such background, 
the two discriminators set at 9a for each of the two 
collecting grids of the main ionization chamber are 
connected to the inputs of a two-fold coincidence circuit, 
whose input generates what will be referred to as the 
master coincidence (see Fig. 3). This master coincidence 
must be generated in order for any other information to 
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Fic, 2. Double ionization chamber and associated equipment in the experimental setup 


be recorded ; it gates the discriminators corresponding to 
larger pulse heights. 

The purpose of the top tray shown in Fig. 2 is to 
determine whether a charged or an uncharged nucleon 
initiated the event recorded. The outputs of the Geiger 
tube pulse-shaping circuits are fed to the input of an 
adding circuit, whose output in turn is connected to the 
inputs of two discriminators. The first of these dis- 
criminators is set to trip on the pulse from one or more 
shaped Geiger-tube pulses, the second on the sum of 
two or more such pulses occurring simultaneously. The 
outputs of these two discriminators are gated by the 
master coincidence. Ideally, then, if the initiating 
nucleon is a neutron, neither of these discriminators will 
be tripped. If it is a proton or a charged pion, then just 
the discriminator set at the lower level will record. If, 
however, a large air shower strikes the apparatus, such 
that a large number of electrons of this shower passes 
through the double ionization chamber and gives rise to 
a pulse, then many tubes of the top tray will be struck 
and both discriminators will record. The 4 in. of lead 
shielding above the tray is there to allow development 
of any high-energy electrons into a shower so that more 
than one tube of the top tray will be struck. This may 
avoid the possibility of mistaking a neutron accom- 
panied by an electron for a proton. 

The tubes of the bottom tray are arranged in five 
independent groups. No adding circuits or discriminators 
are used, so that it is not known how many tubes in a 
group have been struck when the appropriate group 
discriminator records. 

Not shown in Fig. 2 are two cylindrical ionization 
chambers of the type described in a previous paper.” 
These were placed away from the main body of the 
equipment on either side of it at a distance of about 1 


meter. Each of these chambers is also equipped with a 
Model 100 amplifier, whose output is connected as 
shown in Fig. 3. These chambers can be triggered only 
by air showers or by stars produced in their thin brass 
walls. However, because of the coincidence require- 
ments, it is unlikely that pulses caused by stars will be 
recorded. This is borne out by the data. These ionization 
chambers are also calibrated with an a-particle source 
and a pulse from the chambers measured in terms of the 
a-particle end point can be used to find the density of 
particles of the electron shower passing through the gas 
of the chambers.'® 

The actual method of recording the data is unique in 
that IBM punched cards are used. An IBM Type 517 
punch is used to punch the data directly onto the cards, 
with one card being used for each event. The machine is 
controlled externally by the register drive circuits shown 
in Fig. 3, which are triggered when the corresponding 
coincidence circuits are triggered. With such a system, 
the analysis is speedy and accurate, since the cards may 
be fed into other IBM machines which sort out the 
different types of events as desired. 

The apparatus was operated at three different alti- 
tudes: at Idaho Springs (7500 ft, mean barometric 
pressure 58 cm Hg), Echo Lake (10 600 ft, mean pres- 
sure 51.7 cm Hg), and on the top of Mount Evans 
(14 260 ft, mean pressure 46 cm Hg). Barometric pres- 
sure records were obtained by a recording barograph 
calibrated by means of a mercury barometer equipped 
with a vernier. 

ESTIMATE OF THE PRIMARY ENERGY 

At the completion of the experiment, 4065 events had 

been recorded at Mount Evans in a running time of 


'*R. W. Williams, Phys. Rev. 74, 1489 (1948 
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Fic. 3. Block diagram of the circuitry. 


155.2 hours, 6127 events at Echo Lake in a running time 
of 604.5 hours, and 2724 events at Idaho Springs in 
573.7 hours. 
In performing the analysis of this information, the 
events are classified according to two criteria, one 
dealing with the number of tubes struck in the top tray, 
i.e. none, one, or two or more, and the other dealing 
with the pulse height recorded in the large double 
ionization chamber, i.e. >9a, >15a, >27a, >8la, 
> 243a. More specifically, > 9a includes all events from 
9a to > 15a includes all events from 15a to », 
etc. For each pulse-height category above (> 9a), 
there are two sets of numbers, one for each half of the 
chamber. These numbers differ slightly because it is 
sometimes possible in a single event for the pulse height 
coming from the top chamber to be in a lower category 
than that coming from the bottom chamber, or vice 
versa. This does not happen very often; usually both 
halves register pulse heights in the same category. 
Within the statistics, no significance is attached to the 
difference, and so a simple average is taken of the two 


ie 9) 
’ 


numbers in each category. These are then converted to 
counting rates, which are listed in Table I. 

It is possible to obtain from these pulse heights an 
estimate of energy in the electron shower. Using methods 
similar to Bridge and Rediker,'' and the results of 
Blocker ef al.,’® one can find the “local”? number of 
electrons. Shower theory affords a relationship between 
the number of electrons in a shower at a given thickness 
of material and the energy of the initiating electron or 
photon. Because the trajectories of the shower particles 
are at many angles to the vertical, it was decided some- 
what arbitrarily to choose the optimum thickness, i.e., 
the depth at which a shower initiated by a particle of a 
particular energy has developed the greatest number of 
electrons. This may be justified by observing that for 
initiating particles of high energy the shower curves are 
flat at the maximum." If this optimum thickness is 
used, then the number of electrons as a function of the 


Rev. 79, 419 (1950). 
New 


16 Blocker, Kenney, and Panofsky, Phys 
17 Bruno Rossi, High-Energy Particles (Prentice-Hall, Inc., 
York, 1952), p. 259. 
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energy > of the initiating particle is given by standard 
shower theory.’* The various values of Ko are listed in 
Table II. 

According to the cloud chamber work of Salvini and 
Kim” and the photoplate observations of Kaplon and 
Ritson” and Kaplon, Walker, and Koshiba,” on the 
average about one third of the energy lost by a high- 
energy nucleon undergoing an interaction goes into the 
production of 2° mesons. If such collisions are assumed 
to be completely inelastic, then the energy of the initial 
nucleon is obtained by multiplying the computed photon 
energy by three, as listed in the last column of Table IT. 
If elasticity is present, then these estimates will have to 
be raised accordingly. In any case, the error in these 
estimates is +50%,. 


CALCULATION OF THE u-MESON BACKGROUND 


In the experimental setup considered here, back- 
ground pulses may be produced by uw mesons. High- 
energy photons and electrons may be generated by the 


TABLE I. Total counting rates averaged over both halves of the 
large ionization chamber. All rates are in hr=. 


Number of 
counters 
discharged Alt. 
intoptray cm Hg > 9a 


lonization chamber pulse height 

> 1Sa > 27a > Bla 
3.70+0,09 
2.08 +004 
0.90 +0,03 


0.65 +0.04 
0.38 40.02 
0.19 40,02 


>2 46 14.25 +0.25 8. 
51.7 7874011 4. 
58 3,63 +0,08 2. 


90 40.17 
7340.07 
37 40.07 


0,28 +0,03 
0.16 +0.02 
0,06 +0,01 


46 1.95 +0.09 0.88 +0.06 
51.7 1.21 40,04 0.55 +0.02 
58 0.58 +0.03 0.28 +0.02 


0,22 +0,02 
0.13 +001 
0.07 4.0.01 


46 1.80 +0,09 0.76 +-0.05 
51.7 1.05 +0.04 0.48 +0,02 
58 0.54 4+-0.03 0.27 40.02 


4.30 +010 
2.37 40.04 
1.03 40.03 


0,68 +0.04 
0.39 40,02 
0,20 40.02 


All events 46 18.0040.28 10,5440.19 
51,7 10.13 40.13 5.76 40,07 
58 4.75 +0.09 2.92 +0.08 


familiar processes of bremsstrahlung, knock-ons, and 
direct pair production undergone by w mesons passing 
through the carbon, the aluminum cover of the chamber, 
or the top lead plate. The evaluation of this background 
was done theoretically, using a w-meson spectrum ob- 
tained from measurements underground,” and taking 
account of the geometry of the system. 

At the high energies considered in this experiment, the 
differential intensity in sterad~' cm~™ sec™! ev of u 
mesons may be represented as a power law with ex- 
ponent 3.6. This is multiplied by the sum of the theo- 
retical integral probabilities for the three processes of 
interest and also by the area-solid angle product for the 
particular geometry at hand. The resulting expression 
must be integrated numerically over suitable limits. The 
final results are listed in Table III. Note that the back- 

18 Reference 17, p. 200 

9G. Salvini and Y. B. Kim, Phys. Rev. 88, 40 (1952). 

” M. F. Kaplon and D. M. Ritson, Phys. Rev. 88, 386 (1952). 

* Kaplon, Walker, and Koshiba, Phys. Rev. 93, 1424 (1954). 

@ Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs 
Modern Phys. 24, 133 (1952) 
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TaBie II. Energy calibration of the large pulse ionization 
chamber. In evaluating the primary nucleon energy, no elasticity 
is assumed. All energy values in Bev 


Primary 
Corrected nucleon 
number of energy 
electrons Bev 


848 182 
1416 318 
2550 594 
7640 1860 

22 900 5880 


Number of 
electrons 


Pulse 
height 


9a 598 
15a 998 
27a 1795 
8la 5385 

243a 16 155 


ground for events in the >27a@ category and above is 
completely negligible 


CALCULATION OF THE MEAN FREE PATH AND 
CHARGED-TO-NEUTRAL RATIO 


It is now possible to find the absolute number of 
events caused by protons and neutrons arriving upon 
the apparatus unassociated with air showers within the 
dimensions of the apparatus. If the background of 
events caused by u mesons passing through the top tray 
is subtracted from the total number of events with just 
one tube in the top tray discharged, then the resulting 
counting rate can be ascribed solely to singly charged 
particles interacting either in the carbon, the aluminum 
cover, or the top lead plate of the chamber. However, if 
the same thing is done for events with no tubes dis- 
charged in the top tray, the resulting counting rate in- 
cludes not only interacting neutrons, but also interacting 
protons or pions which come from the side and do not 
pass through the top tray. There is enough available 
information, however, to calculate the number of 
charged particles falling into this category. 

At a given energy and altitude, high-energy nucleons 
may be considered to have a zenith angle dependence of 
cos#.? By using experimental determinations of the 
interaction mean free paths of high-energy nucleons in 
carbon, aluminum, and lead,” and taking account of the 
zenith-angle dependence and the geometry of the sys- 


Tas ie III. w-meson background from the top lead plate of the 
chamber, the aluminum cover of the chamber, and the carbon 
producing layer. Distinction is made between those ~ mesons with 
trajectories passing through the top tray and those arriving from 
the side. All numbers refer to counting rates in units of hr-'. 


» Sa 
lop Side 


0.02 0.07 
0.00 0.00 


radiation 
knock-ons 


Lead 


0.00 
0.00 


0.00 
0.00 


radiation 
knock-ons 


Aluminum 


0.00 
0.00 


0.00 
0.00 


radiation 
knock-ons 


Carbon 


Total 0.02 0.07 


™R. W. Williams, Phys. Kev. 98, 1393 (1955) 
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TasLe IV. Counting rates in hr™ corrected for u-meson background and geometry 


Alt Atmospheric 
om Hg depth g/cm? 


2 or more counters 46 626 
discharged in top 51.7 703 
tray 58 790 


Unassociated 4 626 . 
charged particles 51 703 


Unassociated 626 
neutral particles 703 


All events 626 


tem, it is possible to determine what fraction of the 
charged particles passing through the top tray interacted 
in the carbon, aluminum, and lead, respectively. It is 
further possible to calculate in a similar manner the 
numbers of those nucleons which interact in the carbon, 
aluminum, or lead but do not pass through the top tray, 
and the resulting numbers may be used to find the ratio 
of those interacting nucleons which do not pass through 
the top tray to those interacting nucleons which do. 
Applying these ratios to the experimentally determined 
numbers of charged particles passing through the top 
tray yields the rates for charged particles which do not 
pass through the top tray but do interact. In order to 
find the true number of neutron-initiated events, it is 
simply necessary to subtract from the counting rate for 
events with no tubes discharged in the top tray both the 
background rate for « mesons not passing through the 
top tray, and the rate calculated above for charged 
particles not passing through the top tray. Once the 
corrected charged-particle and neutron events are found, 
the computation of the charged-to-neutral ratio is 
obvious. The results, listed in Table IV, are derived 
from rates in Table I by applying corrections as just 
described. 

By using Table IV, it is possible to calculate the mean 
free path of neutrons and charged particles in the 
atmosphere in each of the energy categories. In doing 
this, it is assumed that the counting rates for a particu- 
lar energy group lie on an exponential curve: 


y= Ae aA, (1) 


where x is the atmospheric depth in g/cm? and A is the 
absorption mean free path in g/cm*. The atmospheric 
depths listed in Table IV were determined from baro- 
graphic records by taking a simple mean over the 
running time at each altitude. With these values of x, 
the optimum values of A and the errors may be found by 
using Eq. (1) and a method of least squares. The final 
results, after the application of the Gross transforma- 
tion, are listed in Table V. These include the mean free 


™ Reference 17, p. 439, 


14.254-0.25 
7.874011 
3.63+0.08 


1.87+0.09 
1.08 4-0.04 
79) 0.41+0.03 


1.39+-0.09 
0.704-0,04 
790 0.23 40.03 


17.534+0.28 
703 9.66+0.13 
790 4.27+0.09 


Ionization chamber pulse height 
2 27a 


3.70+0.09 
2.08+-0.04 
0.90+0.03 


> 1Sa 
8.904-0.17 


4.734-0.07 
2.734-0.07 


> Bla 


- 0.6540.04 
0.38-4-0.02 
0.19-4.0.02 


0.30+0.03 
0.17+0.02 
0.06+0.01 


0.9240.05 
0.574-0.02 
0.30+0.02 


0.63 +0.05 
0.37+0.02 
0.18+0.02 


0.20+0.02 
0.12+0.01 
0.07+0.01 


10.544-0.19 
5.75+-0.07 
2,92 +0.08 


4,29+-0.10 
2.364-0.04 
1.03+0.03 


0.68+0.04 
0.39+-0.02 
0.20-+0.02 


paths not only of single neutrons and charged particles, 
but also of those events with more than two tubes 
discharged in the top tray, and of all events. It is clear 
that, within the experimental error, there is no variation 
with energy. 

From the counting rates for neutrons and charged 
particles listed in Table V, it is a simple matter to obtain 
the charged-to-neutral ratio. This has been done at all 
three altitudes for nucleons with energy greater than the 
minimum, as listed in Table VI. 


NUCLEON CASCADE 


‘The results for the absorption mean free path and the 
charged-to-neutral ratio presented here are in sub- 
stantial agreement with those obtained in other altitude 
variation experiments, and in disagreement with the 
two previously mentioned determinations which are 
close to the geometric value of 65 g/cm’. Therefore it is 
of interest to compare the present results with a model 
for the nucleon cascade in the atmosphere. 

In attempting to deal with the nucleon cascade, 
Olbert and Stora” of this laboratory have used the 
Fermi theory” of high-energy meson production while 
at the same time taking account of the fact that the 
atmosphere is composed of air nuclei and not just of 
single nucleons. The air nucleus is considered to be a 
spherical volume containing A nucleons moving at 
random, and the probability that the incident nucleon 
collides successively with i nucleons according to Fermi’s 
model can then be computed by using the Poisson dis- 


TasLe V. Absorption mean free paths in g/cm’. 


> Bla 
148+ 20 


> 27a 


130+7 
120+21 
180+48 
130+6 


» Oa > 1Sa 


>2 13544 139+6 
Charged 12449 141+20 
Neutral 10548 150+ 28 


All events 13743 142+6 148+ 20 


* S. Olbert and R. F. Stora (to be published). 
* FE, Fermi, Progr. Theoret. Phys. Japan 5, 570 (1950). 
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tribution. Production of nucleon-antinucleon pairs is 
neglected, since photoplate evidence does not indicate 
any marked increase of multiplicity with energy. Some 
elasticity is assumed: otherwise the absorption mean 
free path which is calculated is too short. Lastly, it is 
assumed, for the exact expressions to be quoted below, 
that the x* mesons produced do not interact again and 
contribute to the production of nucleons. 

The expressions for the charged-to-neutral ratio R 
and the absorption mean free path A are given by 


A\x 
1—-— }- +1} / 
A/ x 


= {exp 


» 


A= 
1-¢ 1) 


g/cm’. 


The elasticity parameter ¢ represents the fraction of the 
original nucleon energy which the nucleon retains after 
collision; € is the exponent of the primary differential 
nucleon spectrum and is taken as 2.5; d is the collision 
mean free path of nucleons in air. At an atmospheric 
depth of 703 g/cm’, A= 125 g/cm? for charged nucleons 
of energy greater than 182 Bev (see Table V). If X is 
taken to be 100 g/cm’, then R is found to be 1.65, which 
is in good agreement with the experimental value. How- 
ever, the R in Eq. (2) is the ratio only of protons to 
neutrons and neglects completely the pion contribution. 
Thus the closeness of the agreement must be considered 
fortuitous, unless the pion contribution is small in this 
energy region. 

The elasticity parameter is calculated to be 34%; 
hence the energy estimates for the primary nucleons 
must be raised accordingly. 


ASSOCIATION OF AIR SHOWERS AND NUCLEONS 


The production of m° mesons in a nuclear interaction, 
their subsequent decay into photons, and the develop- 
ment of a cascade shower can take place in the atmos- 
phere as well as in a detector, and the result is known as 
an air shower. It is known that the core of such an air 
shower may contain not only a soft component con- 
sisting of high-energy electrons and photons, but also a 
hard component of nucleons capable of causing pene- 
trating showers. Although this experiment was not 


TABLE VI. Charged-to-neutral ratio for all events at each 
atmospheric depth. 


Atmospheric depth 
g/cm? R 
626 1.35+0.15 
703 1.544-0.15 
790 1.78+0.36 


C/N 


HIGH-E 


NERGY NUCLEONS 


Atmospheric Depth | 626 g/ cmt 


> 374s 
i 
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Fic. 4. The percentage of >2 events in the main chamber 
accompanied by pulses from the side chamber as a function of one 
third the primary nucleon energy, at an atmospheric depth of 
626 g/cm’. 


intended primarily to explore the association of nucleons 
with air showers, it is possible to obtain some informa 
tion on this point from the data. 

The events with just one or no tubes of the top 
counter tray discharged have been interpreted as being 
due to neutrons, protons or charged m mesons unas 
sociated with air showers. Those events with more than 
one tube discharged in the top tray may be due only to 
air showers of sufficient size to trigger the equipment, or 
they may be due mainly to nuclear interactions ac 
companied by some air-shower particles. 

It is impossible to determine the relative importance 
of the two types of contributions directly. However, 
data from the unshielded side ionization chambers 
mentioned briefly above yield some quantitative infor- 
mation on this question. The calibration of these cylin 
drical chambers is described in a previous paper*’; it 
turns out that the Ja setting is equivalent to a shower 
density of 187 particles/m’, and the la setting to 374 
particles/m?. It is found that in no case is there a pulse 
from either of the side ion chambers in coincidence with 
an event in the main chamber accompanied by just one 
or no tubes discharged in the top counter tray. There- 
fore only those events in the main chamber accompanied 
by a multiple discharge in the top tray will be con- 
sidered in the following discussion. 

Since the side ion chambers are only one meter away 
from the main chamber, it will be assumed that the 
density of the air shower striking both side and main 
chambers is usually the same. Therefore there is reason 
to believe that for the > 2 events most of the ionization 
in the main chamber comes as the result of a nuclear 
interaction, since an air shower with a density of at least 
1200 particles/m? would be necessary to trigger the 
main chamber even if it were completely unshielded. In 


27 Hazen, Williams, and Randall, Phys. Kev. 93, 57% (1954 
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Fic. 5. The percentage of >2 events in the main chamber 
accompanied by pulses from the side chamber as a function of one 
third the primary nucleon energy, at an atmospheric depth of 
703 g/cm? 


the graphs of Figs. 4 and 5, the percentage of > 2 events 
in the main chamber accompanied by pulses from the 
side chamber has been plotted vs 2» (which is one-third 
the energy of the primary nucleon, assuming no elas- 
ticity) in units of Mc’, the rest energy of a nucleon. This 
is done for both particle densities at each of two alti- 
tudes. As can be seen, for those showers with density A 
greater than 187 particles/m’, the percentage begins to 
level off or even to drop at the highest energy recorded 
in the main chamber, whereas for the curve for showers 
with density greater than 374 particles/m’, this per- 
centage is still rising towards 100%, although it is 
beginning to level off in the highest energy region 
recorded. The drop in the lower density curve occurs 
because at higher energies most showers fall in the 
higher density category. 

These results seem to indicate that there is a concen- 
tration of the higher energy nucleons near the core of the 
shower. As can be seen from Table I, there are almost no 
unassociated nucleons at the highest energies at any 
altitude, whereas the greater Ho, the greater the per- 
centage of events associated with air showers of the 
higher of the two densities recorded. This is evidence 
that the apparatus has been struck closer to the shower 
core for events initiated by the higher energy nucleons, 


which is in accord with previous and more detailed 
work on this subject.” 

Upon fitting the two values of air shower density to a 
power law, it is possible to obtain a crude value for the 
exponent of this power law, without any attempt being 
made to estimate the error. The results for all energies in 
the main chamber give a value of 0.62 at an atmospheric 
depth of 626 g/cm?, and 0.65 at 703 g/cm?. Considering 
the large errors and the lack of more than two points, 
this is in good agreement with the value 0.5, which is the 
only other determination of this quantity which has 
been made.” 
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Depth Variation of Tritium and Argon-37 Produced by 
High-Energy Protons in Iron* 
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The H? produced by 0.16-, 1.0-, 3.0-, and 6.2-Bev protons and the A®” by 0.16-, 1.0-, and 6.2-Bev protons 
in long iron targets is measured as a function of depth. The maximum effective H* cross section is 7.2 mb 
at 0.16 Bev, 60 mb at 1.0 Bev, 100 mb at 3.0 Bev, and 130 mb at 6.2 Bev. The maximum effective A” 
cross section is 0.19 mb at 0.16 Bev, 4.7 mb at 1.0 Bev, and 6.7 mb at 6.2 Bev. The depth variation of these 
isotopes is very energy-dependent. At the higher energies a slight transition effect occurs. At the lower 
energies there is an exponential decrease with depth. The comparison of these measurements with the 
depth variation of He* in the Carbo meteorite shows that the cosmic rays that produced the He’ in this 
material were very similar to the protons with 6-Bev energy. The H*’ to A® ratio is not very energy- or 
depth-dependent. The ratio is 15 at 1 Bev and 20 at 6.2 Bev. However, for 0.16-Bev protons the H* to A” 
ratio increases from 40 to 1000 in 4-cm depth. The H* to A® ratio is compared with the He* to A® ratio 
in four iron meteorites, These are comparable to a remarkable extent with the Bev proton results. The 
small variation of the He® to A*® ratio in meteorites is related to the fact that the H* to A® ratio is not 
very energy- or depth-sensitive for protons in the Bev range; however, the He’ to A® ratio also favors the 


6-Bev energy. 


I. INTRODUCTION 


HE first discussion! of the production of spallation 
isotopes in meteorites by cosmic rays suggested 
that these isotopes should have a depth variation. The 
existence of spallation isotopes in meteorites is now 
established by measurements of their high He’ con- 
tents,?~’ their high He* to Het ratio,?~® the H® in recent 
meteorite falls,*:7 the anomalous ratio of the neon 
isotopes,*® the anomalous A* to A* ratio,*® the propor- 
tionality of He* to A**,*.* and the lack of proportionality 
of He® to Li®.*.7 However, little has been done on the 
depth variation of the spallation isotopes. This gives 
information on the energy of the incident cosmic rays 
and the ablation of material from the meteorites during 
their passage through the atmosphere. 

The previous measurements of He’ produced by 
high-energy protons were done with short targets.’ 
Previous measurements of A*®” were done with copper 
foils." It was necessary to do these measurements in 
much longer iron targets and to measure the H’ to A” 
ratio in the same samples in order to draw conclusions 
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about the energy of the cosmic rays in extraterrestrial 
space and about the ablation of material from the 
meteorites. Long target measurements can also be used 
to gain information about the secondary and shower 
particles produced in high-energy interactions. There 
is a calculation” of shower effects but there are no 
target measurements for direct comparison with this 
calculation. 

The depth variation of He* in the Carbo meteorite 
has been measured.” The He’ to A® ratio in five iron 
meteorites*® has also been measured. ‘These results are 
combined with our measurements to determine some 
facts about the energy of the bombarding particles in 
extraterrestrial space and the distribution of material 
ablated from the Carbo meteorite. 


Il. EXPERIMENTAL DISCUSSION 


A. Targets—-Two iron targets of 9.2-in. length, 1.5-in. 
height, and 1.0-in. width were irradiated by 1.0-Bev 
and 3.0-Bev protons in the internal beam of the Brook- 
haven Cosmotron, one target of 8.2-in. length was 
irradiated by 6.2-Bev protons in the internal beam of 
the Berkeley Bevatron, and one target of 2.5-in. length 
and 0.75-in. width and height was irradiated by 158- 
Mev protons in the Harvard cyclotron. The length of 
the targets were limited by the opening to the vacuum 
chambers. A }-in. thick Lucite lip projects } in. from 
the rear of the Cosmotron and Bevatron targets; this 
lip intercepts the proton beam and scatters it more 
uniformly over the target face on the next traversal. 
The 6.2-Bev, 3.0-Bev, and 1.0-Bev irradiations were 
one-hour bombardments. Figure 1 is a drawing of 
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Fic. 1. Cosmotron iron target 
these targets. The 158-Mev target was irradiated for 
three hours. 

B. Flux monitors—The flux was measured by the 
Na™ produced in 0.003-in. aluminum foils and by the 
Tb'™ produced in 0.001-in. gold foils. 

The p+Al*’~Na™-+ (3p,n) reaction has a 10-mb'*'® 
cross section at 1.0, 3.0, and 6.2 Bev and a 9-mb'® 
cross section at 158 Mev. Evaporation neutrons also 
produce Na” from Al. 

The p+Au'’>Tb!'”+ (159,34) reaction’ has a 
threshold of 0.6 Bev; its cross section rises to a maxi- 
mum of 1.9 mb for 1.6-Bev protons, decreases to 1.3 mb 
for 3.0 Bev, and to 1.0 mb for 6.2 Bev. This reaction is 
not affected by evaporation neutrons. 

The proton flux obtained from the Na” activity 
corrected for the effect of evaporation neutrons (a factor 
of 0.56 at 6.2 Bev, 0.61 at 3.0 Bev, 0.74 at 1.0 Bev, and 
0.94 at 158 Mev) is 3.110" protons for the 6.2-Bev 
irradiation, 4.1 10" protons for the 3.0-Bev irradiation, 
3.810" protons for the 1.0-Bev irradiation, and 1.1 
X10" protons for the 158-Mev irradiation. These 
numbers are slightly smaller than the values obtained 
from the beam integrator. 

The results obtained from the Tb activity in the 
gold foil are 3.1 10" protons for the 6.2-Beyv irradiation 
and 4.110" protons for the 3.0-Bev irradiation, The 
distribution of the beam over the target face, middle, 
and rear is obtained by counting eight sections of each 
foil. 

C. H* and A® measurements.Samples of about 8 g 
mass are taken from different depths along the beam 
direction. Care is taken to prevent heating of the iron 
in cutting. The sample is placed in a water-cooled 
Vycor furnace. The sample is melted by an induction 
heater with 2 cc STP of carrier hydrogen and 2 cc STP 
of carrier argon, The melted sample remains with the 
carrier gas for ten minutes; the gas is then pumped 
from the furnace and hot sample for twenty minutes. 
The gas is then forced into a palladium unit where the 
hydrogen is extracted by its passage through the 
palladium. The hydrogen is put into a Geiger counter 
and counted. The H?’ activity in the counter is high so 
that no shielding is necessary. The counter volume is 
17 cc and its counting efficiency is 83%. For good 
counting characteristics 20 cm pressure of a standard 
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argon ethyl-acetate filling is added to the hydrogen. 
To test if any tritium remained in the sample, furnace, 
or palladium, all samples are melted a second time with 
the same extraction procedure. The second run gives 
about 10% of the activity of the first run. No additional 
tritium is found after cracking the gas over a hot 
tungsten filament. 

The gas that does not pass through the palladium is 
put into a calcium furnace at 600°C ; the calcium cools 
in contact with the gas. This procedure removed 
everything except the noble gases. To insure that all 
traces of tritium and hydrogen are removed, the gas is 
put into a CuO furnace at 450°C with a connected 
liquid-air trap. The argon is absorbed on charcoal at 
liquid-air temperature and then put into the Geiger 
counter with a standard filling. The tritium and argon 
measurements were done about five months after the 
6.2-Bev irradiation, and one month after the 1.0-Bev 
and 158-Mev irradiations. The argon activity exhibited 
a 35-day half-life. The measurements on the 3-Bev 
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target were done 15 months after the irradiation. Only 
the tritium was measured since the A” had disappeared ; 
it would be interesting to measure the A® activity in 
this target. 

The tritium production cross sections as a function 
of depth for 1.0, 3.0, and 6.2 Bev are plotted in Fig. 2. 
The 1.0-Bevy curve shows a smooth exponential decrease 
with depth. The 3.0-Bev curve shows a slight initial 
rise and smooth exponential decrease after 4-cm depth. 
The 6.2-Bev curve decreases after 7-cm depth. The 
maximum effective cross section increases from 65 mb 
at 1 Bev to 128 mb at 6.2 Bev. The tritium cross 
section for 158 Mev decreases rapidly with depth from 
an initial value of 7.2 mb to 0.63 mb at 3.8 cm. 

The A®” production cross section as a function of 
depth for 1.0 and 6.2 Bev is plotted in Fig. 3. The A” 
cross section curves are similar to the tritium curves. 
At 158 Mev, however, the A*’ decreases much more 
rapidly with depth than the H*. The initial A®’ cross 
section is 0.19 mb and at 3.8 cm it is 0.66X10~* mb. 
At 6.2 Bev the H* to A® ratio is 20 except for the first 





DEPTH 


two cm where it rises to 30. At 1.0 Bev the H® to A” 
ratio is 15 and practically constant with depth. At 158 
Mev the H? to A® ratio starts at 40 and rises rapidly 
to 950 at 3.8-cm depth. 

The statistical counting errors are given by the lines 
through the points. The distribution of Na* and Tb'” 
activity in the front, middle, and rear foils indicates 
that the targets were well aligned with the beam 
direction and that the spreading out of the beam with 
depth is small. The proton-beam monitors have an 
uncertainty of 20% which could affect the absolute 
magnitude of the cross section and the relative heights 
of the curves but not the shape of the curves. 

There have been two previous experiments’ on the 
tritium production by high-energy protons on iron. One 
was done with a 4.5-cm target consisting of a stack of 
8 sheets each 0.57-cm thick. The other was done with 
a 0.22 cm and 0.62 cm target at 2.05 Bev and a 0.05 cm 
target at 450 Mev. There is good agreement with the 
previous results. 


t 
r) 
E 
z 
2 
Vv 
he 
77) 
‘ 
” 
a 
@ 
uo 
Vy 
ad 
| 








id i2 
DEPTH (cm) 


Fic. 3, Depth variation of argon-37 


There is a drop in activity in the last section of the 
targets. This effect increased with energy and may be 
partly due to the loss of secondary particles. 


III. APPLICATIONS 


The measurements give the depth variation of H* and 
A*’ in a one-dimensional situation. If the lateral shower 
spread is small as the measurements indicate, then the 
target results can be integrated for an omnidirectional 
flux striking a solid iron body. This integration was 
done for spheres of 11.5-cm and 30-cm radius. Figure 4 
shows the tritium distribution in these spheres for 1.0-, 
3.0-, and 6.2-Bev protons. If meteorites in extrater- 
restrial space were spheres, the contours of constant 
He* would be concentric spheres. The minimum He’ 
content would be at the center for large spheres (greater 
than 15-cm radius). For smaller spheres the He’ content 
at the center is either a maximum or a minimum 
depending upon the energy distribution of the bom- 
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barding particles. If meteorites in extraterrestrial space 
were of irregular shape, the contours of constant He* 
would also be irregular following somewhat the shape 
of the meteorite. 

The depth variation of He* in the Carbo meteorite” 
has been measured in two perpendicular holes. The He® 
in hole A varies from 4.93X10~® cc/g at 0.5 cm to 
4.12 10~* cc/g at 9.5-cm depth. The slow gradient of 
He’® indicates that cosmic-ray particles give an effect 
similar to what would be obtained from 6-Bev protons. 
Hole A is surrounded by a considerable amount of 
material in the other directions so that the slow decrease 
of He’ in the 9.5 cm could not be due to side effects. 
At 17 and 28.5-cm depth the He’® is 3.76 10° cc/g and 
3.65X10~® cc/g. In this region hole A passes within 
3 cm of a side surface so that there must have been 
additional shielding material on this side surface that 
was ablated or broken away. The shape of Carbo during 
its cosmic-ray bombardment seems to have been quite 
different than its present shape. In hole B the He* has 
been measured at only four depths and is 4.29 10~° 
ce/g at 0.5 cm, 4.53%10~* cc/g at 3 cm, 4.17K10~° 
cc/g at 12 cm, and 3.84 10~* cc/g at 19.5 em depth 
The indication of a transition effect in the first 3 cm of 
hole B is inconsistent because the first 3 em of hole A 
has higher He*® values and no transition effect. The 
small variation of the He* with depth in hole B also 
favors the high energy of the bombarding particles but 
further measurements should be done to resolve the 
inconsistency. Additional measurements on the Carbo 
meteorite are planned in order to get more information 
on its original shape and on the nature of the bombard 
ing particles. 

The ratio of H* to A” as a function of depth and 
energy in the iron targets is another source of infor 
mation. The ratio*® of He* to A® for Henbury is 25:1, 
Cerros de Buei Muerto is 20:1, Toluca is 23:1, and the 
iron phase of Imilac is 24:1. The A” production rate 
should be less than the A” production rate which 
includes the Cl* decays. We shall take the A®’ produc- 
tion to be one-half the A” production. The He’ in 
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meteorites is the sum of the H?’ and direct He* produc- 
tion. The ratio of directly produced He* to H? for 340- 
Mev protons on iron'* is 0.6. This ratio increases with 
energy but cannot exceed 1.0. We shall use 0.8 at 1 
Bev and 1.0 at 6 Bev. The He* to A* ratio is then 0.9 
H*/A*® at 1 Bev and equal to the H*/A” ratio at 6 Bev. 
With this correction factor the He*®/A* in meteorites 
for 1-Bev particles should be about 14 and for 6-Bev 
particles should be about 30 for small depths and 
decrease to 20 at about 20 cm depth. The measured 
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He*/A* ratios for the four iron meteorites favor the 
6-Bev irradiation. 
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Interaction of K* Mesons in the Interval 30-65 Mev* 


T. F. Hoanc,t M. F. Kapton, ann R 


Crstert 


Department of Physics, University of Rochester, Rochester, New York 
(Received June 6, 1957) 


A systematic study of the scattering of 1173 definitely identified K, mesons and 279 r (including 1’) 
mesons has been made in the energy interval 30-65 Mev using photoemulsion exposed to the Berkeley 
K* meson beam. All scatterings of K* mesons having a projected angle greater than 2° on the emulsion 
plane were recorded and analyzed. The results of analysis are the following: (1) the interaction properties 
of the K,, and r mesons are essentially indistinguishable; (2) the coherent nuclear scattering of K* mesons 
interferes constructively with the Coulomb scattering; (3) in terms of the optical model, the best fit for 
coherent scattering corresponds to a real potential of ~+15 Mev, and the inelastic scattering gives an 
imaginary potential of ~3.6 Mev; (4) charge exchange is rare in this energy region: «(charge exchange) / 


a (incoherent) < fy 


A tentative interpretation of the results in terms of states of isotopic spin 7=0 and 


T= 1 is presented. A discussion is also given on the characteristic features of K* stars. 


I. INTRODUCTION 


N the past two years a large amount of experimental 
data on K* mesons has been obtained by different 
laboratories utilizing artificially produced K* mesons. 
The data have been related to the intrinsic properties 
of the K* mesons, such as mass, lifetime, spin, and 
parity. However, the present status of our knowledge 
about the nuclear interaction properties of these par- 
ticles is still incomplete. With the advent of the hydro- 
gen bubble chamber, it is now possible to attempt a 
direct investigation of the K*—p interaction, and yet, 
at the present stage, in lieu of any K*—d investigations, 
information relevant to the K*—n interaction can only 
be obtained through a study of K* nuclei interactions. 
An experimental tool quite useful for this purpose is 
nuclear emulsion 
A general survey on the properties of the interactions 
of K* mesons has been presented at the Sixth Rochester 
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Conference by Goldhaber and Dallaporta.' Since then, 
a considerable wealth of new data has been accumulated 
by different groups working with artificially produced 
K* mesons: Bologna,’ Bristol,’ Géttingen,* Padova,°® 
Berkeley, M.1I.T. and Harvard,’ Brookhaven,* and 
Rochester.’ 

The difficult problem which is posed in the use of 
photoemulsion for the investigation of the K+ inter- 
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INTERACTION OF Kt MESONS 
action is to separate the nuclear scattering from the 
Coulomb scattering: the latter plays an important role 
due to the high proportion of heavy elements, Br and 
Ag, constituting the emulsion. The usual procedure 
employed to overcome this difficulty involves the use of 
an a priori cutoff to eliminate the Coulomb scattering ; 
with this procedure, large scattering angles only are 
accepted in the region where the contribution due to the 
Coulomb scattering is thought to be small. However, 
this method of approach does not seem quite satis- 
factory ; for if one attempts further to make a thorough 
investigation of the elastic nuclear scattering, in this 
case, the majority of the scattering angles are actually 
in the forward direction. 

In the study presented here of the K* interaction an 
attempt is made to analyze all scattering angles of 
K* mesons in their passage through the emulsion with- 
out introducing any drastic cutoff. The results thus 
obtained in the energy region between 30 and 65 Mev 
are presented in this paper. The scattering data will be 
discussed, together with some tentative interpretation 
of our results. 


II. EXPERIMENTAL DETAILS 


We have used a stack of Ilford G-5 stripped emulsions 
composed of 60 pellicles 4 in.X6 in. 400 yw. The emul- 
sions were packed and aligned by using the technique 
described in a previous publication.” The stack was 
exposed to the Berkeley 90° K+ meson beam with the 
4-in. side in the vertical direction and facing the beam. 
The momentum of the beam at the center of the stack 
was set at 350 Mev/c, with a momentum gradient 
about 6 Mev/c per cm.'! The emulsions were processed 
by the usual temperature method. 

Twenty-four emulsions in the middle of the stack 
were used for the scanning. The K* mesons were picked 
up by a systematic ‘‘on-track” scan. All tracks at 2 cm 
from the 4-in. entrance edge, situated at least 1.5 cm 
in from the 6-in. horizontal edge of the emulsion, and 
having an ad hoc ionization (around twice minimum by 
simple inspection) were followed until they came to 
rest or had exceeded their expected range by 2 cm. 
1273 K mesons were found, all having been definitely 
identified as K* by their decay secondaries; they repre 
sented about 70% of all tracks followed. 

A rough mass determination by ionization range has 
been made on 100 ending tracks having no visible decay 
found in 5 emulsions during the systematic “on-track” 
scan. About 300 grains were counted on each track at a 
residual range around 3 cm; the identification of the 
track was directly referred to a group of definitely 
identified K’s found in the same emulsion. Whenever 
any ambiguity arose in the identification of a track, 
a more refined measurement was carried out, and, if 
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necessary, a P8 measurement was also made as a check. 
Among 100 tracks thus analyzed, twenty-three were 
identified as K, mesons (i.e., K mesons with no visible 
secondaries). This indicates that the efficiency for 
detecting minimum secondaries in the present stack is 
actually about 90%, and that the proton contamination 
is about 25%. 

During the course of the scanning, all scatterings 
with a projected angle greater than 2° in the emulsion 
plane were recorded and their spatial angles were then 
measured, The technique used consisted of following the 
track along a hair line of an eyepiece which was associ 
ated with a protractor graduated in degrees, the 
diameter of the field being 700 u. Any deviation of the 
track from the hairline can thus be easily noticed and 
a projected angle greater than 4° can be detected with 
an efficiency attaining almost 100%, 

Special attention was paid to all tracks which 
(a) suffered a larger angle scattering, and had no visible 
decay at rest, (b) disappeared during the following, 
or (c) produced a star. In the latter case, an analysis 
was also made on the nature of the emitted prongs. 
The results are summarized in ‘Table I. 

Since the number of these tracks which have suffered 
a scattering is only a small fraction compared to the 
number of definitely identified K* tracks, we feel safe 
in excluding these cases in the analysis of elastic 
scatterings. Henceforth we shall limit ourselves to those 
K* mesons which were definitely identified by their 
decay secondaries. 


III. ELASTIC SCATTERING DATA OF K; MESONS 


The criteria we have adopted for the acceptance of 
an “elastic” scattering are the following: (1) no visible 
recoil or 6 ray at the vertex, (2) no detectable change in 
ionization before and after the scattering, and (3) over- 
all range compatible with the expected momentum. 
The lower limit of energy loss thus detected due to (2) 
is about 5 Mev. Consequently, any scattering classified 
as “elastic” according to our criteria can also be an 
inelastic one with a small energy loss which escapes 
experimental detection. 


rane I. Identification of tracks not identifiable as 
K* via observation of decay. 


Identified 
a8 proton 


Identified 
as Ky 


having scattering 
angle >5° for R>3 mm 
and ending in emulsion 
(no secondary at ending) 


Tracks 


Tracks leaving the stack 


alter scattering 
Disappearances 


Tracks leading to a 


(having at least 2 prongs) 


star 
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Fic. 1, Diagram showing tan(@/2) (@=spatial scattering angle) 
as a function of P86 of 625 “elastic” scatterings obtained with 
1164 Ky, mesons. The dots represent these scatterings exceeding 
by more than 20% the Coulomb cutoff shown by the dotted line 
The arrows indicate cases of decay in flight 


It is to be noted that about 6% of the “‘elastic”’ 
scatterings thus classified reveal a blob at the vertex. 
Since the formation of a blob requires only a few kev, 
and its presence is actually correlated with the de- 
excitation of an emulsion nucleus excited by an incident 
K meson, we must then consider the scatterings with a 
blob at the vertex as inelastic. To test this correlation 
we have compared the percentage of blob cases in other 
stacks having different degrees of processing and back- 
ground, and have found that the number of such cases 
increases considerably in one of these stacks having the 
heaviest background and the highest ionization. There 
fore, it seems that the observation of a blob is rather 
subjective, and cannot serve as a reliable criterion for 
the identification of a small energy loss in the scattering 
proce ess. 

We shall start the discussion with the results of 
“elastic” scattering of 1164 K, mesons. Along a total 
track length of 40.2 meters, we have observed 625 
scatterings in the energy region 20-80 Mev. The results 
are shown in Fig. 1 where we have plotted tan(@/2) 
(O@=spatial scattering angle) against PB in Mev/c, 
deduced from the remaining range after the scattering. 
The value of scattering angle @ is also indicated on the 
other axis. The cases marked by an arrow correspond 


to decays in flight ; in these cases, only a lower limit was 
assigned to P8 for that event. The dots represent those 
satterings exceeding by more than 20% the Coulomb 


cut-off angle shown by the dotted line. 


In Fig. 2, we present histograms of the over-all range 
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distributions of the K, mesons. Histogram (a) gives 
the distribution of 65 K,* scatterings having angles 
greater than the Coulomb cutoff (cases marked by dots 
in Fig. 1); histogram (b) represents the distribution of 
408 Ky, scatterings having their angles below the 
Coulomb cutoff (open circle cases in Fig. 1). For com- 
parison, we have also presented in histogram (c), 
661 Kj, mesons which do not have any appreciable 
scattering at a remaining range greater than 3 mm 
(P8>40 Mev/c). The probable range deduced from the 
latter histogram is R=5.75+0.38 cm which corresponds 
to a momentum 34147 Mev/c in agreement with the 
expected momentum of the beam. 

An inspection of these histograms shows a striking 
skewness toward the lower-range region. In order to 
see if this is simply caused by the fact that these cases 
had already suffered some inelastic scatterings before 
being picked up for scanning, we have traced back all 
K mesons having an over-all range less than 3 cm to 
the entrance edge of the emulsion, and have not found 
any evidence supporting this assumption. Therefore, it 
is believed that the skewness of the distribution is most 
probably related to the characteristics of the beam. 

If we compare these three histograms, we see that 
histogram (b) is essentially identical to histogram (c) ; 
this gives a strong indication that the energy loss 
involved among the cases of small scattering angle is in 


MOMENTUM Mev/c 
350 


SS  ~ 


ReoS.752.96 
te) 


a 











An 5.014.4 


(a) { 


j 


RANGE in cm 


Fic. 2. Over-all range distribution of K,, mesons. Histogram (a) 
gives the distribution of 65 K, mesons having scatterings greater 
than the Coulomb cutoff (cases represented by dots in Fig. 1), 
(b) represents that of 408 K, mesons having scatterings below 
the Coulomb cutoff (open circles of Fig. 1), and (c) represents 
that of 661 K, mesons having no appreciable scatterings at a 
remaining range >3 mm 
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reality quite small, on the average, probably not ex- 
ceeding 1 Mev. On the contrary, histogram (a), corre- 
sponding to the large scattering angles, is significantly 
broadened in comparison with (c); this can be at- 
tributed to the fact that some scatterings of this group 
are actually inelastic, although no energy loss was 
visibly detected; the percentage of these cases is 
estimated to be about 12% of the total number in this 
group, assuming an energy loss of ~5 Mev. 


IV. COMPARISON BETWEEN SCATTERINGS OF 
K, AND « MESONS 


A similar analysis of “elastic” scatterings was carried 
out with 7 and r’ mesons found in the present work. 
In an attempt to compare these results with the 
K,, mesons discussed above, we have included in our 
data 179 r and r’ mesons obtained from the Richman 
group of the Radiation Laboratory, Berkeley. These 
events were found by this group in connection with a 
systematic study of abundances of K* mesons'?; the 
scanning method used was the same as the one used 
here. The additional scattering data from these events 
were obtained in the following way; all the r and 7’ 
mesons of the Berkeley stack were rescanned starting 
from the ending of each track to a residual range 
exceeding 6 cm and all scatterings were recorded during 
the course of rescanning in the same way as before. 
Altogether 236 “elastic” scatterings were obtained in a 
total track length of 9.77 m. The results are presented 
in Fig. 3 using a similar plot as for the K,, (Fig. 1). 

If we compare the results on large-angle scatterings 
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Fic. 3. Diagram showing tan(@/2) (@=spatial scattering angle 
against P8 of 236 “elastic” scatterings of 276 (r+-1r’) mesons 
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Fic. 4. Comparison between differential cross sections for 
elastic” scatterings of Ky, and Correction has 
been made for geometrical loss of scattering angles due to 2 
cutoff of projected angle 
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(r-+r) mesons 


for K, and (r+ 7’), we obtain the values given in 
Table Il. The mean free path thus defined is, within 
statistical error, the same for K , and (r-+7’) mesons. 

We can also compare their differential cross sec 
tions expressed in terms of the momentum transfer 
q= (2P/h) sin(0/2). The use of g as a parameter proves 
particularly convenient for the present purpose, for it 
is then possible to make use of all available scattering 
data covering a wide energy range. It is to be noted 
that the logarithmic plot of tan(6/2) against ?6 here 
used is very convenient for the present case, since the 
loci of equal momentum transfer g=const are practi 
cally represented by parallel lines leading to a consider 
able simplification in the analysis of our data. The 
results thus obtained are shown in Fig. 4. In order to 
reduce any possible experimental bias against recording 
small angles, we shall consider only those spatial angles 
greater than 4°. A correction for geometric loss due to 
the cutoff of 2° in projected angles was made for each 
angular interval, 

We see that, apart from the last point for 7 and 7’, 
which is subject to a large statistical error, the two 


TABLE II, Comparison of scattering data of K, and r+ 7’ mesons 


Number of 

Total track watterings 
length in above 

40-80 Mey Coulomb 
region cutofi 


Number of 


cases Mean tree path 


1164 37.03 m 74 500+ 5.4 em 


276 9.45 m 20 47.3410.5 om 
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Fic. 5. “Elastic” scattering differential cross sections of 
K mesons in the interval 30-65 Mev. The dashed line gives the 


absolute Coulomb scattering differential cross section calculated 
for the nuclear emulsion using Gaussian form factor 


differential cross sections are essentially indistinguish- 
able. We therefore conclude that the interaction proper- 
ties of K,, and + mesons are identical. This result is in 
accord with that obtained by the M.L.T. and Harvard 
group” who compared the composition of the K* meson 
beam scattered in the backward direction with respect 
to the incident proton beam with that in the forward 
direction. 


V. INTERFERENCE BETWEEN NUCLEAR AND 
COULOMB SCATTERING 


From the previous discussion, it follows that we can 
combine our experimental data on the K ; and 7 meson 
scattering, and obtain in this way some 861 scatterings, 
from which we are able to get an accurate angular 
distribution in a narrow energy interval. We confine 
ourselves to the region 30-65 Mev, and consider only 
those spatial angles greater than 4°. For convenience in 
calculations, we have plotted the angular distribution 
in terms of the scattering angle 6. The result thus ob- 
tained is shown in Fig. 5, where account has been 
taken of the geometrical correction. 

In an attempt to determine the role of the K*-nuclear 
interaction in elastic scattering observed in photo- 
emulsion, we have compared the observed experimental 
differential cross section with that expected from the 
Coulomb scattering alone. Since the composition of 
emulsion is known from the manufacturer, one can, in 
principle, calculate the Coulomb cross section knowing 
the form factor for each element. Unfortunately, investi- 
gations on heavy nuclei are still under way, and at this 
moment it is not possible to carry out a rigorous calcu- 
lation of the Coulomb scattering. However, if one 


 Widgoff, Shapiro, Schluter, Ritson, Pevsner, and Henri, 
Phys. Rev. 104, 811 (1956). 
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restricts the investigation to a consideration of small g 
(momentum transfer) values, it is expected that the 
Stanford" results should give a fairly reliable form 
factor. This is illustrated in Fig. 6 where we have 
plotted the average form factor, namely the ratio of the 
calculated Coulomb cross section to the point-charge 
cross section for the case of a Gaussian and a modified 
exponential charge distribution. Since we are primarily 
interested in the region of scattering angles around 25° 
(q=0.478X10" cm! for an average momentum of 
216 Mev/c) where the interference between the Coulomb 
and nuclear scattering is expected to be the most pro- 
nounced, we see that the difference between these two 
form factors is not critical for this investigation. 

According to the Stanford results, the Gaussian form 
factor is preferable to the modified exponential, and so 
we shall use the former in the present calculation of the 
Coulomb cross section; the results thus obtained are 
shown in Fig. 5 by the dashed curve. It is to be noted 
that the Coulomb cross section plotted in this figure 
is an absolute value directly deduced from the composi- 
tion of the emulsion (Ag, Br, C, N, O) ; no normalization 
was made to match any experimental points. 

We see that the measured differential cross section at 
5° is actually lower by a factor ~2.2 in comparison 
with the calculated Coulomb cross section. On the other 
hand at 74° the experimental differential cross section 
[ (2.104+0.02)K10-% cm?/steradian | agrees perfectly 
well with the calculated Coulomb cross section (1.98 
10°" cm?*/steradian). This indicates that our data at 
5° are probably still biased against some scattering 
angles. Nevertheless, the excellent agreement we have 


SQUARE OF THE FORM FACTOR (F®) 
ro) 





fe 


04 06 08 10 12 


—E 


0.2 


q* - sin $- (10"em') 


Fic. 6. Square of form factor F? as a function of momentum 
transfer g. The values F? are obtained by dividing the calculated 
Coulomb scattering cross section by the point-charge cross section. 
The two curves represent, respectively, the Gaussian and the 
modified exponential distribution. 


4 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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observed at 74° between the experimental cross section 
and the absolute value of the calculated cross section 
leads us to believe that the data beyond this angle 
are probably free from any appreciable bias. Conse- 
quently, a comparison between the experimental data 
and the calculated Coulomb curve at and beyond 74° 
should give decisive information on the nature of the 
interference between the Coulomb and the nuclear 
scattering. 

The fact that all the experimental points are definitely 
above the Coulomb cross section and that the ratio of 
the two cross sections increases monotonically with the 
angle leads to the conclusion that the interference 
between the Coulomb and the nuclear scattering is 
constructive; in other words, the nuclear potential felt 
by the K+ meson is repulsive. 

It is to be noted that the experimental cross section 
at 40° is ~68 times higher than the Coulomb cross 
section. It is therefore reasonable to consider that all 
scatterings greater than 40° are due to nuclear inter- 
action. Finally, we have still to decide if those scatter- 
ings accepted as “elastic” according to our experimental 
criteria’ are in fact coherent in the strict sense of the 
term; we shall discuss this point in the following. 


VI. OPTICAL MODEL ANALYSIS 


It is well known that the optical model introduced 
by Fernbach et al.!® has achieved a remarkable success 


in explaining the characteristic features of nuclear 
scattering. The chief merit of this method lies essentially 
in the fact that by regarding the nucleus as a dispersive 
sphere with a characteristic index of refraction related 
to a complex potential, the problem of scattering is 
then analogous to that of a classical optical scattering 
problem. Consequently, a complete solution of the 
problem can be rigorously treated by the usual pro- 
cedure of partial wave analysis. The phase shifts thus 
involved can be evaluated by the KWB method which 
has the advantage of being insensitive to the detailed 
shape of the boundary and thus with an appropriate 
choice of the radius, a uniform form factor can be used 
for the nuclear density. The application of the optical 
model to A* scattering has recently been discussed by 
Costa and Patergnani'®; we refer to this paper for the 
details of the method. 

To analyze our data, we the 
following forward angles: 74°, 10°, 15°, and 25°; the 
data at 5° has been discarded because of the possible 
experimental bias discussed above. We have tried to fit 
our data with the absolute differential cross section 
calculated according to the phase-shift optical model, 
by using different values of the real part of the nuclear 
potential. The neglect of the imaginary part is justified 
by the fact that its contribution to the coherent scat- 
tering in the present case amounts to only a few milli- 


limit ourselves to 


barns/steradian. 


16 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
16 (, Costa and G. Patergnani, Nuovo cimento 5, 448 (1957). 
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Fic. 7. Phase-shift optical-model analysis of “elastic” scattering 
data. The curves give absolute differential cross sections calcu 


lated for heavy elements of the emulsion assuming a real nuclear 
potential V = +-12, +15, and +18 Mey, respectively 


Three trials have been made by assuming a real 
nuclear potential equal to +12, +15, and +18 Mev 
respectively. Calculations were made with the heavy 
elements of the emulsion Br and Ag, the contribution of 
light elements being estimated at less than 5%; the 
results are shown in Fig. 7. The potential +12 Mev 
seems to be too small to match the points at 10°, while 
the curves corresponding to +15 and +18 Mev are 
practically inseparable up to 10°. The best fit according 
to our data corresponds to a real potential between 
+15 and +18 Mev. 


VII. BORN APPROXIMATION APPROACH 


The use of the Born approximation in the analysis of 
K* scattering was first proposed by Osborne’ and 
considered independently by Ravenhall.'* ‘This method 
has proven a most valuable tool in the investigation of 
scattering problems. However, while it gives satis- 
factory results in the elastic scattering cross section for 
light elements, it encounters serious difficulties when 
applied to heavy elements. Since the great majority of 
elements constituting the emulsion are heavy nuclei, 
i.e., Br and Ag, one may ask if the use of the Born 
approximation for photoemulsions is well justified. In 
the present case, the average value of the parameter 
Ze*/hv assumes a value 0.76 which is not small in 
comparison with unity, as required for the validity of 


17 LS. Osborne, Phys. Rev. 102, 296 (1956). 
‘6 1). G. Ravenhall (private communication) 
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Fic, 8, Born-approximation analysis of “‘elastic’’ scattering 
data, The three curves correspond to the same nuclear potential 
V = +12, +15, and +18 Mev as in the optical model. The differ- 
ential cross sections are given in terms of g instead of scattering 
angle 0 


the Born approximation.’ None the less, in virtue of 
the simplicity of its application, it is worth attempting 
a similar analysis of our data by this method; we can 
in this way compare the result with that obtained from 
the optical model, 

Contrary to the approach made by Osborne, we 
consider it better to confine ourselves only to the 
coherent scattering as in the case of the optical model, 
and to express the differential cross section in terms of 
a potential V without making any a priori assumptions 
on the relation between the elementary K+t—p and 
K*+—n cross sections. For an element of charge Ze and 
nuclear radius R, we have 


da 2mxZe* 2mxR® 7 
( ) +- V | F°(q), 
dQ coherent (hq)? 3h? 


where e, A are universal constants, mx the K meson 
mass, g the momentum transfer, and F the form factor. 

In Fig. 8, we present the curves obtained with 
V=+12, +15 and +18 Mev; here again, we have 
plotted the absolute cross sections calculated for the 
heavy elements Br and Ag of the emulsion. These curves 
are plotted against g instead of 6, but the scale has 
been so chosen that a direct comparison can be made 
between Figs. 7 and 8 notwithstanding the different 
parameters used. 


% See N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), p. 126 
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VIII. DISCUSSION OF THE RESULTS OF 
THE ANALYSIS 


Referring to Figs. 7 and 8, we see that in general the 
Born approximation cross section is systematically 
higher than that of the optical model; this seems to be 
principally due to the choice of the form factor. The 
Born approximation cross section is very sensitive to 
the form factor, especially for large g values; conse- 
quently, the slight difference we have observed between 
the two calculations cannot be considered as a serious 
discrepancy. 

However, we must bear in mind that any calculated 
coherent scattering cross section should not exceed the 
experimental cross section in the region we are con- 
sidering, 0< 25° (the point at 5° being set aside), since 
the experimental “elastic” scattering data contain 
both coherent and incoherent events. When we take 
this into consideration, the +18-Mev potential seems 
to be too high and the best fit occurs probably for 
V~+15 Mev. 

From the real part of the K *-nucleus potential it is, in 
principle, possible to deduce the elementary K*-nucleon 
scattering amplitude in the forward direction. The 
relationship is that of the well-known optical theorem : 


V(2E—V) ‘( h? 


) f°(0), 
ro’mK 


where £ is the total energy of the K meson outside the 
potential well V, mx its mass, ro>=1.25X10~" cm the 
nuclear radius parameter, and f°(0) the average forward 
scattering amplitude for the nucleons bound to the 
nucleus, 


2m xc? 2 


f°(0) =(Zf,2O)+N fne(O) 1/(Z+N), 


where the suffixes p and m refer to proton and neutron. 

Since we are primarily interested in the scattering 
amplitude f(0) for the K+ free nucleon in the center-of- 
mass system, an appropriate correction to the f*(0) 
value is necessary. The relationship between f(0) and 


f°(0) is 
! M 
jo)=( . )ro, 


where M is the nucleon mass.” With V~+15 Mev, we 
find f*(0)~0.3xX10~-" cm and f(0)~0.2K10-" cm 
which corresponds to an average total cross section for 
free p and n of é~5 mb (this assumes /,=/, and an 
isotropic scattering in the c.m. system). 

To obtain more definitive information concerning the 
elementary K*—p and K*—n scattering amplitudes, 
we must make some further assumptions. The assump- 
tion that the scattering is confined to S waves implied 
above seems reasonable in light of the energy region 

® We are indebted to Dr. Charles Goebel for having pointed 
out to us this correction, which had not been taken into account 


by the Bologna and Padova groups in their investigation on the 
same subject.*® 
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under consideration. It appears to us, as it has to many 
others, that the next simplest assumption one can make 
is that of charge independence: the K*-nucleon system 
can exist in either the isospin 7=0 or T=1 states. If we 
assume a first approximation that the scattering exists 
only in the T=1 state, then f,=2/, and we find for the 
free proton amplitude f,=0.26X 10-8 cm which corre- 
sponds to a total cross section ¢,={24/(A+Z) }*6 
~9 mb where A=95, Z=42 are the average atomic 
number and charge of the emulsion nuclei. It is worth 
noting that this value seems in agreement with that 
deduced from the K*—p scattering as quoted by the 
Bologna? and Padova® groups. However, the assumption 
of scattering only in the 7=1 state implies the ratio 
R=oa(charge exch.)/o(inel.) equal to 4; this is not in 
agreement with the data ‘we have observed in the 
present study (see Sec. X). 

If we now allow the existence of scattering in both 
T=0 and T=1 states, the ratio R can be expressed as 
follows: 

}(a;— 4p)? 1—2x cos@+<x? 


ay?+4(a;+ao)? 5+2x cosp fa?” 


where x= |do/a;| is the ratio of absolute values of the 
scattering amplitudes a) and a; in T=0 and T=1 
states, respectively, and ¢ is the relative phase between 
dao and a. In Fig. 9 we have plotted x versus |p| for three 
different values of R=0, 0.1, and 0.2. It follows that in 
order to obtain agreement with our experimental value 
of R< 75 (see Sec. X), one must allow a superposition 
of T=0 and T=1 states under the assumption of 
S-wave scattering only. We shall consider this point in 
more detail subsequently. 


IX. INELASTIC SCATTERING 


Following the discussion on the coherent scattering, 
we can now attempt a more objective distinction be- 
tween the ‘elastic’? and “‘inelastic’’ scatterings. We 
have seen that all coherent scattering is expected to 


w 
= 
j 


Nn 


oy a 


x= |%/q,t 
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Fic. 9. Curves showing values of x= |ao/a;| and |@| phase 
between dy and a, for R=0, 0.1, and 0.2. The amplitudes ao and a, 
are the S-wave scattering amplitudes for states of isotopic spin 

=() and T=1, respectively; R is the ratio of charge-exchange 
cross section to inelastic cross section 
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take place in the forward direction and that for angles 
greater than 60° (g=1.1110" cm™'), the form factor 
F? is already so small (see Fig. 6) that any scattering 
beyond this angle must be considered as incoherent, in 
the strict sense of the term. 

From the experimental point of view, we have to 


distinguish two categories of incoherent scattering: 


1. Obvious inelastic events.-To these belong those 
cases which were recognized without ambiguity as such 
on the basis of our criteria stated above (Sec. II), We 
have found 12 cases in the energy region 30-65 Mev. 
Actually all these cases occur at large angles, greater 
than 45°. The lower limit of energy loss detected among 
these cases is 7% of the incident energy. 

2. Possible inelastic events. ‘These cases were initially 
classified as “elastic” cases in Sec. I], but were classified 
a posteriori as incoherent cases, ‘To estimate the number 
of those cases, we take the difference between the 
experimental! differential cross sections and the calcu 
lated coherent differential cross sections (see Fig. 7). 
It is to be noted that the principal contribution to this 
difference occurs in the vicinity of 40°, since at angles 
46> 60° all the events can be considered as inelastic, and 
in the region of 25° the incoherent cross section is 
practically negligible in comparison with the coherent 
cross section. This is a consequence of the Born approxi 
mation where o(incoherent)~[1—F?(q) |, with F?(q)~1 
for @=40°. The number of incoherent cases thus esti 
mated for @> 40° is 28+-2. 


Therefore, we have altogether 40+-6 inelastic scat 
terings. This leads to a mean free path for incoherent 
scattering in emulsion of 67.7+10 cm and an average 
cross section per nucleon &(incoherent) =7+1 mb. 

From the optical model point of view, the incoherent 
scattering constitutes only a part of the total absorption 
which, in turn, is connected to the imaginary part of 
the nuclear potential, Since in our case other processes 
contributing to the absorption of A* mesons, namely 
charge-exchange scattering, are negligible in the energy 
region 30-65 Mev as discussed in the next section, we 
therefore deduce the imaginary part of the nuclear 
potential from the incoherent scattering cross section 
and find Vj,7~3.6 Mev. Figure 10 shows the angular 
distribution of the 40 inelastic scatterings as deduced 
from our analysis. The distribution appears to be 
anisotropic, the greatest contribution to the anisotropy 
arising from the region around 40°. The number of 
events in this region was estimated by a subtraction 
process using our calculation of the coherent scattering 
cross section. In this calculation we have neglected the 
imaginary part of the potential. Ravenhall has demon 
strated that the inclusion of this part can lead to an 
enhanced coherent scattering in just this region.”! We 
therefore cannot put too great an emphasis on the point 

1). G. Ravenhall, Proceedings of the Seventh Annual Rochester 


Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957) 
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Fic. 10. Angular distribution of incoherent scattering in the 
interval 30-65 Mev. The point at 40° is obtained by a subtraction 
process. If one assumes an isotropic distribution, the average 
differential cross section is ~18 mb/steradian 


at 40°, and can only conclude that an isotropic distri- 
bution cannot be ruled out (we would like to comment 
that the inclusion of the imaginary part of the potential 
does not seem to appreciably influence our previous 
conclusions concerning the real part of the potential). 
If we assume an isotropic distribution for our inelastic 
scattering, the corresponding differential cross section 
is found to be ~18 mb/steradian. 

The most characteristic feature we have observed 
with the 12 “‘inelastic’”’ scatterings of case (1) is the 
following : Only a relatively small energy loss is involved 
in the process in contrast with the large momentum 
transfer implied by the scattering angle. Figure 11 gives 
the distribution of energy loss for all incoherent cases 
(the 12 obvious “inelastic” events are cross-hatched in 
the figure). It seems that about 75% of these events 
have an energy loss less than 10% of the incident 
energy. 

It is in principle possible to relate the observed inco- 
herent cross section per nucleon to the elementary cross 
sections as &(incoherent) = (Zo »n,+ Nao ,n,)/(Z+N) if 
a single-particle interaction model is valid, where n,, » 
represents the fraction of collisions allowed by the Pauli 
principle and ¢,=ae,, the parameter a being deter- 
mined by detailed assumptions concerning the ele- 
mentary interaction, With the assumption of charge 
independence for the K-nucleon interaction, a=1 if the 
scattering proceeds through the state of isotopic spin 
T=0 while it is } for the state with T=1 (we include 
charge exchange). The determination of the parameter 
n depends on detailed assumptions concerning the 
nuclear model used in the calculation and the energy 
of the incident K mesons in the nucleus. The most 
obvious model to use in such a calculation is a Fermi 
gas model or some variation thereof. Such calculations 
were originally done for the x-nucleus case by Johnson” 
and specifically for the K*-nucleus case by the Bologna 
group’? and the Padova group.® To proceed with such a 
calculation, a form for the differential cross section in 


# M.H. Johnson, Phys. Rev. 83, 510 (1951) 
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the K*-nucleon c.m. system must be assumed; the 
simplest assumption is one of isotropy, but others may 
be made. The principal features arising from such a 
calculation can be discussed on qualitative grounds. 
The principal relations involved in this consideration 
are the conservation laws of energy and momentum. 
If the subscript 0 refers to the initial state, the con- 
servation of energy yields 


wo—w = ASE+ (1/2M) (P?— Po’), 


where P, Po are the final and initial nucleon momenta 
(in the nuclear well) and AE>0 is the energy difference 
between initial and final nuclear states. Since the Pauli 
principle requires that P?— Po?> Pr?—P,? (Pr=maxi- 
mum Fermi type energy), the collision is inelastic. In 
fact, a large percentage of the collisions will be quite 
inelastic as can be seen qualitatively from considerations 
of the degenerate Fermi-gas model. With a maximum 
Fermi energy of 22 Mev, about } of the collisions will 
be with nuclei whose Fermi energy is below 14 Mev. 
Thus, if the momentum conservation can be satisfied, 
Aw =wo—w28 Mev for about $ of the a priori available 
interactions (for AE=0, which is quite unlikely). Con- 
sideration of momentum conservation shows that it is 
easier to satisfy the Pauli principle [| P| >P» (max) | 
for final-state K mesons in the backward hemisphere 
with appreciably reduced energy. ‘The considerations 
are quite sensitive to the incident K meson energy. 
This is most easily seen by allowing the K meson inci- 
dent energy to become quite small, in which case energy 
conservation shows that a large number of interactions 
will be forbidden by the Pauli principle; in fact, the 
main contribution coming from the allowed interactions 
should be quite inelastic with protons near the top of 
the Fermi momentum sphere, while momentum con- 
servation will discriminate against forward scattering 
angles. 

The lack of small angle inelastic scattering is qualita- 
tively in agreement with the experimental observations ; 


- 
~~ 


Fic. 11. Histogram show 
ing the distribution of en 
ergy loss in the incoherent 
scatterings of K, mesons in 
30-05 Mev energy region. 
Obviously inelastic events 
are represented by cross 
hatched area. 
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INTERACTION OF K*+t MESONS 
however, the degree of inelasticity is not. About 70% of 
our inelastic events have energy losses less than 5 Mev 
which is quite inconsistent with that required in the 
single-particle model. However, we have not yet ex- 
plicitly allowed for the effect of the repulsive nuclear 
potential felt by the K meson which serves to reduce 
the inelasticity. If the asymptotic fractional energy loss 
is bw=(wo—w)/wo, it is related to the calculated frac- 
tional loss dw’ as bw ={ (wo— V)/wo jw’. Since our median 
incident energy corresponds to 45 Mev and V™15 Mev, 
bw™~0.675w". It does not appear, however, that this kind 
of consideration is sufficient to explain the observed 
low degree of inelasticity for the large percentage of 
cases, bwWexp~0.1 while dw’ > (30—20)/30=0.33 unless 
the repulsive potential is considerably larger. This 
latter possibility seems quite unlikely in view of the 
results obtained from the optical model analysis. The 
inconsistency of the approach is demonstrated by the 
following consideration. If we allow for an appreciably 
larger repulsive potential the effective energy of the 
K meson at interaction becomes smaller and though 
this favors small dw the influence of the Pauli principle 
becomes much more important. On the other hand, 
if we assume T7=1, a=}, and o,~10 mb as deduced 
from the optical model we obtain n,=7,™~1 which 
seems quite unreasonable (it is to be noted that 9p=9n 
=(.75 for w)=100 Mev). The foregoing discussion is 
based upon the assumption of S-wave scattering in the 


c.m. system and the high values of » thus deduced are 
insensitive to the mixture of states of isotopic spin 
T=0 and T=1. With these qualitative considerations 
there appears to be no agreement of the single particle 
model with experimental results. It would thus appear 
that quite detailed model calculations should be done 
to compare with the experimental results. 


X. OTHER EVENTS 


In this section we present a detailed account of events 
other than “elastic” and inelastic scatterings. The data 
given here correspond to a total K*-track length of 
~45 m followed in the systematic scanning of our 
stack alone. 


1. K+—p collisions.—Two cases of K* and free 
proton collisions have been observed. In each case, the 
coplanarity as well as the conservation of energy and 
momentum have been satisfied within very small experi- 
mental error. The specifications of these two cases are 
listed in Table III. Besides these two cases, there was 
one case of a K*t-bound proton collision which was 
included among the obvious inelastic cases. 


TABLE III. Specification of A* —p collision events 


Angle of K in 
c.m. system 


152° 


Energy of K at 
collision (Mev) 


Case I 33 


Case II 58 157° 
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2. Decays in flight.—There are 24 decays in flight. 
All these cases were definitely identified by their decay 
secondary (one of the decays is a rt->rt+at+r). 
The lifetime thus deduced is (1.22+0.25)X10~-* sec. 
A more detailed discussion of these decays has been 
published.” 

3. Disappearances.—Out of a total of 11 disappear- 
ances in flight listed in Table I, four of the particles 
were identified as K mesons. In two of these cases, the 
disappearances occur at a residual range, estimated 
from the measured P8 along the track, less thant mm 
from the expected end. These cases can be either decays 
in flight in which the minimum secondary eScapes 
observation, or charge-exchange scattering of the 
K* meson. From the number of positively identified 
decays in flight quoted in the previous paragraph, and 
from the percentage of K, in which we do not see the 
minimum secondary (see Sec. IL), i.e., ~10%, we 
expect 2-3 decays in flight appearing as disappearances. 

4. Charge exchange.—During the course of the sys- 
tematic scanning, some thirty tracks were found to lead 
to a star without an outgoing K* meson. For all these 
events, careful mass measurement was made on the 
incident track. None of these cases were found to be 
compatible with a K*-meson interaction in flight. The 
only possible charge-exchange processes that we should 
expect to observe are therefore those among the dis- 
appearances. As pointed out above, 2 or 3 of these 
cases may be attributed to decays in flight; the most 
probable number of charge-exchange scatterings in the 
energy region which concerns us is 0, while there could 
be at most 2. We can therefore set an upper limit for 
the charge exchange cross section compared with the 
total inelastic scattering (12 obvious cases plus 10 
slightly inelastic cases deduced from range considera 


III) and find 


tions of Sec. 
o(charge exchange) /a(inelastic) < yy. 


This result appears to exclude the possibility that the 
scattering in our energy region proceeds only through 
the state of isotopic spin T=1 for which the ratio R of 
charge exchange to noncharge exchange is predicted 
to be }. It is worth noting that our experimental 
ratio is, in reality, an upper limit to R. Let x= | ao/a;| 
be the absolute value of the ratio of scattering matrix 
elements in the states of isotopic spin T7=0 and T=1., 
Then reference to Fig. 9 shows that according to our 
data, for which R<yy, this ratio x satisfies the in- 
equalities 0.25<*< 2.18, and the relative phase || is 
less than 53°. 


XI. REMARK ON K* STARS 


We have observed one K* star (classified among the 
obvious inelastic scattering cases of Sec. [X.1). Since a 
K* star is a rare event (mean free path for A? star 


* Fournet-Davis, Hoang, and Kaplon, Phys. Rev. 106, 1049 
(1957). 
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PaBie IV. Specification of K* stars. Symbols in parentheses 
represent alternative possibilities 


Group Secondary prongs 


K*+at+at+a 
K*+atata 
r*+at'Li (*Li)+ p(d) 
tatata 


Dublin*® 

Gottingen” 
Gottingen” 
Rochester (present work ) K* 


* See reference 24 
» See reference 2° 


production is ~45 m in our energy region), it deserves 
a special description. The star, in addition to the out- 
going K* meson, has three evaporation prongs, two of 
which are emitted nearly in the same direction and are of 
length 73 u and 96 y, respectively ; these two prongs are 
definitely identified as a-particle tracks. The third prong 
is only 344 long and an unambiguous identification of 
its nature is not possible; however, from its ionization, 
it seems to be the track of a particle heavier than a 
proton. If we assume that this prong is also that of an 
a particle, then this star can be interpreted as a dis- 
integration of a carbon nucleus into three a@ particles, 
by an incident K* meson of 61410 Mev. Examples of 
the tripartition reaction of a carbon nucleus by a K* 
meson have already been observed by other groups.”.*° 

A striking feature revealed by the K*-induced stars 
observed to date is the following: it seems that most of 
the evaporation prongs are multiply charged. In fact, 
if we consider the ratio of the a prongs to the total 
number of branches emitted in a K* star, we find from 
the available data listed in Table LV a value exceeding 
0.80 in contrast with the ratio 0.394+0.02 found by 
Page” in the investigation of stars induced by nucleons 
in the energy region around 100 Mey. It is to be noted 
that the ratio predicted by Le Couteur’s theory” lies 
in the range 0.25-+-0.30. 

It is true that the present statistics are still meager, 
and cannot be regarded as conclusive. None the less, 
if our conclusion (that the frequency of @ particles is 
comparable to that of other products in A* stars) turns 
out to be valid, it is an indication that in nuclear matter 
the K* meson prefers to interact with a complex of 
nucleons rather than with a single bound nucleon. This, 
in turn, is not inconsistent with what has been observed 
in the inelastic scattering of the Kt mesons, as dis- 


cussed in Sec. IX. We therefore consider it of interest 


* Anderson, Keefe, Kernan, and Losty, Nuovo cimento 4, 1189 
(1956) 

* Biswas, Ceccarelli-Fabbrichesi, Ceccarelli, Gottstein, Varsh 
neva, and Waloschek, Nuovo cimento 4, 1201 (1956). 

#*N. Page, Proc. Phys. Soc. (London) A63, 250 (1950) 
7K. J. LeCouteur, Proc, Phys, Soc, (London) A63, 259 (1950), 
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to accumulate further information on K* stars, which 
could shed some decisive light on the exact nature of 
the K*-nucleus interaction. 


XII. SUMMARY 


The present study of 1452 K* mesons in the energy 
region 30-65 Mev leads to the following conclusions: 


The interaction properties of the K , and r mesons are 
found to be essentially indistinguishable. This result, in 
conjunction with other well-established properties of 
equal mass and lifetime, provides further evidence that 
6 and r are the same particle. 

A direct comparison of the experimental differential 
cross section for the coherent scattering of K*+ mesons 
with the Coulomb cross section has definitely shown 
that the interference between nuclear and Coulomb 
scattering is constructive; thus the nuclear potential 
felt by A* mesons is repulsive. 

In terms of a phase-shift optical-model analysis, the 
real part of the potential describing the scattering of 
K* mesons in emulsion is about +15 Mev, while the 
imaginary part is about 3.6 Mev. With the assumption 
of S-wave scattering, charge independence, and domi- 
nant isotopic spin state 7 =1, application of the optical 
theorem yields a K*—p scattering cross section in 
agreement with that observed from free K*—p colli- 
sions. However, the ratio of charge-exchange cross 
section to that of noncharge exchange on the above 
assumption is inconsistent with our observations. We 
conclude that if the scattering proceeds principally 
through S waves, a mixture of both T=0 and T=1 
states must be allowed. 

The characteristic feature of the inelastic scattering 
of K* mesons is the relatively small energy loss in 
contrast with a large momentum transfer. 
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Radiative Yields of the K Series in «-Mesonic Atoms* 


MARTIN STEARNS AND MArY BetH STEARNS 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received May 23, 1957) 


The total radiative yields of the K-series lines from -mesonic atoms have been measured for the elements 
Li through F, inclusive, and Na. The yield is a maximum at Be, 21%, and falls to about 3°% at Na. The 
yields of N, O, and F are roughly comparable. This anomaly may be due to a magic-number effect at Z=8 


HE formation of short-lived m-mesonic atoms as a 

preliminary step in the absorption of mesons 
by nuclei is a well-established fact. K, L, and M 
emission lines from these atoms have been studied in 
rarying detail by several groups.'* An important 
motivation for these investigations is to study the 
specific pion-nucleus interaction. The effect of this 
interaction on the energy shift of the 2p—1s (K& lines 
has been discussed in an earlier paper’ (henceforth 
referred to as I). Of equal interest is the effect of this 
interaction on the nuclear absorption of mesons directly 
from their excited states. As will be shown, this absorp- 
tion process increases very strongly with increasing Z, 
and, since it competes with radiative transitions, it is 
strikingly exhibited by a decrease in the mesonic x-ray 
yield. Because of this direct competition, its strength 
can be measured in terms of the well-known radiative- 
transition probabilities. In this paper we discuss some 
recent measurements of the absolute radiative yields 
and relative intensities of the A series (2p-—>1s, 3p-1s, 
etc.). Some preliminary measurements of the relative 
yields have been reported earlier.! These have been 
repeated more carefully with improved technique. ‘The 
elements investigated were Li through F, inclusive, and 
Na. The K yield was unobservable (<3%) for elements 
heavier than Na. For these heavier elements the mesons 
are predominantly absorbed directly from the p states 
and hence cannot radiate to the ground state. 


EXPERIMENTAL PROCEDURE 

The experimental apparatus and procedure is similar 
to that described in a previous paper on y-mesonic 
atoms* (henceforth referred to as IJ). As discussed 
in IJ, the raw experimental data must be corrected for 
the following: (1) absorption and scattering of the 
x-rays in the meson target, the anticoincidence counter, 
and the aluminum window of the Nal detector; (2) 
escape x-rays from the Nal detector; (3) carbon 
x-rays originating in the third counter of the meson 
telescope: (4) x-rays from undesired elements (in the 
case of compounds) and contaminants; (5) the variation 
with energy of the Nal detection efficiency. Most of 

* Supported by the U. S. Atomic Energy Commission. 

' Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 
1123 (1954) 

2Camac, McGuire, Platt, and Schulte, Phys. Rev. 99, 897 
(1955); Camac, Halbert, and Platt, Phys. Rev. 99, 905 (1955) 

4M. Stearns and M. B. Stearns, Phys. Rev. 103, 1534 (1956) 

‘M. B. Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957). 


these corrections can be taken directly from the u-meson 
work, with only slight modifications due to the different 
mass of the m meson and hence the energy of the 
characteristic x-rays. 

A yx-in. thick Nal crystal was used as the x-ray 
detector for lithium and beryllium and their matching 
carbon targets. A 4-in. thick Nal crystal was used for 
Be, B, C, and N and a 2-in. crystal for C, N, O, F, and 
Na. The efficiencies of the crystals were calculated and 
measured in the manner described in II. The meson 
targets were the same as those used in the u-meson work. 


RESULTS 


Some typical A-series spectra are shown in Fig. 1. 
For some of the elements the backgrounds are rather 
large compared to the peaks because of the small 
radiative yields of the K x-rays. In order to estimate the 
backgrounds reliably considerable care was taken in 
examining each spectrum well above and below the A 
line. Since the 24-channel pulse-height selector used in 
the experiment did not have a sufficient number of 
channels to observe the detail desired, it was set, in 
successive runs, to scan overlapping energy regions, 
usually three or four. These were then combined to give 
the complete spectrum. The curves of Fig. 1 are these 
composite curves. In addition to the predominant 
2p-ls (K,) peak one sees contributions from higher 
transitions (Kg to A,), escape x-rays, and the con- 
taminant carbon x-rays originating in the third counter 
of the meson telescope. The A, line is not clearly 
resolved from the higher transitions. This is due to the 
inherent limited resolution of the Nal detectors at these 
energies (~40% at 22 kev to about 20% at 90 kev for 
the ;'y-in. and 4-in. crystals) and to the close spacing of 
the K lines | h(Kg)/E(K,)~1.18 |. The widths of the 
peaks are purely instrumental and are discussed in I. 

Table I gives the energies of the K, lines, the absolute 
total K-radiative yields (per stopped meson), and the 
fractional yield of higher transitions for the elements Li 
through Na. The energies of the A, lines are taken from 
I. In all cases the measured values, which are listed in 
the table, are less than the calculated values 

At this point it should be emphasized that the 
absolute radiative A yields measured in this experiment 
are the number of K x-rays emitted per meson stopped 
in the target. For comparison with theory the more 
pertinent quantity, but at present unattainable, is the 
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number of x-rays emitted per mesonic atom. These two 
entities are not, in general, equivalent. Some # mesons 
may be absorbed directly from the continuum without 
the intermediate formation of a mesonic atom.® It is 
difficult to estimate this effect accurately since little is 
known about the behavior of # mesons near zero energy. 
For this reason we have found it convenient to use the 
term “absolute radiative yield” for the number of x-rays 
emitted per slopped meson. Strictly speaking, of course, 
these measured values are only lower limits to the true 
absolute yields. 


Tas e I, Energies and yields of r-K series. 


Total radiative yield Ratio of 
(x-rays per higher tranai- 
stopped meson) tions to total 


0.13540.02 0.26 
0.21 40.02 0.26 


0.18 +0,015 0.23 


0.15_.027°™ 0.22 

0.045_6 00,*° 0.25 

0.046+-0.006 0.26 

0.051+4-0.009 0.20 
<0.032 


Energy of 2p-+ls 


Element (kev) 


Li 23.8 

Be 42.1 

B 63.8 (B") 
65.0 (B") 
92.6 

N 126.0 

O 155.2 

F 196.3 

Na ~290 


* This difficulty is not important for « mesons since their inter- 
action with nuclei is small 


K spectra, 7+ AC (triples ae oincidence) indicate the number of mesons stopped in the target. The * —C (K) 
1e third counter of the meson telescope. The higher transitions are not clearly resolved 
because of the limited resolution of the NaI detector and the close spacing of the K lines (Kg~1.18K4q). 


The absolute r-K yields were determined by compar- 
ing them with known -L yields. This is simpler experi- 
mentally than a direct measurement since w-L yields are 
much larger than w-K, and data can be accumulated 
more swiftly and accurately. The w-Al(L) yield was 
chosen as the absolute standard. Its measurement will 
be described in a subsequent paper (IV) on x-L yields. 
K and L lines of comparable energy were intercompared. 
The K yields of C, B, Be, and Li were measured relative 
to the L yields of Al(87 kev), F(42 kev), and N(25 kev), 
respectively. The errors listed in Table I include both 
the errors incurred in the measurements of relative 
yields (shown in Fig. 2) and those arising from the 
absolute yield determination. The main sources of error 
in the relative yields are due to uncertainties in the 
subtraction of backgrounds and contaminant lines and 
to the detection-efficiency corrections. Generous esti- 
mates of these uncertainties were made for each run. 
The errors in Fig. 2 are the rms errors of several runs. 
They indicate, in general, the reproducibility of the 
data. (Drifts in the electronic equipment and possible 
nonlinearities in the pulse-height selector will not 
contribute errors since, to a first approximation, they 
alter the shape of the curves but do not affect the 
yields.) The error in the absolute yield includes un- 
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certainties in the measurements of the x-Al(L) absolute- 
yield standard and the cross comparisons of the K and 
L yields. 

The higher transitions constitute about 20-25% of 
the total yield. As can be seen from Table I, they are 
essentially independent of Z. 

A LiF target was used in the measurement of the 
fluorine yield. No correction was made for the absorp- 
tion of x mesons by the lithium in the compound, This 
is in accordance with the results of the uw-K and p-L 
yields, discussed in II, and the x-L yields, to be de- 
scribed in IV. In all these cases, when corrections for the 
lithium were made, the fluorine yields become anoma- 
lously large. The best fits were always consistent with 
the assumption that the Li in LiF (like H in CHg) is 
ineffective in absorbing mesons. 

The total yields given in Table I can be compared 
with the yields of the Rochester group’ for those 
elements measured by both groups. Within statistics 
there is agreement for Be, N, and O. The B and C 
yields, however, are not in agreement. 

Figure 2 is a plot of the relative total m-A 
radiative yields vs Z. The solid curve is an attempt 
to fit the experimental points with the function, 
const aZ‘/(c+aZ*+bZ"). The form of this function is 
suggested by the competition between radiative tran- 
sitions, Auger transitions, and nuclear capture. The 
multiplying constant represents the population of the 
initial states which is assumed to be independent of Z. 
In Fig. 2 it has been set equal to 0.7. This value is not 
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Fic. 2. Relative yields of w-K x-rays per stopped meson vs Z 
The absolute yields are given in Table I. The formula for the solid 
curve is suggested by the competing processes of Auger transitions 
and nuclear absorption. 
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critical in determining the shape of the curve since the 
only effect of a variation in its magnitude is to translate 
the curve up or down on the log-log plot. The quantity 
aZ* is the well-known radiative transition probability, 
where a= 1.7510" sec~'. The nuclear capture proba- 
bility is described by 62", and c is the Auger transition 
probability. Since the experimental data do not include 
a sufficient number of elements in the ‘Auger region”’ 
to allow an independent determination of c, it has been 
assigned a value about 400 times larger than the 
calculated value. This assignment is consistent with the 
measured values of c derived from the y-K, u-L, and 
m-L, data, (The u-K and y-L values are about 300 and 
30 times their respective calculated values.‘ The #-L 
value is about 40 times greater.) 

The values of c, 6, and n used in fitting the curve in 
Fig. 2 are c=4X 10" sec, b= 3.5X 10° sec, and n= 7 
It should be noted that b, the nuclear absorption 
probability for hydrogen, is about 50 times smaller than 
the corresponding radiative transition probability. This 
is of interest in the interpretation of experiments 
involving the capture of slow m mesons in hydrogen and 
deuterium. It confirms the conclusion of Brueckner 
et al,® that w mesons captured in deuterium are absorbed 
predominantly from the 1s state. 

The seventh power of Z in the nuclear absorption 
probability is somewhat larger than anticipated. Simple 
indicate a Z® de 
pendence. To a first approximation one expects the 
nuclear absorption rate to be the product of (1) the 
probability of the meson being at the nucleus and 
(2) the number of protons present to absorb the meson. 
For a meson of angular momentum / the meson proba 
bility density at the origin is ~Z*'**, Hence the nuclear 
absorption rate might be expected to go as Z*'**, or Z® 
for p states. [To put it more accurately, the branching 
ratio might be expected to go as Z™* since what is 
actually measured is the competition between radiation 
(Z*) and nuclear capture from p states (Z").| The 
branching ratio is observed to go more nearly as Z 
However, the fluctuations in radiative yield near 7 = & 
make an accurate determination of n difficult. 

The similarity of the yields of N, O, and F is thought 
to be due to a magic-number effect at Z=8. This 
anomaly is also observed in the w-L series near Z= 28 
and the w-M series at Z=50. Such magic-number 
effects have been suggested by Messiah and Marshak.’ 


theoretical considerations would 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the collaboration of 
Professor S, DeBenedetti 
Leipuner in the earlier stages of this work. We also 
thank the Carnegie Tech cyclotron crew for their 
skill and cooperation throughout the course of the 
experiment. 


and the assistance of L. 


* Brueckner, Serber, and Watson, Phys. Rev. $1, 575 (1951) 
7A. M. L. Messiah and R. E. Marshak, Phys. Rev. $8, 678 
(1952) 





PHYSICAL REVIEW VOLUME 


107, 


NUMBER 6 SEPTEMBER 15, 1957 


Spin Reversal in Scattering Processes 


ANDREW LENARD* 
Department of Physics, Columbia University, New York, New York 
(Received May 21, 1957) 


The eflect on the scattering matrix element of reversing the spins of all particles is discussed. An exact 
relation is shown to be the consequence of invariance under combined space and time inversion and the 
unitarity of the S matrix. In lowest order perturbation theory this gives a symmetry property of the matrix 
element. The implication for particles in arbitrary states of polarization is pointed out. 


ECENTLY, with the availability of polarized 

particles from parity-nonconserving weak-decay 
sources, there has been a growth of interest in the spin 
dependence of scattering processes, The purpose of this 
article is to call attention to an approximate symmetry 
property to which the spin dependence of the matrix 
elements is subject. 

Let states be specified by the momenta p of particles 
in plane-wave states (we take h=c=1 throughout), 
and by m j, ~(j-1), ---(j-1), 7, where m, the 
“helicity quantum number,” is the eigenvalue of 
s-p/p, 8 being the spin operator for the particle in 
question. We wish to discuss the effect on the matrix 
element of the transformation 

pp, m—>—m, (1) 
referred to in the following as spin reversal. 

As an illustration, let us take the matrix element for 
bremsstrahlung in first Born approximation in the 
external Coulomb field.' The matrix element is? 

M = (2n*q’i)'abZm(ee'w) Si, (pO, (p). (2) 
Here r and ¢’ are the helicities of the electron in the 
initial and final states, respectively. The matrix (Q), is 
given by 


i(p'+k)—m i(p—k)—m 
n-+n 
2p’ -k 


Q,(p,p',k) =e, e,. (3) 


2p-k 


The photon helicity s enters into the definition of the 
complex unit polarization vector e, appropriate to left 
(s= +1) and right (s 1) circularly polarized pho 
tons.* Let the vectors p and p’ lie in the 1-2-plane, the 


* Present address: Matterhorn Project, Princeton University, 
Princeton, New Jersey 

'The circular polarization in bremsstrahlung from polarized 
clectrons has been detected recently by Goldhaber, Grodzins, and 
Sunyar, Phys. Rev. 106, 826 (1957). The theory has been given 
by K. W. MeVoy, Phys. Rev. 106, 828 (1957). The author is 
indebted to Dr. Goldhaber and Dr. McVoy for letting him see 
these papers before publication 

| Mt Jauch and F. Rohrlich, The Theory of Electrons and 
Photons (Addison-Wesley Publishing Company, Cambridge, 
1955), Sec. 15-6. We follow the notation of this work 

4 This seemingly illogical convention originates in optics where 
a right circularly polarized wave has clockwise-rotating electro 
magnetic vectors when viewed facing the light source. Positive 
(negative) helicity, on the other hand, means clockwise (counter 
clockwise) rotation when looking along the propagation vector. 
The latter convention has the advantage chat a photon with 
positive (negative) helicity has its spin parallel (antiparallel) to 
its direction of propagation 


vector k lie in the 1-3-plane making an angle x with 
the 1 axis, and let the real part of e, be parallel to the 
2 axis. Furthermore, choose ,, Y2, Yo a8 pure imaginary, 
and y; as real (this is only for convenience; any repre- 
sentation of the Dirac matrices gives the same result) 
With these conventions one sees easily that all factors 
are purely imaginary or real, except 


ik=w(ty; cosy +iy3 sinx +70), 


; ; 4 
~1é 2 TT —SY\ SINX —1Y¥2+-SY3 COSX), ( ) 


and for these factors complex conjugation has the same 
effect as changing the sign of x. The latter operation 
is a reflection of momenta in the 1-2-plane, and leaves 
the helicities unaffected. A space inversion to which 
the theory is invariant involves, however, also the 
reversal of the helicities. Consequently, one concludes 
that 


(p’,7’,k,s| M| p,r) = —(p’, —r’,k, —s|M\p, —r)*. (5) 


Under spin reversal the real part of the matrix element 
changes sign. 

To investigate the validity of this result for general 
scattering processes it is important to note that spin 
reversal is closely related to combined space-time 
inversion but is not identical with it. Space-time 
inversion reverses spins and leaves momenta unchanged, 
but it also interchanges the role of the initial and final 
states. Thus, in a theory invariant under this symmetry 
operation, the S matrix (with a proper choice of 
arbitrary phases for the states under consideration) 


satisfies 
(fi) S\t)=(4'| S| f’), (6) 


where the prime refers to the operation (1). In order to 
obtain the generalization of (5) it must be shown that 
the relevant part of the S matrix is anti-Hermitian. 
This, in turn, is known to be true in lowest order 
perturbation theory in which the effect occurs, and it 
is a simple consequence of the unitarity of the S matrix. 
To formulate this precisely, let R=S—1, so that the 
unitarity condition becomes 


Rt=—R(1+R)". (7) 
Combining this with (6), one obtains the exact relation 


—(f'|Ri’)*=(f|RA+R)" |). (8) 
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In perturbation theory one retains only the lowest 
order term of the geometrical series on the right side, 
and then the analog of (5) results for an arbitrary 
process. 

A few remarks should be made about the case when 
(i) and |f) cannot be taken as free-particle plane 
wave states. This occurs, for instance, in the description 
of radiation phenomena in the presence of a strong 
external potential. It is convenient to discuss this in a 
picture where the scattering operator S represents 
only the effects of the radiation interaction, and the 
external field influences only the state vectors with 
which matrix elements are formed. Scattering is 
described by a matrix element of the form (fin|S| tout). 
Here |ioy:) represents a state which consists asymp- 
totically of plane waves characterized by the label 1, 
and scattered waves due to the external potential 
satisfying the ‘outgoing’ boundary condition at 
infinity; analogously for | fin) with the “ingoing” 
boundary condition.‘ Space-time inversion invariance 
implies in this case 


(fin| S| tout) ” (tin’ | S| feet) (9) 


because time inversion also converts the 
the “outgoing” boundary condition, and vice versa. 
If now only the lowest order in the radiation interaction 
Sv) is considered, we still have Sy) Sqy', but now 
this implies that 


( fin Si 1) 


‘ingoing”’ into 


lout) (10) 


(fout |S1y| tin )*, 
whereas the  spin-reversed matrix element is 
(fin’ | S(a)|\ tour’). It is not difficult to see, however, that 
as long as the external potential is weak so that it can 
be treated in first Born approximation, the matrix 
element changes under spin reversal as shown by the 
example (5). 

There remains the question as to what the spin- 
reversal symmetry just discussed implies with regard 
to scattering from and into states of arbitrary polar- 
ization. For the sake of simplicity, let us restrict the 
discussion to systems of spin-} particles and photons. 


‘ For a discussion that these are the correct boundary conditions 
see H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954), 
Sec. IV. 
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Also, consider only one particle in both the initial and 
the final states. The relation 


(m’| M|m)=—(—m’'|M\|—m)* (11) 
can be written in matrix form as® 


M =—¢,M*o,. (12) 


The transition probability is in general proportional 
to the quantity 


P= Tr(eM pM). (13) 


Here p is a statistical density matrix with respect to 
the helicity indices of the initial state, and ¢€ is an 
“efficiency matrix’’® with respect to the indices of the 
final state. The former the state of 
polarization of the initial beam of particles, and the 
latter the polarization sensitivity of the detector 
response. A convenient parametrization of these 2X 2 


characterizes 


matrices is given by 


p=4(1+E8;-@), «=4(1+8;-e), (14) 


where the @ are the Pauli matrices in the standard 
representation. The real “polarization vectors” &; and 
¥, characterize the polarization properties of the 
experimental arrangement, and I’ appears as a function 
of them.’ The question to be decided is what symmetry 
property of this function is implied by (12). Substituting 
that relation into (13), one gets after some simple 
algebra 


M (EE) =0 (Ei ,E/'). (15) 


Here the prime denotes the reversal in sign of the 
3 component. We conclude then that the transition 


probability remains invariant with respect to “reflection 
in the 1-2-plane” of all polarization vectors, Phrased 
this way, the statement is true when an arbitrary 
number of spin-} particles and photons are involved. 
The author is indebted to Professor F. J. Dyson for 
bringing this problem to his attention and for profitable 


discussions. 


‘The asterisk denotes complex conjugation, as contrasted to 
Hermitian conjugation which is denoted by a dagger 

*F. Coester and J. M. Jauch, Helv. Phys. Acta 26, 3 (1953) 

’ This formalism has been exploited recently by H. A. ‘Tolhoek, 
Revs. Modern Phys. 28, 277 (1956) 
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A calculation is made of the forces between hyperons and nucleons under the assumption that the forces are 
due to the exchange of pions. The A and & are assumed to have spin 4 and the same parity. The Hamiltonian 
is taken to be the same as the static-model pion-nucleon Hamiltonian except for differences in isotopic spin 
and possibly in the strength of the coupling. The same approximations are made as those ordinarily made in 
evaluating the nucleon-nucleon potential, although it is noted that in case all the pion-baryon coupling 
constants are equal, the hyperon-nucleon potentials are just linear combinations of the observed nucleon- 
nucleon potentials. The pion-hyperon coupling constant is determined by comparison with potentials 
obtained from analysis of hyperfragment data. The resulting value is about the same as the pion-nucleon 
constant. The elastic hyperon-nucleon and A+ N+«+d +N scattering cross sections are evaluated. Results are 


consistent with experiment 


I. INTRODUCTION 


HE fact that the A hyperon can be bound in 

nuclear matter is evidence that there are strong 
forces between the A and the nucleon. It is plausible 
that these forces may be due in large part to the ex 
change of pions. In this paper we adopt the hypothesis 
that A and Y hyperons interact strongly with nucleons 
via the pion field, With certain simplifying assumptions, 
we are able to evaluate A-nucleon and Y-nucleon poten- 
tials and to calculate the resulting A-nucleon and 
nucleon elastic and inelastic scattering cross sections. 
We briefly consider the experimental data on the 
hyperon-nucleon interaction such as hyperfragment 
binding energies, the scattering of charged hyperons in 
bubble chambers and emulsions, and the scattering of 
hyperons in the nuclear matter in which they are 
produced. 

We need to make certain assumptions about spins, 
parities, and couplings, in order to perform the calcu 
lation. In a previous work! (to be denoted by I) we 
assumed a simple model to describe the interaction be- 
tween pions and hyperons.? In constructing this model 
we assumed that hyperons react with pions essentially 
as nucleons do except for the necessary differences in 
isotopic spin. We assumed that the elementary pion- 
hyperon interactions are 


Aeod +r, (1) 


and 
LeoA+ ao, 


the process 


AteoA+o 


being forbidden because it does not conserve ISOLOpk 


spin Subsequently* we postulated the existence of the 


* Supported in part by the National Science Foundation 

t Address during 1957-1958 academic year, Physikalisches 
Staatsinstitut, University of Hamburg, Hamburg, Germany 

']). B. Lichtenberg and M. Ross, Phys. Rev. 103, 1131 (1956 

*N. Dallaporta and F. Ferrari, Nuovo cimento 5, 111 (1957 
have independently made a calculation of the A-nucleon force with 
this model 

‘1D. B. Lichtenberg and 
Sec. II, 1, 337 (1956 


Mar Bull. Am. Phys. Soc. 


Ross 


interaction 
Lol +7, (3) 


assuming it to be governed by the same coupling con- 
stant as processes (1) and (2). Since we wish the theory 
to be charge-independent, we require that the Hamil- 
tonian be invariant under rotations in isotopic spin 
space. The form of the Hamiltonian in isotopic spin 
space is then unique. Since the pion field ®, and the 2 
field Wy are vectors in isotopic spin space, while the A 
field Y, is a scalar, the interactions (1) and (2) must 
have the following form in isotopic spin space : 


Vi" s-®,. (4) 


Similarly, for interaction (3), the Hamiltonian must be 
of the form 


Wy*K Ws @,. (5) 


We also assumed in I that the spins of the A and 2 
hyperons are 4. The experimental results seem con- 
sistent with spin 4 but are by no means conclusive 
especially for the 2.4 We prefer to retain the assumption 
of spin 4 as being the simplest. We assume that the 
hyperons remain fixed during their interaction with 
pions (static baryon model), and that the interaction 
proceeds via gradient coupling. We do not require 
knowledge of the parity of hyperons relative to nucleons 
but do require the assumption that the parity of the A 
and 2 be the same. 

We can find a reasonable relation between the coupling 
constants of the Hamiltonians for processes (1), (2), and 
(3), thereby reducing the ambiguity in the interaction 
\o a single parameter. In I, we did this by resolving the 
hyperon fields in the Hamiltonian into a spin 3, isotopic 
spin 4 “nucleon” field with which the pion interacts, and 
another field carrying spin zero and isotopic spin 4 (and 
strangeness —1) with which the pion does not interact. 
The field with which the pion does not interact does not 
need to be thought of as the field of a K meson. The 


‘DD. Glaser, L. Alvarez et al., Proceedings of The Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics (Interscience 
Publishers, Inc., New York, 1957), Sessions V and VI. 
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procedure is quite general and may be considered as a 
formal device for writing down the interactions (4) and 
(5) and for fixing relative coupling constants by as- 
suming that the pion interacts with the ‘‘nucleon” part 
of the hyperon field with a single coupling strength h.° 
It is by using this formal device, considering the A as a 
singlet state of two fields of isotopic spin 4 and the ¥ as 
a triplet state, that the calculations are carried out most 
readily.® The sign of / relative to the sign of the pion- 
nucleon coupling constant f has physical consequences. 
Since it is our philosophy that the hyperon-pion inter- 
action is essentially the same as the nucleon-pion 
interaction, we choose the plus sign. The Hamiltonian 
then has the same form as the fixed-source pion-nucleon 
Hamiltonian, except possibly for the magnitude of h. If 
we regard h as a parameter to be determined by experi- 
ment (for example, by the data on the binding energies 
in hyperfragments), we find that A is of the same order 
of magnitude as f. This result lends support to the 
proposal of Wigner’ that all baryons may have the 
same strength of interaction with the pion field. 

Thus far, we have not considered the Z hyperon since 
it does not directly contribute to A and & interactions 
with single nucleons. Furthermore, there is little proba- 
bility of much experimental information about the Z 
being obtained in the near future. However, since the 
is probably a particle of isotopic spin 4 just as the 
nucleon is, its interaction with nucleons may be similar 
to the nucleon-nucleon interaction. 

It is also possible that K mesons may contribute 
appreciably to the hyperon-nucleon interaction, In a 
second paper we shall consider forces due to K-particle 
exchange alone. A comparison with experiment will be 
made to see to what extent we can distinguish between 
K-particle and pion theories of hyperon-nucleon inter- 
action. At the present state of theory and experiment it 
does not seem fruitful to consider strong K and z effects 
simultaneously. 

In Sec. IT of this paper, we calculate, to fourth order 
in the interaction Hamiltonian, the hyperon-nucleon 
potentials arising from the exchange of pions. We obtain 
not only A-nucleon and Y-nucleon potentials, but a non- 
diagonal potential which leads to the conversion of a A 
to a (and vice versa) in a scattering process. We call 
this hyperon-exchange scattering. In Sec. LLI we evaluate 
the various hyperon-nucleon cross sections using the 
nondiagonal as well as the diagonal potentials. In Sec. 
IV, we discuss the validity of our results and briefly 


compare with experiment. 


®*M. Gell-Mann [ Phys. Rev. 106, 1296 (1957) | uses a different 
formal device to obtain essentially the same Hamiltonian. 

* The interaction Hamiltonian obtained in this way differs from 
the Hamiltonian of Eqs. (4) and (5) (and the Hamiltonian of Gell 
Mann, reference 5) in the relative signs of certain terms. These sign 
differences have no physical consequences. 

7E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 38, 449 (1952). See 
also J. Schwinger, Proceedings of The Seventh Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1957), Session IX 
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Il. CALCULATION OF THE POTENTIALS 


To obtain the pion contribution to the potentials 
describing the interaction of hyperons and nucleons, we 
use the fixed-source pion-nucleon Hamiltonian com- 
bined with the hyperon-pion Hamiltonian as discussed 
in I and in the previous section. The static-model 
Hamiltonian for the interaction of a pion with a hyperon 


has the form (h=c=1): 


i > kalQkaV ka { See’) ha’) 


Lg (6) 
(th/u)raak(2w,) 


View 
where dq annihilates a pion of momentum k and 
isotopic spin component a, w, is the energy of the pion of 
mass w, and @ and ¢ are the usual Pauli spin and isotopic 
spin operators, The operator ¢ operates only on the 
“nucleon” part of the hyperon field. If the hyperon is 
not at the origin, V%q contains the additional factor 
exp(ik-r) where r is the position of the hyperon. 

In obtaining the potentials from this Hamiltonian we 
follow the procedure used by Brueckner and Watson in 
their calculation of the two-nucleon potential.’ Thus, to 
obtain the X-nucleon potential we consider second-order 
diagrams (exchange of one pion) and fourth-order 
diagrams (exchange of two pions) in which at least one 
pion appears in all intermediate states. We shall refer to 
these diagrams as “proper” graphs, Diagrams in which 
there are intermediate states with no pions present, we 
refer to as “improper” graphs. The reason improper 
fourth-order graphs are not included in the calculation 
of the Z-nucleon potential (or the nucleon-nucleon 
potential) is that these graphs are included as iterations 
of the second-order potential when the Schrédinger 
equation is solved. This statement is not exact,’ but is a 
good approximation for the static model at low energies. 
Thus, if we include the contribution from improper 
graphs to the potential, we are in effect counting them 
twice in their contribution to Z-nucleon scattering. 

However, these arguments for the omission of im- 
proper fourth-order diagrams do not apply directly to 
the A-nucleon potential, since second-order diagrams are 
absent. Therefore, in I, we included the contribution 
from improper graphs in evaluating the A-nucleon 
fourth-order potential. In doing so, we considerably 
overestimated their importance because of an approxi- 
mation in which we neglected baryon kinetic energies in 
intermediate states. We can see this as follows, An 
order-of-magnitude estimate of the contribution to the 
potential from any diagram can be obtained by esti- 
mating the average magnitude of the intermediate-state 
energy denominators. If we neglect the mass difference 
A between the 2 and A compared to the energy of a 
pion, then the energy denominator of any proper 
fourth-order diagram contains (in addition to other 


*K. A 
(1953) 

* Fukuda, Sawada, and Taketani, Progr. Theoret, Phys. Japan 
12, 156 (1954) 


Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
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quantities) the factor 
wet we +1 (7) 


where w, and w, are the energies of two intermediate 
state pions and 7 is the intermediate-state kinetic 
energy of the baryons (we neglect the total energy £). 
The improper fourth-order graphs have the same energy 
denominators as the proper ones, except that instead of 
containing the factor shown in (7), they contain the 
factor O+7. If we neglect 7, the ratio of the contribu- 
tion to the potential from improper graphs to the 
contribution from proper graphs is (wy+-wx)/A. Since A 
is small (A~4y), we found in I that improper graphs 
gave a contribution to the potential about five times as 
great as the contribution from proper graphs. The 
baryon kinetic energy 7° depends on the distance be- 
tween the hyperon and nucleon. To get an estimate of 
the validity of the approximation of neglecting 7, we 
look at the magnitude of the potential as a function of 
the distance between the two baryons. Since the total 
energy of the system is near zero, 7 will be approxi- 
mately equal to minus the potential. (We are neglecting 
an extra contribution to T from the recoil of a baryon 
when it emits a pion.) The triplet central A-nucleon 
potential calculated in I is 80 Mev deep for ur=0.65, so 
that for distances smaller than this, 7 is greater than A 
(80 Mev), and the approximation breaks down. The 
situation with respect to proper diagrams is a little 
better. In this case the potential should be compared 
with the energy of an intermediate-state pion. The 
relevant momentum of a pion emitted between two 
baryons when they are a distance r apart is k~1/r. Then 
the requirement that 7 be less than the energy of the 
pion is equivalent to the requirement that the potential 
V(r) satisfy the inequality 


—V(r)<(w+1/r*)!. 


For the singlet even-state two-nucleon potential of 
Brueckner and Watson," this inequality breaks down for 
ur 0.5. Therefore, even when only proper diagrams are 
considered, at small distances the static two-baryon 
potentials must be treated phenomenologically. We 
shall replace the field-theoretical potentials at small dis 
tances by repulsive cores. 

In this paper, rather than attempt to improve the 
evaluation of the contribution from improper graphs to 
the A-nucleon potential, we shall omit them entirely in 
the potential. Instead, we shall consider a nondiagonal 
potential which converts a A hyperon to a 2 hyperon and 
arises from proper diagrams such as those shown in 
Fig. 1. When the Schrédinger equation is solved with 
this nondiagonal potential, iterations of the potential 


Fic, 1. Some proper 
graphs contributing to 
a nondiagonal potential 
which converts a A hy 
peron into a Y hyperon 
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will lead to the inclusion in the A-nucleon scattering of 
the effects of the improper graphs which we have 
omitted. In addition, since we are considering the non- 
diagonal potentials to fourth order, we are including the 
effects of many graphs which we did not consider in I. 
Using this approach, we are able to calculate the cross 
sections for hyperon-exchange scattering as well as the 
A-nucleon and Z-nucleon elastic scattering cross sections. 
If we neglect A compared to the energy of a pion in 
intermediate states, we can readily evaluate the po- 
tentials. The sum over intermediate hyperon states 
becomes equivalent to a sum over a complete set of 
(equal energy) spin and isotopic-spin states, just as in 
the two-nucleon problem. Then we need merely use the 
two-nucleon potentials given by Brueckner and Watson 
with one modification. The isotopic spin operator %1-%2 
(where the subscripts 1 and 2 refer to the two baryons) 
appearing in the potential does not have the same 
expectation value in the hyperon-nucleon problem as it 
does in the two-nucleon case. Since the isotopic spin of 
the Z is unity, the 2-nucleon system can be either in a 
7 =} or T=} isotopic spin state. The A-nucleon system 
can be only in a 7'=} state, since the A has isotopic spin 
zero. If we denote the XY-nucleon T=} and T=} 
isotopic-spin wave functions by n3 and m,, respectively, 
and the A-nucleon isotopic-spin wave function by ma, we 
find that 
71° t3= 13, 
*1°tam>= — 2m,—V3na, (8) 
21° toma = —V3m1. 
We see that 9; and m, are not eigenfunctions of %,- 2, 
leading to hyperon exchange scattering in the T7=}4 
state. Making use of Eq. (8), we can easily evaluate the 
potentials from the expressions of Brueckner and 
Watson. The strength of the coupling constant and the 
radii of the phenomenological repulsive cores remain as 
variables. We can regard them as parameters to be 
determined by experiment. However, at the present 
time the experimental data are insufficient to enable us 
to fix the coupling constant plus the core radii in the 
various spin and isotopic spin states. If we assume that 
the hyperon-nucleon coupling constant / is equal to the 
nucleon-nucleon coupling constant f, we can use the 
data on hyperfragment binding energies to fix the A- 
nucleon repulsive cores. For mathematical convenience 
we actually reversed this procedure, letting the repulsive 
core radii be the same as the radii given by Brueckner 
for the two-nucleon problem.” The triplet-state core 
radius is r>=0.3u"'; the singlet radius is r,=0.384y7". 
We then have the single parameter #4 with which to fit 
the data on the binding energies of the A in hyperfrag- 
ments. Our procedure for doing this is described in 
Sec. IV. We find a satisfactory fit with approximately 
th/4r=0.095, a value slightly higher than the f?/49 
(0.085 used by Brueckner and Watson in fitting the 
rea Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 
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low-energy two-nucleon data. We can regard this result 
as indicating that A equals f. Certainly, if A= /f one 
notes that the associated A-nucleon core radii are 
slightly smaller than the corresponding two-nucleon 
radii. 

In the 7 = 4 state, the 2-nucleon potentials are the 
same as the nucleon-nucleon potentials in the 7=1 
state, except for a possible difference in coupling con- 
stants. If the coupling constants are unequal, the shape, 
as well as the magnitude, of the potentials will be 
different in the two cases because the ratio of the 
contributions from second- and fourth-order diagrams is 
changed. It should be noted that in the two-nucleon 
case, certain states are forbidden by the Pauli principle, 
a fact that does not occur here. For a given spin and 
isotopic spin, the hyperon-nucleon potentials are the 
same for even and odd states of angular momentum. For 
h= f, the singlet T= } Y-nucleon potential is the same as 
the proton-proton singlet potential in even orbital 
angular momentum states; the triplet 7’= 3 potential is 
the same as the proton-proton triplet potential for odd 
orbital angular momentum. 

In the 7 =} state, the hyperon-nucleon potentials are 
different from the two-nucleon potentials. However, if 
the coupling constants are equal, the hyperon-nucleon 
potentials can be formed by taking appropriate linear 
combinations of the two-nucleon potentials, Let us de- 
note the two-nucleon potentials in the isotopic-spin 
triplet and singlet states by V; and Vo. If the 2-nucleon 
T= % potential is denoted by Vy and the hyperon- 
nucleon T=} potentials by Vz (diagonal Y-nucleon), 
V4 (diagonal A-nucleon), and Vaz (nondiagonal), then, 
making use of Eqs. (8) and the fact that the expectation 
values of ¢,° 2 in the two-nucleon case are 1 and — 3 for 
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Fic, 2. The A-nucleon triplet central potential (C), triplet tensor 
potential (7), and singlet potential (.S) with coupling constant 


f?/4r=0.095. The distance between the baryons (abscissa) is in 
units of 1.4 10~ cm and the potentials in units of 140 Mev 
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Fic. 3. The Z-nucleon triplet central potential (C), triplet 
tensor potential (7°), and singlet potential (.S) in the isotopic-spin 
4 state. The units are the same as in Fig. 2. 


isotopic spin one and zero, respectively, we have 


=Vi, 
Vz=4(Vi+-3V 0), 
Va=4(3VitVo), 
}v3(Vo— V3). 


(9) 


Var 


The T 
the coupling constant {h/44 
tials are the same as the 7 
reference 10. 

The nondiagonal triplet central potential nearly 
vanishes because of cancellation of the contributions 
from second- and fourth-order diagrams, This result is 
in qualitative disagreement with that found in I, where 
we neglected diagrams corresponding to the fourth- 
order nondiagonal potential. The A-nucleon potential 
(including the effect of the nondiagonal potentials) is 
now more attractive in the singlet state than in the 
triplet, a result opposite to that found in I 


} potentials are plotted in Figs. 2, 3, and 4 for 
0.095. The T= 4 poten- 
1 potentials plotted in 


III. SOLUTION OF THE SCHRODINGER EQUATION 


In the 7'= 4 state, the Schrédinger equation is diago- 
nal in the potentials (except for tensor forces), It can be 
solved, therefore, without any special difficulties. 

In the 7'= 4 state, as we have seen, the terms in the 
potentials containing ,-%2 mix A-nucleon and Z-nucleon 
wave functions. The Schrédinger equation can be 
written 


(T+V)VWe= EV», (10) 
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Fic. 4. The hyperon-nucleon nondiagonal triplet central po 
tential (C), triplet tensor potential (7), and singlet potential (.S 


This potential converts a A hyperon to a Z and vice versa, The 
units are the same as in Fig. 2. 


where the eigenfunctions Vz contain a mixture of the 
wave functions of a A-nucleon system and a Y-nucleon 
system. The kinetic energy operator 7 contains only 
diagonal terms which operate on the A-nucleon and 
y-nucleon parts of the wave function separately, while 
the potential V contains the term Vaz which changes a A 
into a Y and vice versa in addition to the diagonal terms 
V, and Vy. Equation (10) can be separated into two 
simultaneous equations which have the form 


-Ex)x J AWA, 
Ex)Wa V awe, 


(1 (Qux) |V’vr4 (Vy (lla) 


[1/(Qua) Vat (Va (11b) 


where yy and pa are the reduced masses of the Y-nucleon 
and A-nucleon systems, respectively. The energy of the 
y-nucleon system /y and of the A-nucleon system £4 are 


related by 
Ex 7 IN My My A 
We now expand wz and ya, in partial waves, noting 


that in the triplet state tensor forces are present. Re- 


stricting ourselves to states of lowest angular mo- 


mentum, we obtain from Eq, (11a) 


V avctlat2V2V xpwzrt+2v2V aziwa, 


1 d’uy OwWy 
( ) + (Ex+2V31—Vz-)we 
Quy dr’ r 


(Vax. VariWa + 2V2V suzy 4+-2V2V av ita, 


where uy/r and wy/r are the radial S- and D-state wave 
functions of the 2 and nucleon. The subscripts ¢ and ¢ 


LICHTENBERG 


AND M. H. ROSS 

refer to central and tensor, respectively. There are two 
more equations which can be obtained from Eq. (11b), 
or, more simply, by permuting the subscripts A and 2 in 
Eqs. (12). Of course Vaz=V x4. These four equations 
must be solved simultaneously for wz, “4, wz, and wa in 
order to obtain the phase shifts which yield the hyperon- 
nucleon scattering cross sections. 

A considerable simplification results if we neglect 
tensor forces. Then we have only two simultaneous 
equations to solve in the triplet 7 = 4 state and only one 
equation in the triplet 7'=% state. It can be seen from 
Figs. 2 and 3 that the A-nucleon and 2-nucleon tensor 
potentials are much smaller than the triplet central 
potentials. This is also true of the 7=4 potentials 
(proton-proton odd-state potentials). The tensor po- 
tential shown in Fig. 4 is small compared to the diagonal 
central potentials, but it is not small compared to the 
nondiagonal triplet central potential. By neglecting 
tensor forces in this case, we underestimate the triplet 
state hyperon-exchange cross section. 

In the singlet spin state we need make no further 
approximations. Then in both singlet and triplet states, 
Eqs. (12) (and the equations formed by permuting A 
and 2) reduce to the following form: 


1 dus 


+(Es Vs.)uy 


V axl Ay 
Quy dr’ 


1 du, 
+ (Fa ~Vac)tUa 


. V ax tty, 
Qua dr’ 


where Vx., Vac, and Vaz, are of course different in the 
triplet and singlet states." 

We have solved Eqs. (13) numerically on an electronic 
computor at Indiana University by integrating out from 
the repulsive core, point by point. In discussing the 
solutions of the equations, it is convenient to regard the 
incident particle as a A and to distinguish between 
energy regions below and above threshold for hyperon- 
exchange scattering. 

In the first region, the A-nucleon kinetic energy is 
insufficient to produce a real 2. Then Eqs. (13) have, at 
any given energy, only one solution that does not blow 
up at infinity. From this solution we obtain a phase shift 
which describes A-nucleon elastic scattering. In the 
second energy region, we obtain two independent solu- 
tions, each one of which corresponds to a mixture of A 
and Y hyperons approaching the scatterer and a differ- 
ent mixture leaving the scatterer. From these solutions 
we construct two linear combinations, one of which 
corresponds to a pure incoming A and an outgoing mix- 
ture of A and X, and the other to a pure incoming 2 and 
outgoing mixture. The phase shifts in this case are 
complex, and from them we obtain the elastic scattering 
and hyperon-exchange scattering cross sections. 


4" R. G. Newton has discussed some of the general properties of 
equations of this form (to be published). 
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IV. RESULTS AND DISCUSSION 
A. Applications to Hyperfragments 


An analysis of the binding energies of the A in 
hyperfragments can be carried out to yield some in- 
formation about the A-nucleon potential. Dalitz™ has 
shown, under the assumption that the A-nucleon po- 
tential is short range and is weaker than the nucleon- 
nucleon potential, that the hyperfragment binding gives 
an estimate for the volume integral U=—_ f{d'rV (r) of 
the A-nucleon potential. We can use this information to 
estimate the magnitude of the coupling constant 4. 
However, this estimate cannot be readily carried out 
directly. For example, our potentials have repulsive 
cores and therefore their volume integrals are infinite. It 
would be a difficult task to calculate hyperfragment 
binding energies with these singular and nondiagonal 
potentials. 

We determine h/ in the following manner. Consider the 
triplet and singlet S-wave scattering of a A by a nucleon 
below threshold for production of a 2. The calculated 
scattering phase shifts, as a function of energy for 
various values of 4, determine “‘equivalent”’ potentials, 
such as Gaussian or square-well potentials, which are 
the same as the actual potentials as far as their low 
energy scattering properties are concerned. These 
“equivalent” potentials are well behaved ; their volume 
integrals exist and they are relatively easy to calculate 
with. We obtain the “equivalent” potential by making 
an effective-range approximation from the computed 
phase shifts and then determining, for example, the 
square well which has the same scattering length a and 
effective range ro. The scattering length and effective 
range obtained from the phase shifts in triplet and 
singlet states are shown in Table I for fh/4r=0.095. 
The effective-range approximation yields cross sections 
which are at most 10% higher than the computed cross 
sections at an energy of 15 Mev in the center of mass. 
Square wells with the same scattering length and 
effective range as the actual potentials give the cross 
sections with an error of about 5% at 15 Mev. The 
volume integrals U and ranges 6 of the triplet and 
singlet equivalent square wells are given in Table II. As 
has been pointed out by various authors,” the range 
of the A-nucleon potential, as well as its volume integral, 


TABLE I. The scattering-length and effective-range parameters 
describing the low-energy A-nucleon scattering in triplet and 
singlet states. The units are 1.410% cm. 


Scattering length a Effective range ro 


0.55 2.7 


Triplet 
1.7 1.7 


Singlet 


2R, H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956 

8 Marc Ross and D. B. Lichtenberg, Midwest Conference of 
Theoretical Physics, lowa City, March 14, 1957 (unpublished). 

41). W. Downs, Bull. Am. Phys. Soc. Ser. IT, 2, 175 (1957) 
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TABLE IT. Volume integrals and ranges of square-well potentials 
with the same low-energy scattering properties as the calculated 
A-nucleon triplet and singlet potentials. 


Range > in 
14xk10°% em 


Volume integral U 
in Mev cm* X10°" 


Triplet 240 
Singlet 440 


1.36 
1.32 


is important for predicting hyperfragment binding 
energies. As a result of the range determined by our 
theory, we obtain volume integrals somewhat higher 
than those deduced assuming A-\ force of very short 
range.f 

An empirical analysis of observed hyperfragment 
binding does not reveal whether the A-nucleon potential 
is more attractive in the triplet or singlet state. If singlet 
forces are favored, we find empirically that U,= 380 
Mev cm*X10-” and U,=220 for potentials of range 
about a pion Compton wavelength. If triplet forces are 
favored, we find U,;= 300 while U,=0. (U, is not very 
well determined by experiment in this case.) These 
numbers are based on H and He hyperfragments. The 
analysis of heavier fragments seems less conclusive, at 
present. It is seen that the chosen coupling constant 
together with repulsive cores from the two-nucleon case 
puts our theoretical results of Table II in rough agree 
ment with the observed volume integrals which favor 
singlet forces. For a coupling strength {4/44r=0.09 
(nearly the 1S constant used by Brueckner and Watson‘), 
the volume integrals of the equivalent square wells are a 
little over half those shown in Table II. 

With these forces the hyperdeuteron (A+) is not 
bound. (Note, however, that if the measured QO value for 
A decay should increase, all hyperfragment binding 
energies would increase and this result might be 
changed.) 


B. Hyperon-Nucleon Scattering 


At low energies, only S-wave A-nucleon scattering is 
important. At higher energies, such that a 2 can be 
produced, it is still sufficient to consider only S-wave 
scattering provided the kinetic energy of the X-nucleon 
system is small, Using the coupling constant {h/49 

0.095, we have calculated the S-wave hyperon 
nucleon scattering amplitudes in definite isotopic spin 
states. It remains to relate these amplitudes to cross 
can be observed. Fourteen different 


sections which 


processes of the form 


Y+N-—-VY+A (14) 


may occur, not counting the inverse reactions. Here Y 
means either a A or 2 hyperon. Making use of charge 
symmetry, which states that the cross section for a 
particular reaction is unaltered if we replace 2+ by Z 

and proton by neutron, the number of distinct cross 


} Note added in proof.—See, for example, L. Brown and M 


Peshkin, Phys. Rev. 107, 272 (1957 
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TABLE III. Calculated total S-wave hyperon-nucleon scattering 
cross sections in millibarns as a function of energy in the center-of- 
mass system. The cross sections are averaged over triplet and 
singlet spin states. They are not corrected for Coulomb effects or 
the mass differences of the Z~, Z*, and 2° 


nergy Ap-+Ap Z*p 
(Mev) An-*An Zon 


‘ltpl p--An Vp Ap ZT pl p Vp + BV9p Zp +B" 
Zon Ttn-—-Ap Tn-—+-An TnL in Ln -+Ln Lin Lp 
14 170 750 17 87 210 420 120 

7 43 200 66 3.3 87 130 29 

14 46 OK 46 2.3 50 67 15 
28 19 ” 258 14 24 27 7A 


sections reduces to seven, With our charge-independent 
model, where the Hamiltonian (and therefore the cross 
sections) depends only upon the isotopic spin configura- 
tion of the hyperon-nucleon system and not on its 
orientation in isotopic spin space, the seven cross 
sections o can be written in terms of four isotopic-spin 
scattering amplitudes with one relative phase between 
them. We have 
a(Lt pdt p) = |as|?, 
Ltn) 


Dp) 
LD) 2/9\a3—ay|’, 
»Ap) 4 | ayo !?, 

Ap) } ayo)\", 

*Ap) = ao * 


a(>tn as + 2a; |’, 


1! 9 
2a + ay) a 


a(X°p 
a(Xin 
a(z ’ n 
a(X"p 
a(Ap 


where ag is the 7'= 4 scattering amplitude and a, ajo, 
and ay are the three 7=} amplitudes. Here a is the 
amplitude for a 2-nucleon configuration in both initial 
and final states, ajo comes from a Z-nucleon initial 
configuration and a A-nucleon final configuration, and 
ag is the A-nucleon amplitude in initial and final states. 
The expressions for the Y-nucleon scattering cross 
sections in terms of isotopic spin amplitudes are formally 
the same as the corresponding expressions for pion- 
nucleon scattering. If we combine the individual ampli- 
tudes according to Eqs. (15) and appropriately average 
the triplet and singlet cross sections, we obtain the total 
S-wave cross sections shown in Table III. These cross 
sections are not corrected for Coulomb effects or for the 
mass differences of the three 2 hyperons. 

There are almost no direct data on hyperon-nucleon 
scattering with which to compare the cross sections of 
Table ILL.§ For example, Alvarez et al.'® have one ap- 


» 


parent 2p interaction in flight. The =~ track ends 


suddenly, corresponding to a charge-exchange scat- 
tering. There is more information on the 2~p interaction 
at rest. Alvarez ef al. have ten events at rest, three of 


§ Note added in proof. 
nucleon final state interactions. See E 
1083 (1957) 

1* Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, and 
l'ripp, Nuovo cimento 5, 1026 (1957). See also P. Falk-Vairant 
et al., Bull. Am. Phys. Soc. Ser. II, 2, 222 (1957), and Fry, Schneps, 
Snow, and Swami, Phys. Rev. 100, 939 (1955) 


One can, however, look at hyperon- 


Henley, Phys. Rev. 106, 
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which correspond to the process 


2 +p-A+n, (16) 


and four to the process 


L-+p2? +n. (17) 


The remaining three events cannot be identified, pre- 
sumably because the A which is produced (either 
directly or indirectly via the decay of the 2°) decays 
neutrally. Events classified as occurring at rest are 
either very low-energy events in flight (say, <1 Mev) 
in which the 2~ appears to have stopped, or events in 
which the 2~ is captured from a Bohr orbit. Theo- 
retically, the potentials leading to the processes (16) 
and (17) are the same, provided we neglect the 2-A 
mass difference A. This can be verified directly by 
operating with ¢,-*2 on the 2°, and An wave functions 
and noting that diagonal and nondiagonal terms are 
equal in the two cases. Then if we also neglected A in 
solving the Schrédinger equation, we would find that 
the matrix elements for processes (16) and (17) would 
be equal. More simply,'* we note that the wave function 
of the initial 2~p system can be written K~np. Similarly 
we write for the final 2% and An wave functions 
24(K~p+K*n)n and 2-*(K~p—K°*n)n, respectively, 
where K°* is used to represent the charge conjugate 
wave function to K® (i.e., the wave function for a K°® 
particle). But since we are postulating that the potential 
is due only to the exchange of pions, with the K playing 
only a geometrical role, there is no mechanism for 
converting a K~ into a K®. Then the wave functions of 
the An and Yn systems must have equal amplitudes so 
that the K°* part of the final wave functions will cancel. 

If we assume that, neglecting A and 2 mass differences, 
the matrix elements for processes (16) and (17) are 
equal, the ratio (A/Z) of the number of A’s to 2s 
produced is simply the ratio of the phase-space factors. 
Since the energy release for processes (16) and (17) is 
80 Mev and 7 Mev, respectively (assuming that M(2~) 
~ M(X°) =8 Mev), with corresponding momenta k, = 300 
Mev and k(2°)=90 Mev, we have for scattering in an 
S state (either in flight or from a Bohr orbit) 


(A/Z) =M gka/(M (2%)k(2°)) = 3. 


This value is about four times the experimental ratio 
(A/Z) =}. If the 2~p interaction goes from a P-state 
Bohr orbit, then (A/Z) is increased by the additional 
centrifugal-barrier factor [k,/k(2°) P=11. A rough 
estimate indicates that the nuclear interaction of 2~ in 
the P state will completely predominate over the 
radiative transition to the S state. 

However, although it is a good approximation to 
neglect A in calculating the potentials, it is a poor ap- 
proximation to neglect it in solving the Schrédinger 


‘6 We should like to thank M. Gell-Mann for pointing out to us 
that simpler arguments exist for obtaining this and certain other 
results 
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equation. We find that the 2~p system is just bound (by 
«4 Mev) in the 'S, T=} state. This has the effect of 
greatly enhancing the singlet cross section for process 
(17), near zero energy, so that the singlet ratio becomes 
(A/Z),~0. In the triplet state, the ratio of the cross 
sections is still given by approximately the ratio of the 
phase-space factors as before: (A/Z),~3. Then, if a 
significant fraction of the 2~p interactions are actually 
low-energy events in flight, agreement could be obtained 
with the result of Alvarez et al. If the resonance in the 
T=} state occurs very nearly at zero energy, a crude 
calculation (including Coulomb distortion of the 2~p 
wave function) indicates that the in-flight lifetime for 
process (17) may be of the same order of magnitude as 
the time required for a kilovolt-energy =~ to be slowed 
down and captured into a Bohr orbit (=10~" sec)."” 
Thus, while we have not made any detailed calculations, 
we feel that it is possible that the explanation for the 
low ratio of A to 2° production is the T= zero-energy 
resonance in L-N scattering. 

Hyperon-nucleus interactions can also give informa- 
tion on hyperon-nucleon scattering. In particular, one 
can examine production of hyperons in nuclear matter 
by K particles or pions. We are in the process of in- 
vestigating these questions. At present we can just 
remark that the spectrum of hyperons produced by K 
particles unfortunately seems to lead to very weak con- 
ditions on the hyperon-nucleus potential, particularly 
since most of the production occurs at the nuclear 
surface. 


C. Further Discussion 


An interesting experimental question is the possible 
binding of 2~n and X*p systems. If the pion-hyperon 
coupling constant is equal to (or greater than) the pion- 
nucleon constant, the 2~n system is bound. This can be 
seen as follows: the 2~n singlet potential is the same as 
the nucleon-nucleon singlet even-state potential. (‘The 
neglect of the mass difference A does not affect the 2~n 
potential, since there cannot be an intermediate A.) The 
nucleon-nucleon potential just fails to bind the neutron- 
proton system in the singlet state. But the same 
potential will bind the 2~n system because of its heavier 
mass. Indeed, for the purpose of determining if a bound 
state exists, we can just consider that the two-nucleon 
singlet even potential is increased as the reduced mass, 
i.e., by the factor 2My(Mz+My)=1.12, which is suffi- 
cient for binding.’* The question of whether the 2*p 
system will be bound is very delicate because of the 
additional Coulomb repulsion. If we use our derived 
potential with a coupling constant fh/4r=0.095, in- 
stead of taking exactly the two nucleon potential, the 
tp system is definitely bound. 

17 A. S. Wightman, Phys. Rev. 77, 521 (1950) 


‘8 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), p. 201 
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The fact that the pion-hyperon coupling constant 
comes out so close to the pion-nucleon coupling constant 
makes it tempting to assume that the couplings are 
equal. If this is the case, the hyperon-nucleon potentials 
can be written in terms of linear combinations of the 
observed nucleon-nucleon potentials according to Eqs. 
(9). That is, we do not have to rely on a field-theoretical 
calculation but can relate the hyperon-nucleon poten- 
tials to the experimentally determined nucleon-nucleon 
potentials. In the two-nucleon case, the potentials are 
well known only in even orbital angular momentum 
states. But the hyperon-nucleon potentials, except the 
T= % singlet potential, involve the two-nucleon po 
tentials in odd as well as even states. Because of the lack 
of experimental information about the two-nucleon odd 
state potentials, we have preferred to rely on a field 
theoretical calculation, even in the case that pions have 
the same coupling with all baryons." 

If the pion-hyperon and pion-nucleon coupling 
strengths are in fact the same, we have to take the A 
nucleon cores a few percent smaller than the nucleon- 
nucleon cores, Since the A-nucleon cores involve the 
two-nucleon cores in odd as well as even states, there is 
no inconsistency in this result. 

We now consider what factors in the hyperon-nucleon 
problem, other than the unknown two-nucleon odd 
state cores, might lead to our choice of smaller A-nucleon 
cores (or a larger coupling constant), We made ap 
proximations which are different from those that have 
been made in the case of the two-nucleon potential, The 
neglect of tensor forces may partially explain the need 
for a smaller core in the triplet state, but we also need a 
smaller core in the singlet state. If we do not neglect the 
mass difference between the © and A, the A-nucleon 
potential becomes smaller, so that this effect is in the 
wrong direction, Finally, there is the effect of K-meson 
exchange. If the results of second-order perturbation 
theory are valid, a pseudoscalar K meson will cause an 
additional attraction between the A and nucleon in both 
triplet and singlet states.” Whether this attraction is 
sufficient depends on the A-meson coupling strength, 
However, before we conclude that some K-particle 
forces are necessary to account for the A-nucleon force, 
it is necessary to improve deductions from the binding 
energies in hyperfragments. 
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A formulation of the quantum theory of fields is given, which is based on the idea of ordered products 
and has the following advantages: (1) The formalism is completely free from any ambiguity in the order 
of field operators. (2) The zero-point energy of fields vanishes. (3) The zero-point charge of fields vanishes 
without the use of any special device. (4) The formalism gives us some new information about nonlinear 


interactions of fields. 


1. INTRODUCTION 


HE basic Lagrangian formalism of the quantum 

theory of fields was first developed by Heisenberg 
and Pauli.' In the Heisenberg-Pauli treatment all field 
quantities are first treated as classical quantities, and 
then at a later stage the “c-number” expressions are 
replaced by the “g-number” expressions. This procedure 
is not only rather artificial, but it also often leads to 
ambiguity in the order of field operators in expressions 
of physical interest. Therefore, considerable work has 
been done in recent years by Schwinger** 
to formulate the quantum theory of fields in such a 
way that all field quantities are regarded as operators 
from the very beginning. The same problem has also 
been discussed earlier by Belinfante.* 

In this paper we shall give a formulation of the 
quantum theory of fields, which throughout makes use 
of ordered products and has several advantages over 
the earlier treatments. The present approach is essenti- 
ally based on the idea that the Lagrangian density of a 
system of fields should be an ordered product of field 
operators. Following Wick,® we can easily define the 
ordered product of field operators in the interaction 
But, in the Heisenberg representation 
we cannot give a simple definition of the ordered 
product at the very beginning of our formalism, when 
not even know the commutation relations 
between the field operators. We shall, therefore, first 
develop a new type of algebra and calculus for field 


‘ 


and others‘ 


representation 


we do 


operators, in which the concept of the ordered product 
will be introduced through some simple assumptions. 
Phen, later on it will be shown that our ordered products 
are identical with those of Wick. 


2. ALGEBRA AND CALCULUS OF 
ORDERED PRODUCTS 


Let a system of fields be described by a number of 
field operators U’, ---, V, which can be grouped in one 


. Supported in part by the Natoinal Science Foundation 

!'W. Heisenberg and W. Pauli, Z. Physik 56, 1 (1929); ibid. 59, 
168 (1930). 

? J. Schwinger, Phys. Rev. 82, 914 (1951). 

* J. Schwinger, Phys. Rev. 91, 713 (1953) 

4See, for instance, D. Finkelstein, Commun. Pure Appl. Math. 
8, 245 (1955) 

*F, J. Belinfante, Physica 7, 765 (1940) 

*G. C. Wick, Phys. Rev. 80, 268 (1950) 


or more families. Let us assume that there are two 
types of families of field operators, which will be called 
the Bose families and the Fermi families. Let us also 
introduce a certain type of product of these field oper- 
ators, which will be called the ordered product. The 
ordered product of two or more field operators U, ---, V 
will be denoted as :U---V:, and assumed to have the 
following properties: 

(1) If any two field operators belong to the same 
Fermi family, their order can be permuted within the 
ordered product as if they anticommute with each 
other. But, otherwise the order of any two field oper- 
ators can be permuted within the ordered product as if 
they commute with each other. Thus, for instance, if 
U and V belong to the same Fermi family, then 


UV: “A i hae (1) 
But, if U and V do not belong to the same Fermi 
family, we have 
:UV:=:VU:. (2) 
(2) The ordered products satisfy the rules of addition 
U-+ -Vi-:W---X:=:(U-+-V+W---X):, (3) 
Ni:+:U---W---X: 
=:U+++(V+W)-++X:. 
(3) If ¢ is a number, then 
c:U-+-V:=:cU 
(4) If A is any operator, and 


=:W--- 


then 


(5) The ordered product of an ordered product 
satisfies the relation 


‘U+++V(:WesX:):=:U+--VWe--X:. (9) 


(6) For every system of fields there exists a certain 
set of canonical variables. An ordered product of these 
canonical variables and their space derivatives can be 
expressed in terms of their ordinary products by a 
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relation of the form 
Use Vi=U++ -V4Dicsfy 


where the c; are numbers, and the f/f; are products of 
the canonical variables and their space derivatives, 
obtained from U---V by leaving out one or more pairs 
of Bose or Fermi variables. 

(7) If the canonical variables or their space deriva- 
tives transform under a unitary transformation as 


U-U', -++, Vv’, 


(10) 


(11) 


then the ordered product of these variables transforms 
as 
oh teed ee 


:U+++V:- (12) 


or the present we shall confine ourselves to a state- 
ment of the important properties of the ordered 
products. We shall, however, later on give an explicit 
definition of the ordered product, which will be con- 
sistent with the above properties. 

Let us now consider the ordered product 


:f:=:VU: (13) 


of any two field operators U and V. Let us carry out 
arbitrary infinitesimal variations of the operators U 
and V with the only condition that U/+-6U’ belongs to 
the same family as U’, and V+6V belongs to the same 
family as V. 

We then have 


6f/:=:V6U:+:6VU: 


:-VbU:+: U6V:, (14) 


where the minus sign corresponds to the case when U 
and V belong to the same Fermi family, and the 
positive sign corresponds to all other cases. We can 
also write (14) as 
Of 
; (15) 
au 


In a similar way we can easily see that if : f: denotes 
the ordered product of any number of field operators, 
say, 


VooUs, (16) 


then 


where the minus sign in (18) is to be taken when V is 
a Fermi operator and an odd number of operators 
belonging to the family of V occur on the right-hand 
side of V in the product (16), while the plus sign in 
(18) is to be taken in all other cases. The derivative 
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d’f/OV, defined by (18), will be called the primed 
derivative of f with respect to V. 


3. LAGRANGIAN FORMALISM IN TERMS 
OF ORDERED PRODUCTS 


We assume that for any system of fields there exists 
an invariant Lagrangian density :Z:, which is an 
ordered product of some linearly independent field 
operators w(x), w(x), «++, w(x) and their first 
space and time derivatives. For the success of the 
present treatment it is also necessary to assume that 
each term in the Lagrangian density is an ordered 
product of either none or an even number of Fermi 
field operators or their space and time derivatives. We 
can write :L: as 


SL: =: Lu” (x),du™ (x)/dx,):, (19) 


where r can take the values 1, 2, ---+, m. It is evident 
from the properties of the ordered products, given in 
the preceding section, that the above Lagrangian 
density can be treated in very much the same way as 
a classical field quantity. Therefore, we obtain in the 
usual way’ the field equations 


OL 0 | OL 


oldu” 


|.-o 
Ou’ OX,) 


and the canonical energy-momentum tensor 


Ox, 


OL ou” 
>) seBuyt Li, 


r O(du'"/dx,) OX, 


(21) 


where the primed derivatives are defined by (18). In 
particular, the Hamiltonian density :H: and _ the 
momentum density :G;: of the system are given by 
aL au’ 
H S44: (22) 
r O(du'”/dt) at 
' aL Ou’ 
G, (4/c): Sie: 2 :, ta 
r O(du” /dt) OX, 


We shall now express the field equations for our 
system of fields in the canonical form. Our treatment 
will be more general than that of Heisenberg and Pauli,! 
because we shall also take into consideration the possi 
bility that some of the canonical conjugates of the field 
variables “‘”) may vanish. 

We define the canonical conjugate of the field 
variable u‘” in the usual way as 

OL 
’ (24) 
d(du'” / dL) 


™See G. Wentzel, Quantum Theory of Fields (Interscience 


Publishers, Inc., New York, 1949). 
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so that we can write (20) and (22) as 


aL 7] OL On” 
, os | . | : ;=(), (25) 
ou” Oxi. 0( du” /dx,) at 


n ou" 
H:= > :#” (26) 
r=l ar 


For the sake of generality, we shall assume in the 
, present treatment that the variables r™, r®, ---, 
are nonvanishing, while x), wt”), ---, #™ vanish.® 
We shall also assume that the nonvanishing variables 
ew), 9%, +++, #® and their space derivatives are 
linearly independent of each other as well as of the 
variables u™, u, , u and their space derivatives. 
The variables u, u®, ---, uw and #™, r®, «++, #®, 
which play a very important role in the quantum field 
theory, will be called the canonical variables. Jt 1s 
important to note that according to our definition the 
variables ut), yt), , wu” will not be regarded as 
canonical variables. 
We find from (19) and (26) that corresponding to 
arbitrary infinitesimal variations of the field variables 
u‘”, the variations in :L: and :H: are given by 


. VL aL ou” 
:6L ’ : i( ): 

O(du™ /Ax,) OX, 

aL ou” 
; 6 ): 

A( du" /Ax,) Ox; 
ou”? 
{ a ): (27) 
at 
ou’ | 
éi1: ye Wd ) : 

| al 


Substituting (27) in (28), and using (25), we obtain 


(28) 


6H: bn”: bu”: 


n | ou”? On” 
at al 


rl 


0 aL 
| - in| . (29) 
0(du'” /dx,) 


Since the divergence term on the right-hand side of 
(29) vanishes on integration over the whole space, 


Ox; 


we get 


n ou”? 
fisu:av fei: 5 
rel at 


* The above treatment, of course, is also applicable to the case 
in which¥all the wr are nonvanishing, because in that case we 
can take l=n 


bu”: lav. (30) 
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Further, since x” vanishes for r>/, we can write (30) as 
ou”? On”? 


I 
[su:av- et bn: —: bu”: 
r=] 


at al 


dV. (31) 


We now regard :H: as a function of the canonical 
variables and their space derivatives instead of the 
variables u‘) and their space and time derivatives.’ 
We then have 


ou 
‘H: H(w 0) p(B) no al vee 
Ox; 


so that 


Ou Or' On 
’ “eg ora ) : ’ (32) 
Ox; Ox; ax; 
l OH 
H:=> |: 


OH Ou” 
‘ i( ): 
r=1 | dul” O(du” /dx;) \ Ax; 
oH o'H On” 
+: 69): +: i( )| 
On’ O( 0m” /Ax;) Ox, 


L OH 0 OH 
:> ;| ~ fou 
r=l ou”? 0x; 0(0u"”/Ox;)- 


oH 0 oH 
+ | - — foe 
On” 0x; 0(0r” /dx;) 
oH 
in|: ; 
O(dr”/dx;) 


which gives, on integration over the whole space, 


! oH a oH 
fisu:av fx | — -—- - Jou 
pend du” ~—- Ax, 0(du” /Ax;) 


oH a eH - 
+| lies fn lav. (33) 


On” Ox, 0(0nr™” /Ax;) 


bu’): + 


oH 
bu” + 


0 
Ox Ld(du'”/Ax,) 


Since the canonical variables and their space deriva- 
tives are linearly independent, and the variations 6x”) 
and 6”) at each point in space are arbitrary, it follows 
on comparing (31) and (33) that 


ou”? OH 


OH 0 
al On”? Ox; O(02r” /Ax;) 

(34) 

On”? oH 7] oH 
- alt oes . 9 
ot ou" dx, 0(du"” /Ax;) 

* This is not an assumption. For, if possible, let :H: be a 
function not only of the canonical variables and their space 
derivatives, but also of some additional independent variables 
v'”. Then, following the above procedure, we obtain in addition 
to (34) the further result :dH/av: =0, which shows that :77: 
is independent of the 9°”, 
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where r=1, 2, ---, /. The above equations are the 
required canonical field equations. 


4. HEISENBERG REPRESENTATION 


It is well known that the Lagrangian formalism of 
the quantum field theory holds only in a particular 
representation, which is called the Heisenberg repre- 
sentation. Following the usual practice, we shall assume 
that in the Heisenberg representation the state vector 
of the system remains constant in time, while any field 
quantity f(x) satisfies the relation 


0 f(x) 1 
-—{ f(x),:%: 
al h 


|, (35) 
where the Hamiltonian :3C: is given by the volume 
integral of (26). In particular, we obtain from (35) 
du” (x) 1 
- = ——[ ul (x),:K: ], 
al h 


On” (x) 


[wr (x),:3C: J, 
h 


al 
so that it follows from (34) and (36) that 


; oH 0 oH 
[ul ,:3C: }=ih: :—ih: a 
On" Ox; 0(0r /Ax,) 
(37) 
OH 0 oH 
—ih: :+ih: 


Ou” 


Cr, :3C: |= PREPS TENSE 
Ox; 0( du” /dAx;) 


where r=1, 2, ---, /. 

It can be shown by using the property (6) of Sec, 2 
that the relations (37) are satisfied by simple commuta- 
tion relations between the canonical variables. These 
commutation relations for the Bose canonical variables 
are 


, 


[ 0°”) (x,t) me? (x1) |= ihb,,6(x—x’), 


(38) 
[1° (x,t) 20° (x! 0) )= Le (x0), (x’,0) ]=0, 
while those for the Fermi canonical variables are given 


by 


{1° (x,t) 9"! (x',0)} = ihb, 6(x—x’), 

(39) 
{0 (x,t), (x! LD} = (9 (x0) (xD) =0, 
where {A,B} =AB+ BA. Any Bose canonical variable, 


of course, commutes with any Fermi canonical variable. 


5. INTERACTION REPRESENTATION 


We can pass over from the Heisenberg representation 
to the interaction representation by means of unitary 
transformations of the canonical variables, as has been 
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shown by Tomonaga” and Schwinger." Since this 
procedure is now well known, we shall only state the 
results. Let the canonical variables u“ and # in the 
Heisenberg representation transform into the canonical! 
variables a") and #‘” in the interaction representation. 
Then, the a” and the #? will satisfy the same field 
equations as the canonical variables for uncoupled 
fields. Moreover, the a” and the #” will satisfy the 
same canonical commutation relations as the #“” and 
the x”. Thus, the commutation relations for the Bose 
canonical variables in the interaction representation are 


Car (x,t),# (x’) J 


La” (x,t), (x’t) J=(# (x,0),# (x’,0) J =0, 


ihd,,6(x—x’), 
(40) 


while the commutation relations for the Fermi canonical 
variables in the interaction representation are given by 


(i (x,t) ,# (x’,t)} =ihb,,5(x—x’), ' 
41) 
{a (x,t) a (x’,2)) - { #” (x,1),# (x’0)) =s(), 


Further, we shall assume that for all fields of physical 
interest the canonical variables in the interaction 
representation satisfy the wave equations: 


(W—?)i"=0, (0? (42) 


where x may or may not be equal to zero. It follows 
from (42) that we can split the canonical variables a” 
and #‘” into positive- and negative-frequency parts in 
a covariant way. Moreover, using the commutation 
relations (40) and (41), we find that the positive 
frequency parts of any two canonical variables belong- 
ing to the same Fermi family anticommute with each 
other, while the positive-frequency parts of any other 
two canonical variables commute with each other. 
Similarly, the negative-frequency parts of any two 
canonical variables belonging to the same Fermi family 
anticommute with each other, while the negative- 
frequency parts of any other two canonical variables 
commute with each other. 

We are now in a position to give an explicit definition 
of the ordered product in the interaction representation 
by following Wick.* Let us consider any product of 
field operators 


U.--0---W, 


which is such that each operator can be expressed as a 
sum of positive- and negative-frequency parts. Then, 
express (43) as a sum of terms such that each factor in 
any term is either a positive- or a negative-frequency 
part. After this, permute the factors in each term as if 
a pair of operators belonging to the same Fermi family 
anticommute with each other, while any other pair of 
operators commute with each other. In this way 
rearrange all the factors in each term such that all the 


(43) 


“S. Tomonaga, Progr. Theoret. Phys. Japan 1, 27 (1946) 
J. Schwinger, Phys. Rev. 74, 1439 (1948 
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positive-frequency parts are on the right, while all the 
negative-frequency parts are on the left. The resulting 
expression will be called the ordered product of the 
quantity (43), and written as 


ey. ae 


It is easy to see from the commutation properties of 
the positive- and the negative-frequency parts that the 
ordered product, defined above, satisfies all the prop- 
erties of Sec. 2. 

Having defined an ordered product in the interaction 
representation, we can also obtain its definition in the 
Heisenberg representation by making use of the prop- 
erty (7) of Sec. 2. For, let us express any field operator 
U in the interaction representation as 


(44) 


U =U0++0 (45) 


’ 


where U/* and U~ are the positive- and the negative- 
frequency parts of U respectively. Let us now carry 
out the usual unitary transformation from the inter- 
action representation to the Heisenberg representation, 
and let U, U+ and U> transform into the operators 
U, U*+ and U~ under this transformation. We then 
have a relation of the form 


’ 


Ue Ut+U-, (46) 
and we can define an ordered product in the Heisenberg 
representation in the same way as in the interaction 
representation except that the roles of U+ and U~ are 
now replaced by U* and U 


6. DISCUSSION 


The most obvious advantage of the present treatment 
is that we have been able to develop a consistent 
formalism of the quantum theory of fields, which is 
completely free from ambiguities in the order of field 
operators. In fact, it seems very natural to develop the 
Lagrangian formalism of the quantum field theory in 


SURAJ N. 
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terms of ordered products, because the properties of 
the ordered products of field operators are remarkably 
similar to those of the ordinary products of classical 
field variables. 

The present treatment also has other advantages. 
For instance, when we replace the usual Lagrangian 
density for the radiation field by its ordered product, 
we find that the usual Hamiltonian density for the 
radiation field should be replaced by its ordered 
product. In this way the zero-point energy of the 
radiation field is automatically eliminated. Similarly, 
according to the present formalism we directly obtain 
for the current four-vector of the electron field 

Jui =tec: Wy :. (47) 
As pointed out by Wick,® the above expression is 
equivalent to what is usually obtained by charge 
conjugation in a rather complicated way. 

Further, our treatment shows that the interaction 
energy density for a system of fields must always be an 
ordered product. Therefore, it follows from Wick’s 
theorem® that we should in geneeal ignore those Feyn- 
man diagrams, in which two lines originating from the 
same vertex rejoined to each other. This information 
is very important for nonlinear interactions of fields, 
and it clarifies an obscurity in the treatments of the 
meson field and the gravitational field. For, according 
to the present treatment we must ignore all the “tad- 
pole” type diagrams,” which appear in the usual treat- 
ments of meson-photon and meson-nucleon interactions 
owing to ¢*pA’*, o¢’, and ¢* terms. Similarly, we must 
also ignore the tadpole-type diagrams appearing in the 
treatment of the quantized gravitational field’* owing 
to the nonlinear interaction terms. 


"For examples of tadpole-type diagrams, in which two lines 
originating from the same vertex are joined to each other, see 
F. Rohrlich, Phys. Rev. 80, 666 (1950), and A. Salam, Phys. Rev. 
82, 217 (1951). 

4S. N. Gupta, Proc. Phys. Soc. (London) A65, 161, 608 (1952); 
Phys. Rev. 96, 1683 (1954). 





PHYSICAL REVIEW VOLUME 


Letters to the Editor 








UBLICATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department. 

The closing date for this department is five weeks prior to the date of 

issue. No proof will be sent to the authors. The Board of Editors does 

not hold itself responsible for the opinions expressed by the corre 

spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate 


Ferroelectricity of Dicalcium 
Strontium Propionate 


B. T. MATTHIAS AND J. P. REMEIKA 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 31, 1957) 


HE ferroelectric crystals known to date fall into 

two main groups. The first, containing the 
water-soluble Rochelle salt, potassium dihydrogen 
phosphate, and the ferroelectric sulfates, all contain 
hydrogen-oxygen bonds. The ferroelectric properties 
in these have been ascribed to the polarization of 
groups of atoms resulting from the displacement of a 
closely-associated hydrogen bond which thus furnished 
a “trigger” mechanism. 

The second group is that of the water-insoluble, 
high-refractive index crystals containing oxygen octa- 
hedra, such crystals as barium titanate and potassium 
niobate. Here the ferroelectricity is ascribed to the 
high polarizability of the oxygen octahedra which 
leads to the “‘4a/3 catastrophe.” 

We have now found that the water-soluble double 
propionate, CaySr(CH;CH,COO), is ferroelectric. It is 
improbable that this crystal! contains the H—O bond 
of the first group. Its low indexes of refraction (w= 1.49, 
€=1.50) separates it from the crystals of the second 
group. It may, therefore, represent a third kind of 
ferroelectric crystal. 
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F1G. 1, Spontaneous polarization and the coercive field of 
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The Curie temperature is 8.5°C. The ferroelectric 
axis is the tetragonal ¢ axis. The behavior of the 
spontaneous polarization and the coercive field are 
given in Fig. 1. 

There is one other isomorphous compound obtained 
through replacing the strontium by lead and we have 
not yet been able to detect any ferroelectricity. 

It is undoubtedly more than premature to suggest 
any possible mechanism at the present moment. 
However, the hindered rotation of the CH, or even the 
CoHs radical ought to be considered as the possible 
trigger. This would be analogous to the hindered 
NH,* rotation in the ferroelectric phase of ammonium 
sulfate 

Our thanks are due to Dr. E. A. Wood, Mrs. V. B. 
Compton, and Dr. S. C. Abrahams for their construc- 
tive criticism. 

‘P. & 
Leipzig, 1910), Vol 
(1882) 


Groth, Chemische Kristallographie (W. Engelmann, 
3, p. 203. Fitz and Sansoni, Z. Kryst. 6, 68 


Sulfur Vacancy Emission in ZnS Phosphors 

N. T 

Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received July 25, 1957) 


MELAMED 


ECENTLY, van Gool! has reported on an orange 

emission in CdS:Ag which has a maximum at 
6200 A, and lies somewhat to the short-wavelength 
side of the normal Ag emission in CdS, This shorter 
wavelength emission was observed only when the 
amount of silver was present in excess of the amount 
of co-activator. van Gool suggested that the emission 
originates in the presence of either interstitial silver 
or sulfur vacancies, or of the two kinds of defects in 
association. From a study of the behavior of solid 
solutions of CdS and ZnS with Ag, van Gool stated the 
6200 A peak in CdS: Ag would correspond to an emission 
in cubic ZnS: Ag at 3950 A, 

Recently, we have observed such an emission band 
in cubic ZnS phosphors which contain no silver 
Because the observed emission band has a peak at 
3950 A, we believe it to be the same as that predicted 
by van Gool. This emission band 
77°K and 3023 A excitation in specimens of ZnS: Cl, 
in ZnS containing 0.0001% copper without chloride, 
and in a specimen of pure ZnS fired for 36 hours at 
1200°C and allowed to cool overnight.? We are therefore 
led to attribute the 3950 A band in ZnS to sulfur 
vacancies rather than to interstitial silver. 

On the basis of van Gool’s work, our result implies 
that a sulfur vacancy is responsible for the 6200 A 


was observed at 


emission in CdS and thus removes an uncertainty that 
has existed concerning this emission. Many workers 
have accepted a model of luminescence in sulfide 
phosphors proposed by Schén and Klasens* which 
describes the impurity states due to copper and silver 
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as ionized acceptor levels. The radiative transition, 
according to this model, is the capture of a conduction- 
band electron by a hole trapped at an acceptor level. 
Lambe and Klick,‘ however, have proposed an alterna- 
tive model for the luminescence of CdS: Ag phosphors 
which describes the silver impurity states as vacant 
donor levels, and considers the radiative transition as 
the recombination of an electron trapped at such a 
donor level with a free hole. The experimental evidence 
they presented appears to support their model insofar 
as it supports the donor character of the luminescent 
centers, 

We propose that the donor states studied by Lambe 
and Klick are associated with sulfur vacancies. Since 
the experiments of Lambe and Klick establish the 
donor nature of the centers without, however, establish- 
ing that the impurity levels are due to the silver 
introduced, their data permit this interpretation. 
Further, if sulfur vacancies are the origin of the 
donor centers responsible for the emission studies by 
Lambe and Klick, we can reconcile all of their experi- 
mental information with the Schén and Klasens 
model of Ag and Cu centers as acceptors. van Gool! 
has recognized this situation as a possibility. 

It appears, therefore, that transitions of the kind 
described by Lambe and Klick are valid for donor 
levels such as those arising from sulfur vacancies, 
while the Schén-Klasens model may be used to describe 
the behavior of acceptors in ZnS and CdS. 

*W. van Gool, International Colloquium on Semiconductors 
and Phosphors, Garmisch, Germany, August 28-September 1, 
1956 (unpublished); W. van Gool and H. A. Klasens, J. phys. 
radium 17, 664 (1956). 

* Prepared by Donald R 
Research Laboratories 

4M. Schén, Z. Physik 119, 463 (1942); H. A. Klasens, Nature 
158, 306 (1946); J. Electrochem, Soc. 100, 72 (1953). 

‘J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955); J 
Lambe, Phys. Rev. 98, 985 (1955); 100, 1586 (1955); Lambe, 
Klick, and Dexter, Phys. Rev. 103, 1715 (1956); see also A. W. 
Smith, Phys. Rev. 101, 1263 (1956) 


Hamilton, now at Westinghouse 


Experimental Determination of the Noise 
Figure of an Ammonia Maser 


J. P. Gorvon anv L. D. Waite 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 22, 1957) 


HE recent theoretical work'* on the noise 

produced by the active media of masers can be 
combined with previous microwave circuit theory‘ to 
yield a prediction for the noise figure of an ammonia 
maser.® We have measured the noise figure of an am- 
monia maser and compared the result with the predicted 
value. 

A block diagram of the apparatus is shown in Fig. 1. 
Each maser was of the reflection type, i.e., there was 
only one microwave port in the maser cavity. The 
maser’s output was separated from its input by a 
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Fic, 1. Block diagram of apparatus. 


circulator.®? The first maser was modulated on and off 
at 35 cps by applying a square-wave voltage between 
the two halves of the cavity. 

The noise measurement consisted of changing the 
temperature of the input load by a known amount by 
changing the attenuation of the calibrated input 
attenuator and then varying the calibrated attenuator 
following the second maser in such an amount as to 
keep the de recorder signal constant. 

With the variable input attenuator at zero the loss 
between the liquid nitrogen cooled (77°) attenuator 
and the maser cavity was 0.69-+-0.10 db. These losses 
were at room temperature, 300°K. As a result, the 
thermal noise at the input to the maser cavity corre- 
sponded to a temperature of 77X0.853+300X0.147 
=110°K. With the variable-input attenuator set at 
20 db, the noise at the input to the maser cavity 
corresponded to a temperature of 298°K. When the 
effective input temperature of the maser was thus 
increased from 110°K to 298°K, the microwave power 
increase was measured to be 3.0+0.1 db. Thus the 
noise originating in the maser was equivalent to that 
which would result if the maser were noiseless but had, 
at its input, thermal radiation from a load at 78+ 20°K. 
In terms of noise figure,* F, this effective noise tempera- 
ture is equivalent to F=1+-78/300= 1.26 or 1.0 db.’ 

The theoretical prediction of the effective noise 
temperature may be obtained by considering the maser 
as a lossless cavity with three suitably terminated 
ports. The cavity losses are represented by a port 
connected to a matched load at the cavity temperature, 
T.. The actual microwave port is represented by a 
second port connected to the microwave line. The beam 
is represented by the third port terminated at an 
appropriate position by a susceptance g(v)+jb(v) at 
the “effective beam temperature,” T, (negative for 
a maser). The frequency dependence of the susceptance 
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characterizes the beam resonance. The size of each 
port is characterized by a Q which is the ratio of the 
energy stored in the cavity to the energy per radian 
dissipated (or generated, in the case of the beam) via 
the mechanism being represented. For high gain the 
effective noise temperature, 7'y, is given approximately 
by Tw (T./Qot+ | Ts /Qn)(1/On—-1/Qo)'. The value 
of T obtained from calculations involving the focuser 
voltages, geometry, and solid angles is —}°K. The 
measured value of Qo/Qz is of the order of 54. Thus 
|T p\Qo/(TQOx)KA and Ty=T./[(Qo/Qn)—1 J. In this 
case T,=300°K, Qo/Qn=5.44, and the predicted 
effective-noise temperature was 68+4°K, where the 
uncertainty results from the errors in the measurements 
leading to the value for Qo/Qz. 

A second measurement yielded 72+15°K for the 
effective noise temperature. The predicted value was 
64+5°K. 

The agreements between the experimental and 
theoretical values are good. The contribution to the 
noise from the beam was too small to be measured, 
but from these results an upper limit of about 20°K 
can be placed on the absolute value of the effective 
beam temperature. 

We should like to acknowledge many helpful discus- 
sions with Professor C. H. Townes. 

1 Shimode, Takahasi, and Townes, J. Phys. Soc. Japan 12, 686 
(1957). 

2 R. V. Pound, Ann. Phys. 1, 24 (1957). 

3M. W. P. Strandberg, Phys. Rev. 106, 617 (1957) 

‘John C. Slater, Microwave Electronics (D. Van 
Company, Inc., Princeton, 1950), Chap. 4 

5 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955) 

°C. L. Hogan, Bell System Tech. J. 31, 1 (1952), see p. 25. 

7E. A. Ohm, Trans. Inst. Radio Engrs. Microwave ‘Theory 
and Techniques MTT-4, 210 (1956). 

*H. T. Friis, Proc. Inst. Radio Engrs. 32, 419 (1944). 

* The reference temperature is here taken to be the actual room 
temperature, 300°K. 
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Angular Correlations between ¢ Rays and 
Circularly Polarized y Rays in 
Triple Cascade Transitions* 


M. Morirtat 


Department of Physics, Columbia University, New York, New York 
(Received July 15, 1957) 


HE angular correlations between beta rays and 

circularly polarized gamma rays for triple 
cascade transitions may furnish information concerning 
the relative magnitudes and phases of the ten coupling 
constants, C; and Cj’, (i=S,V,7,A,P), of beta inter- 
actions. Therefore, we have calculated these angular 
correlations. 

Since the various angular correlations using the old 
theory of beta decay, where the C,’’s are zero, have 
already been given for triple cascade transitions,! 
the formulas of I can be extended, by slight modifica- 
tions, to include the parity-nonconserving beta interac- 
tions and the circular polarization of the gamma rays. 
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Since the parity condition’ is now dropped, the even 
integer 2m in the equations of I should be replaced by 
the integer m, and simultaneously, p?t?t’“?“'t", which 
gives the dependence on the circular polarization of 
the gamma rays, should be inserted as a multiplicative 
factor in some of the equations. Here, p is +1 (—1) for 
left (right) circularly polarized gamma rays; 6 is equal 
to 0 (+1) for the magnetic (electric) 2“-pole radiation. 
The other symbols in this letter are the same as those 
used in I. The decay scheme is assumed to be j—*—>), 
—Vi—+ Jy— 1» 73, We shall consider two cases. 


(1) Angular correlation between 8 and circularly 
polarized y, without observing y».” 


W (6,~p1; 8-71) 
DAL Le (=) br OW (fap; nj) (2jr+1)* | 


n L<l 


yer Li’ port's LytLi'+ "(fill Lill je) 


; «(fall La"! fo) Pn (Lily jeji) |) Pn (cos), 
with 


F,(LL' jajo) 
F(L'Ljajo) 
(= )r4L(2jyt+1)(2L+1)(2L' +1) }! 
K(LL'1—1| nO)W(jojrLl’; mje). (1) 


(2) Angular correlation between #8 and circularly 
polarized y2 without observing ¥;. 


W (0,p2; B12) 
=SIL dS (—) bpp OW pL’; nj) (2ji+1)*] 
n L<L' 


XO E (fall Lal fo)?W Gan Li je; jrps) 
li 


X((2ji4 1)(2jo4+1)) IL > ( )batla’ 


Lal?’ 
XK parte’ Let La'+ "(fall Lal ja) (jal L,'\\ js) 


Fy, ( Lola’ jsj2) |} Pa(cosd). (2) 


In Eqs. (1) and (2), we assumed that the strong 
interactions are invariant under time reversal.’ If this 
is not valid, the formulas should be modified as follows 
For example, 


2 Re(Cr*Cs')Mar*M v( jul Lill jx) (js\| Ly'|| J) 
should be replaced by 

Cr*Cs/Mar*M o( jill Lill j2)* (fall Li'l jx) +.c. 
for electron decay, and by 

Cr*Cg'MarM v*(j;)\ Li) j2)* (ji) L1'|\ jz) +e. 


for positron decay, and so on. The bz,/‘”’s depend on 
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the beta interactions and are defined by Eqs. M(3) 
and M(4) in I. They are given explicitly in reference 2 
for allowed transitions. Therefore we shall not rewrite 
them here. For forbidden transitions the b,,-“’s can 
be derived by similar methods.** The value of m is at 
most 2m+-1 for the mth forbidden transition. Other 
restrictions on n determined by the spin values of 
the nuclear levels and the multipolarities of gamma rays 
are explicitly shown in the Racah coefficients of Eqs. 
(1) and (2). 

In the case of special decay schemes such as j-2L-L-0 
with pure electric and/or magnetic 2’-pole gamma 
rays (for example, j-4-2-0 with pure quadrupole gamma 
rays), the angular correlation between beta and 
circularly polarized 7; rays is equal to that between 
beta and circularly polarized y, rays. This equality 
also holds in the case where the circular polarization 
of the gamma rays is not observed, and in the case of 
gamma-ray angular distributions from oriented nuclei 
in similar decay schemes. 

The angular correlation functions of B-y:-y2 with 
simultaneous observation of three particles can be 
also derived from Eqs. (2)—(4) of I. 

The author would like to express his sincere thanks to 
Professor W. W. Havens, Jr., and Professor C. S. Wu 
for their hospitality, and to the Nishina Memorial 


Foundation for a grant. 

* This work was partially supported by the U. S. Atomic 
Energy Commission. 

t On leave from Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo, Japan. 

1M. Morita, Progr. Theoret. Phys. (Japan) 15, 445 (1956), 
hereafter referred to as I 

* Similar calculations for double cascade transitions have been 
given by M. Morita and R. S. Morita, Phys. Rev. 107, 1316 
(1957); and by Alder, Stech, and Winther, Phys. Rev. 107, 
737 (1957). 

* Assume the invariance of strong interactions under time 
reversal, The reduced matrix elements of beta decay are divided 
into two classes: the reduced matrix elements belonging to the 
same class have the same phase (or a phase difference of 7), 
and the phase difference between those belonging to different 
classes is w/2 (or 3/2) (see reference 6). For the allowed 
transitions, 


[00 / ['6= (90) /20() = Mor / My=real number, 


which may be plus or minus. The reality of the reduced matrix 
elements for gamma transitions was shown by S. P. Lloyd, 
Phys. Rev. 81, 161 (1951), 

* The parameters 6,,/'" for beta rays are very convenient for 
expressing various formulas in beta decay. For example, the 
beta-ray angular distribution from oriented nuclei is simply 
expressed by 
W (0; 8) = Lil als)( jai tbl "th OW (LL; nj) P»(cos6), 
with f,(j)= Z(—)!-™(jjm—m|n0)am, where the a»’s are the 
relative populations of the initial magnetic substates. As is well 
known, its anisotropy can appear only from polarized nuclei in 
the case of allowed transitions, because the f.(j) with odd n 
vanishes except for polarized nuclei, and the maximum value of 
n is one in allowed transitions 

®*The b,,-‘™’s with a slightly different definition from ours 
have been given by Alder, Stech, and Winther, reference 2, for 
the first forbidden transition of the STP interaction. 

*M. Yamada and M. Morita, Progr. Theoret. Phys. (Japan) 
8, 443 (1952), and their subsequent papers. Complete references 
to their work are given by M. Morita, Progr. Theoret. Phys 
(Japan) 14, 27 (1955) 
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Relativistic Wave Equations for Spin-2 
Particles with Unique Mass 


O. Bru in, Institute of Theoretical Physics, 
University of Stockholm, Stockholm, Sweden 


AND 
S. Hyacmars, Department of Mechanics II, 
Royal Institute of Technology, Stockholm, Sweden 
(Received June 6, 1957) 


T has been shown by several authors that relativistic 
wave equations for higher spin particles can be 
written as generalized Dirac equations, 


(adie t+x)y=0. (1) 


Such field equations have the advantage of making no 
use of subsidiary conditions, the handling of which 
is rather cumbersome, when interactions are introduced 
(see Bhabha’). 

If (1) is required to represent a particle with unique 
mass, all components of y must satisfy second-order 
wave equations, 


(0°0,—K*)y=0, (2) 


with the same mass constant K. However, as shown by 
Bhabha! and Harish-Chandra,’? it is impossible to 
fulfill this condition with Hermitian matrices for any 
spin higher than 1, if x is a constant times the unit 
matrix. This form of x is, however, not the most general 
one, and, for example, in the case of spin 1 it is too 
simple for the representation of the Maxwell equations.’ 

The present authors have investigated the case that 
is probably most interesting physically, namely, the 
irreducible spin-2 case, where the components of y 
consist of the components of a symmetrical tensor A x: 
and of a vector A,. The 14-row a’s of this case have been 
explicitly represented by means of the subspace method, 
given by Klein.*> The most general form of x is proved 
to be an arbitrary linear combination of three com- 
muting idempotents, thus containing three arbitrary 
constants, k;, ke, and k;. The components of (1) are 


found to be 
Op Ar tO Ag=thiA nit hil(ko—kiA mur, (3) 


O4A m™ +0 mAL™ = —thgA,. (4) 


Upon solving (3) with respect to Axi, inserting in 
(4), and putting 2 = —5k,, it is seen that all components 
of A, and thus of A,; satisfy (2) with K?=k,k;. Conse- 
quently it is mot generally impossible to satisfy the 
requirement of unique mass for spin higher than 1. 

If furthermore the equations are specialized to zero 
mass by putting k;=0, we obtain 


(5) 
(6) 


] ™O mV kl = Q, 


OY mk =(), 


ve=AnitA mx. (7) 
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In a suitable coordinate system (5) and (6) can be 
interpreted as describing the gravitational field of 
empty space with almost Euclidean metrics. 

The generalization of (1) to general relativity is to 
be performed with a method analogous to that used by 
the authors for the spin-1 case.® 

A full account will be published in Arkiv for Fysik. 

'H. J. Bhabha, Revs. Modern Phys. 17, 200 (1945). 

* Harish-Chandra, Phys. Rev. 71, 793 (1947). 

§ Harish-Chandra, Proc. Roy. Soc. (London) A186, 502 (1946). 

0. Klein, Arkiv Mat., Astron. Fysik 25A, No. 15 (1936). 

*S. Hjalmars, Arkiv Fysik 1, 41 (1949), Chaps. I-IV. 

*O. Brulin and S. Hjalmars, Arkiv Fysik 5, 163 (1952). 


Lifetime Measurements by Conversion Line 
Shift : Lifetime of the 40-kev 
State of T1’* 


J. G. StEKMAN AND H. pE WAARD 
Physical Laboratory of the University of Groningen, 
Groningen, Netherlands 
(Received July 29, 1957) 


URDE and Cohen' have demonstrated that the 

24.5-kev L-conversion line (A-line), which de- 
excites the 40-kev level of Tl’, exhibits a Doppler shift, 
which is caused by the recoil velocity of Tl** nuclei 
shot out of a Th(B+C) source by alpha decay of ThC. 
This shift may be reduced by placing a very thin foil 
in front of the source, which stops some of the recoiling 
TI nuclei before they have emitted conversion 
electrons. By measuring the line shift as a function of 
source-to-foil distance the lifetime of the 40-kev state 
may in principle be determined if the initial velocity 
of the recoil nuclei is known. In this way Burde and 
Cohen? found a half-life of (1.0+0.5)10~-" sec for 
this state, on the assumption that all Tl”** nuclei 
leave the source with their full recoil velocity V = (M,/ 
M+,\)V,. Experiments rather similar to those of 
Burde and Cohen undertaken at this institute cast 
some doubt on the validity of this assumption for 
sources prepared by the usual collection technique.’ 
When investigating the distribution of active nuclei 
in such sources it appeared that a considerable fraction 
of these nuclei penetrates rather deeply into the source 
backing foil.‘ Such nuclei will lose part or all of their 
recoil energy in traversing the foil after alpha decay. 
The penetration of active material into the source 
backing seems to be due partly to diffusion of Tn gas 
through the source foil and partly to the alpha recoils 
accompanying the decay (Tn—>)ThA—ThB. 

These effects were first investigated by depositing 
Th(B+C) by recoil collection from Tn on several 
stacks of thin Zapon foils, placed at small distances. 
The activity of these foils was found to decrease as 
exp[. —d(ug/cm?*) / (100+ 20) ]. . 

The same result was obtained with Formvar foils 
and also when the first foil of a stack was covered with 
a thin layer of aluminum or silver, deposited by 
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evaporation. This effect is thought to be mainly due to 
diffusion of Tn gas. The activity of the first foil tended 
to be higher than expected from the exponential 
intensity distribution. This surplus activity must be 
due to the collection of ions by the accelerating field. 
These ions are deposited on the surface of the foil and 
partly pushed into it by a recoils. 

The fraction of Tl* nuclei escaping from Th(B+C) 
sources deposited on foils of varying thickness could 
be determined directly by placing them for some time 
on an aluminum disk, which captures the 3-min Tl** 
activity, and measuring the ratio of intensity of the 
2.62-Mev gamma line of the captured activity to that 
present in the source foil. A part of the Tl”* nuclei 
leaving the source foil may not be captured by the disk, 
e.g., because they are reflected. The contribution of 
this effect was estimated from measurements with 
sources made by vacuum evaporation of Th(B+C) 
from a tungsten ribbon (on which the activity had 
been deposited’ by the usual collection method). In 
this case the Th(B+C) atoms reach the source foil with 
thermal velocities and should therefore penetrate only 
very little into it. Thus the es ape fraction should be 
near 0.5; however, only a fraction 0.3 of the ‘Tl 
nuclei was captured by the disk. After correction for 
this effect it was found that for source foils as used 
by Burde and Cohen only about 30% of the recoil 
nuclei which give rise to coincidences contribute to 
the line shift. If one assumes a continuous velocity 
distribution for these nuclei, a maximum midpoint 
shift of ~0.2Xthe “ideal” maximum possible shift 
would result. 

If we try to introduce this into Fig. 7 of the paper of 
Burde and Cohen,’ we find 7T\,.410-" sec, which 
gives r,= 180 10~" sec. This agrees very well with the 
lifetime calculated recently by de-Shalit® for an 
(Si/2,29/2) configuration of ‘Tl”°*, 

The authors are much indebted to Professor Brink- 
man, director of this laboratory, for his stimulating 
interest in this research. 

' J. Burde and S, G. Cohen, Phys. Rev. 101, 495 (1956) 

2 J. Burde and $. G. Cohen, Phys. Rev, 104, 1093 (1956) 

‘This collection method was first introduced by O 
Physik. Z. 9, 321 (1908) 

‘This penetration may also affect precision measurements of 


position or line width of low-energy conversion lines 


6 A. de-Shalit, Phys. Rev. 105, 1531 (1957) 


Hahn, 


Measurement of Beta Asymmetry in the 
Decay of Polarized Neutrons* 


M. T. Burey, R. J. Epstein, V. E. Kroun, T. B. Novey, 
S. Rapoy, G. R. Rinco, Argonne National Laboratory, 
Lemont, Illinois 
AND 
V.L. Tetecpi, University of Chicago, Chicago, Illinois 

(Received July 25, 1957) 


SINCE the neutron is one of the simplest entities 
showing beta emission, the symmetry properties 
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Fic. 1. Horizontal section through the apparatus used in 
detecting the decay of polarized neutrons. The section is taken 
at the level of the center of the beam, The angle between the 
beam and the mirror is greatly exaggerated for clarity 


of the decay of the neutron are clearly of interest in 
connection with the recent advances in our knowledge 
of the character of beta decay. In an attempt to im- 
prove the understanding of the nature of the neutron’s 
beta decay, we have measured the relative probability of 
beta emission by the neutron in the directions respec- 
tively parallel and antiparallel to the spin of the 
neutron. 

This measurement was made with the arrangement 
shown in outline in Fig. 1. The neutrons measured were 
in a thermal beam taken from the Argonne Research 
Reactor, CP-5, through a hole 85%? in. long, } in. wide, 
and 8 in. high. This beam was polarized by reflection 
from a 5-in. high mirror of 95% Co and 5% Fe magne- 
tized in a vertical direction by a field of about 250 
oersteds.* At a grazing angle of about 8 minutes the 
reflected beam contained a total of 710’ neutrons 
per sec and was 874-:7% polarized (as determined by 
using another cobalt mirror as an analyzer). To keep 
the neutrons in a definite vertical orientation, a 
vertical field of about 10 gauss was applied to the 
vacuum chamber in which the decays were observed. 
The lead shield in this chamber was made, in part, of 
an alloy including 0.5% by weight of lithium to min 
imize gamma rays from neutron capture. The gamma 
flux left after these shielding measures was less than 
100 mr/hr in the beam. 

Neutron decays were observed by coincidences 
between a beta detector and a proton detector. The 
beta detector was a plastic scintillator 0.21 in. thick 
and 5 in. in diameter. Pulses from the beta detector 
were accepted if they corresponded to an energy loss 
of 110 to 610 kev. The protons were detected by the 
method used by Robson® and by Snell, Pleasonton, and 
McCord,* in which the protons are accelerated to 
about 12 kev in a system that focuses them on the 
cathode of an electron multiplier. In our case the 
cathode was an ellipse of Be-Cu 5 in. long by 4 in. 
high, activated in place by heating to a dull red heat 
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by electron bombardment.’ The remainder of the 
electron multiplier was an uncesiated dynode structure 
from a DuMont 6292 photomultiplier. Amplified pulses 
from the beta and proton detectors were fed through 
pulse-height analyzers into a coincidence circuit in which 
a coincidence pulse was produced if (a) both proton and 
beta pulses were of appropriate size and (b) the proton 
pulse arrived between 0.2 and 1.8 ysec after the beta 
pulse, Moreover, the output of the coincidence circuit 
was a pulse of a size which was dependent on the 
delay. This pulse was fed to a 20-channel pulse-height 
analyzer which thus gave a display of the number of 
coincidences vs the time following the beta pulse (up to 
1.8 ysec). In this display the neutron decays showed 
quite clearly as a peak near 1 ysec delay-—the time 
of flight to the proton counter. About 0.15 coincidence 
counts per minute were obtained in a typical measure- 
ment. 

Measurements were made with neutrons polarized 
straight up and straight down and with and without 
a steel shim 0.010 in. thick placed at the entrance to 
the vacuum chamber. This shim completely depolarizes 
a beam of thermal neutrons and thus gives a null 
measurement for both field directions. The result was 
as follows: 


Intensity parallel to neutron spin 
—_——_———=0.62+0.10. 


Intensity antiparallel to neutron spin 


When corrected for the solid angle of the beta detector 
and for the imperfections of the polarization (the mean 
beta velocity, (v/c), is taken as 0.80) and expressed in 
the usual way, the angular distribution relative to the 
neutron spin direction becomes 


W (0) =1— (0.37+0.11) (v/c) cosé. 


The error given in this result is almost entirely due to 
the statistical fluctuations in the measurements, The 
estimated uncertainties in the corrections make a 
very small contribution. 

In view of the developments referred to earlier,’~* 
the beta decay of the neutron is to be described by 
8 parameters (some or all of which may be complex 
if time-reversal invariance fails). It may be of interest, 
however, to compare the present result with the 
predictions of some simplified variations of the general 


theory which have been proposed. 
(1) Two-component neutrino theory*: 
—0.08 or —1.00, 
(2) Twin-neutrino theory’: —0.53, 
(3) Parity conservation in Fermi interactions" : 


—().21 or —0.86. 





LETTERS 


In all these predictions it is assumed that 


sum of squares of Gamow-Teller coupling constants 


In the predictions giving two values of the coefficient, 
the first corresponds to «<0 and the second to x>0. 
It should be noted that in the event of failure of 
time-reversal invariance the Gamow-Teller— Fermi 
interference term in the two-component neutrino theory 
might be reduced to make the theory consistent with 
the present measurement. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'Wu, Ambler, Hayward, Hoppes, and Hudson, Phys 
105, 1413 (1957). 

*Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 

oT, Gs. 
(1957). 

4M. Hamermesh, Phys. Rev. 75, 1766 (1949); D. J. Hughes 
and M. T. Burgy, Phys. Rev. 81, 498 (1951). 

5 J. M. Robson, Phys. Rev. 83, 349 (1951). 

6 Snell, Pleasonton, and McCord, Phys. Rev. 78, 310 (1950). 

7J. M. Robson, Rev. Sci. Instr. 19, 865 (1948) 

’T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1956). 
See also L. Landau, Nuclear Phys. 3, 127 (1957) and A. Salam, 
Nuovo cimento 5, 299 (1957). 

9M. A. Preston, Can. J. Phys. (to be published). 

10M. G. Mayer and V. L. Telegdi, Phys. Rev. 107, 1445 (1957) 

4 Alder, Stech, and Winther, University of Illinois (unpublished 
report). 
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Polarized Positrons from Ga" and Cl*‘ t 


M. Deutscu, B. GiTreELMAN, AND R. W. BAUER 
Department of Physics and Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 
L. Gropzins AND A, W. SUNYAR, 
Brookhaven National Laboratory, Upton, New York 
(Received August 2, 1957) 


EVERAL experiments! have shown that positrons 
emitted in Gamow-Teller beta transitions are 
polarized in their directions of motion (ep positive). 
We find this to be true also for positrons emitted by 
Ga®, which is probably a pure Fermi transition. 
Preliminary results for the pure Fermi transition of 
C]l* also indicate the same sign for a: p. 
Positrons in a selected energy band were magnetically 
focused on a Lucite converter (Fig. 1). High-energy 
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Experimental arrangement for measuring longitudinal 
polarization of high-energy positrons. 
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(1.15)? 


photons from two-quantum annihilation are almost 
completely circularly polarized in the direction of the 
positron spin.2 This polarization was measured by 
absorption in an iron analyzer® which can be magnetized 
parallel or antiparallel to the incident positron momen 
tum. For high-energy positrons the gamma rays are 
emitted in a narrow forward cone. This permits the 
use of a low-transmission magnetic spectrometer* 
without undue loss of intensity. With 1% transmission 
and a 12-cm thick analyzer, about 1000 counts per 
minute were obtained when 3-Mev positrons from a 
20-mC Ga*® source were focused on the converter 
The pulse-height spectrum from the 3X3 inch scintilla 
tion counter was remarkably flat. Uncertainties intro 
duced by small shifts in pulse height due to stray 
magnetic fields or other causes were therefore small. 
Extensive lead shielding was provided to reduce the 
background due to nuclear gamma rays. Under the ex- 
perimental conditions described above, scattered gamma 
rays contributed about 20% of the pulses above 2 Mev. 
For smaller pulses the background rose sharply. 
Repeated checks showed that effects of the analyzer 
field on the counter or on the positron trajectories did 
not contribute any measurable systematic error. A 
sequence of reversing lens and analyzer currents and 
interchanging various circuits was designed to average 
over possible small instrumental asymmetries. 

Figure 2 shows the results obtained for the conditions 
described above. The ordinate is the fractional difference 
between counting rates for the two analyzer field 
directions, after correction for background. Some data 
were also obtained at lower positron energies and 
others with a thinner analyzer. These are summarized 
in Table I, 

Results obtained with Cl are less extensive and 
satisfactory than for Ga, primarily because the 
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TABLE I. Percent difference in transmission through magnetized 
iron for annihilation quanta above 2 Mev. 

Gas cm 
lg=3 Mev Eg=2.6 Mev Eg=3 Mev 


$4405 88410. 5.6+2.1 
4.94+0.9 5441.3 


Thick analyzer 
Thin analyzer 


available source strength was smaller by about a 
factor five. The short half-life prevented a complete 
cycle of check runs with each source. The gamma-ray 
background was relatively higher, especially for 
smaller pulse heights. The results are summarized in 
Table I, which presents the average values of 6 for 
counter pulses above 2 Mev. The uncertainty in the 
theoretical value reflects our uncertainty concerning 
the magnetic flux distribution in the analyzer. 

Although first results of a new method should be 
accepted with some caution, our experiment shows 
convincingly that the positrons from Ga®™ are highly 
polarized with positive o-p. The results suggest 
complete polarization. They contradict a_ recent 
scattering experiment.’ While they remove the only 
strong argument for a basic difference in the behavior 
of Gamow-Teller and Fermi transitions, no affirmative 
conclusions can be drawn from the Ga® data until 
the parity of this nuclide is established with certainty. 
The results for Cl™ indicate that positrons from a 
pure Fermi transition are also predominantly polarized 
with positive o-p. The degree of polarization remains 
uncertain. Our data are compatible with complete 
polarization and make it quite improbable that the 
value is near zero. 

We thank Dr. M. Goldhaber for many helpful 
discussions, Dr. Bincer for theoretical calculations, 
Mr. E. White and the M.L.T. Cyclotron crew for 
bombardments, and Mrs. E. Backofen for radiochemical 
preparations, 


+ This work was mpperies in part by the joint program of the 
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21. A. Page, Phys. Rev. 106, 394 (1957). 
4S. P. Gunst and L, A. Page, Phys. Rev. 92, 970 (1953). 

* Deutsch, Elliott, and Evans, Rev. Sci. Instr. 15, 178 (1944). 
* Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 107, 910 (1957) 


Coulomb Scattering of Polarized 
Electrons* 


Feza Girseyt 
Brookhaven National Laboratory, Upton, New York 
(Received July 23, 1957) 


XPERIMENTS carried out with longitudinally 
polarized 8 beams have focused attention on the 
Coulomb scattering of polarized electrons. The final-state 
density matrix can be calculated by means of the 
scattering matrix M which in turn depends on two 
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complex functions F and G (first introduced by Mott) 
that have been tabulated for a number of values of 
a=Z/137, B=v/c, and @ (scattering angle) by Bartlett 
and Watson,' McKinley and Feshbach,? Sherman,’ 
and others. In this note, the amount of longitudinal 
depolarization Z and the asymmetry ratio A for a 6 
beam are expressed exactly in terms of F and G. 
Approximate analytical expressions for ZL and A 
(corresponding to the second-order Born approximation) 
are also derived. The results are applied to a double- 
scattering experiment performed by de-Shalit et al.‘ 
Denoting the unit vectors of the momenta of the 
initial and scattered electrons by m, and nz and the 
unit vector normal to the plane of scattering by n, 
we can write the scattering matrix in the form 


M = f—ign-o=X{G sec(}0) —in-oF’ csc(}8) | 
Xexp(—}in-of), (1) 
where 


F’=ig(1—6*)'F, with q=a/B. 


If {, and % are the expectation values of the initial 
and final spin vectors of the electron in its rest frame 
(see Tolhoek® whose notations we follow closely), 
the final state density matrix is given by 


po=$1 (1402-0) =4M (1+0)-0)M!, (2) 


where J is the differential cross section da/dQ. In the 
case of an initial beam with longitudinal polarization of 
degree P,;=|&|, we have (;=P im, and, using (1) 


and (2), 
C2=S(0)n+ PiU (6)ny+ PiT (6)nX m2, (3) 


where 
(4a) 


(4b) 
(4c) 
(4d) 


1 (6)S (6) = —2i(F’G*—GF"*) cscb, 
1(6)T (0) =2(F'G*+-GF"*) csc, 
1 (6)U (6) = |G\* sec*(40) — | F’|* esc*(40), 
1(0) = |G|* sec(40) + | F’|* csc*(46). 
We note the indentity S’4+7?+U*=1. For arbitrary 
initial polarization {, the scattered intensity is 
1 (6) ="Trp.=NT (0)[1—¢1-mS(6) J. (5) 


S(0) is the asymmetry function tabulated by Sherman.’ 
U(@) measures the longitudinal polarization after 
scattering since P,U (0) ={- me. The longitudinal depolar- 
ization is therefore L= P,(1—U). Since nX no= (nz cos6 
—n,) csc, we also find 


Cony = PU) cos6 — T (6) sind |. (6) 


for the remaining initial polarization in the direction 
n;. If the emerging beam (with polarization {,'={.) 
is further scattered through an angle @ and plane of 
scattering n’, Eq. (5) gives 


1(@')=1(@)(1—¢i' -n’'S(0’)), 
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TaBLe I. Asymmetry ratios, ~200A/P;. (Right-angle scattering 
on Al, followed by scattering through 6’ on Au.) 


Ex (Mev) 8 
0.975 
1.15 


1.30 
1.57 


0’ =90° 


16.5 
13.4 
11.8 

8.8 


# =75° 


10.2 
8.2 
6.9 
5.0 


0 =60° 
4.9 
4.6 
3.8 
2.8 


leading to the usual right-left asymmetry ratio 
A=(In—I1)/Urt11) =%- W'S), 


where J» and /, are intensities in opposite final direc- 
tions #n,’, and ¢ is given by (3), so that we find 


A=S(0)S(0)n-n’+ P,T(0)S (0) (nX nq) <n’. 


(7) 


(8) 


In the special case of successive right-angle scatterings 
with mn) Xn2=m,’, Eq. (8) reduces to 
A= —P,T(4n)S(4r). 


We now give approximate formulas in the case of 
small Z and large v. From reference 2 and Curr,® we find 


(9) 


F’ = —}q(1—6*)'(1+ 2iaB (y+In sin}6) |, 


G=44q {cot?(40)+4aBxl[ csc (40) —1 ]+ ial 28” 
X cot?(46) (y+ In sin}@) — 46 In esc?(40) ]}, 


(10) 


where y is the Euler constant. To the first order in a, 
we obtain 
S(0) = —[R(6) }'a8 (1 — 6")! tango 
X sin?(40) In csc?(40), 
T (0) = —(R(@) | (1—6*)! tan}0f1+cosd 
+ afm sin}0(1—sin}é) }, 
>, = U (0) =(R(8) }'[cosd+-6? sin? (40) 
+ afr sin}6(1—sin}@) |, 
R(6) =1—6* sin?(46) 
+afm sin(40)[1—sin (46) ]. 


(11a) 


(11b) 


1—L(0)/ 
(11c) 


(11d) 
R(6) is the ratio of relativistic to Rutherford cross 


section first calculated correctly in reference 2. The 
expression for l/(@) shows that the longitudinal polariza- 
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tion of the electron is not changed in forward scattering, 
that it is reversed in backward scattering (@=7), and 
that for right-angle scattering {.-m, decreases from P, 
to 0 as B decreases from 1 to 0. 

In a recent experiment performed by de-Shalit e/ al.,* 
an initially longitudinally polarized electron beam was 
first scattered through a right angle from aluminum 
and then through an angle 6’ from gold (65° <0’ <90°), 
The intensities were measured in directions symmetrical 
with respect to the first scattering plane such that nm)’-n 
=-+ sin65°. In this case the first term in (8) is negligible 
and we find approximately 


2A =2(Ie—I1)/(Ir+I1) = —2P\T (4m) S(0’) 


Xsin65°/sind’. (12) 
Since the kinetic energy of the electrons accepted in 
this experiment varies between 0.9 and 1.7 Mev, some 
values for 2A/P, are shown in Table I. A weighted 
average kinetic energy is about Ex=1.15 Mev. If we 
choose 6’=77.5° and interpolate, we find 2A =9% 
(taking Py~$e~1) instead of the experimental 
(5.1+0.6)%. Sty considering plural scattering in 
each of the scatterers, one finds a strong over-all 
reduction in asymmetry, giving a probable explanation 
of the discrepancy. 

The author is indebted to Professor F. J. Dyson for 
suggesting this calculation and to Dr. K. MecVoy, 
Dr. A. Bincer, and Dr. M. Goldhaber for helpful and 
stimulating comments. 

Note added in proof.—Since completion of this work 
the attention of the author has been drawn to the 
fact that a similar calculation for the asymmetry ratio 
A in double scattering was also made by L. J. ‘Tassie.’ 

*Work performed under the auspices of the International 
Cooperation Administration and the U. 5S. Atomic Energy 
Commission. 

t On leave of absence from the Department of Theoretical 
Physics, University of Istanbul, Istanbul, Turkey 
‘J. H. Bartlett and R. E. Wilson, Proc. Am 

74, 53 (1940). 

*W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948) 

*N. Sherman, Phys. Rev. 103, 1601 (1956) 

‘de-Shalit, Kuperman, Lipkin, and Rothem, Phys. Rev. 107, 
1459 (1957). (The author would like to thank Dr. M. Goldhaber 
for showing him a preprint of this paper ) 

*H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956) 

*R. M. Curr, Proc. Phys. Soc. (London) A68, 156 (1955 

’L. J. Tassie, Phys. Rev. 107, 1452 (1957) 
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Paramagnetic Resonance at Low Fields, Stewart 
Becker (Phys. Rev. 99, 1681 (1955)]. Add to 
acknowledgments, p. 1683: “The author also wishes 
to acknowledge the contribution of Dr. J. O. Page of 
the Chemistry Department of the Agricultural and 
Mechanical College of Texas for his valuable service 
and patient cooperation in the preparation of the 
samples of diphenylpicrylhydrazyl and Wursters Blue 
used in this investigation.” 


Connection between Pair Density and Pressure 
for a Bose Gas Consisting of Rigid Spherical 
Atoms, M. Firrz [ Phys. Rev. 106, 412 (1957) }. 
Unfortunately, formula (I) in this paper was printed 
incorrectly and should read (in both text and abstract) : 


p/p = hut (wa*/3m) g(a). (1) 
Phonon Free Path in an Isotopic Mixture, DANIEL 
CHARLES Mattis [Phys. Rev. 106, 721 (1957) ]. 
The author is indebted to Dr. Frank Ham for pointing 
out that the parameter ¢ defined in the abstract and 
following Eq. (7) should be ({ (m,—m)/m |?) instead of 
((M,— M)/M) eine: 


Noise of Quantum-Mechanical Amplifiers, M. W. 
P. STRANDBERG [Phys. Rev. 106, 617 (1957) ]. 
The last line of Eq. (9) on p. 619 should read: 


g-1 
( za )o.ir.)} +g ‘pT | 
gt+l 


Experimental Study of Plasmoids, WiNston H. 
Bostick [ Phys. Rev. 106, 404 (1957) |. The caption 
to Fig. 4 should read: “The S-plasmoid. This configura 
tion of magnetic field and plasma is essentially the 
same as that of the H-centered pinch in a toroidal 
tube which was first proposed and investigated experi- 


mentally in the United States in 1955 by M. A. Levine 
and L. S. Combes [Tufts University, Department of 
Physics Report, January 30, 1956 (unpublished) ]. 
The configuration has since received theoretical 
development by M. N. Rosenbluth and C. L. Longmire 
[Annals of Physics 1, 120 (1957) ]. In September, 
1956, in Stockholm, I. N. Golovin and L. Arsimovitch 
gave reports on experimental work (in a straight tube) 
and theoretical work on the same configuration, 
performed in the U.S.S.R. in 1952-1953. This work 
has recently been published [I. N. Golovin ef al., 
J. Atomic Energy U.S.S.R. 5, 26 (1956); V. D. Shafra- 
nov, J. Atomic Energy U.S.S.R. 5, 38 (1956) J.” 

Figure 21 is in error and should be replaced by the 
following drawing : 


Fic. 21. Suggested description of formation of two whirl-rings that 
move away from one another, as observed in Figs. 19 and 20. 
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